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Abstract

Let 8 be an equivalence relation in a set @, and let (@, F) be an
m-groupoid, m € N. Then: a) § is a congruence relation of the m-
groupoid (Q, F) iff for all a, b € Q and for every sequence ¢7*~! over Q
(:1.1) the following statement holds

A (adb = F(ci Y a, P HeF(c 7t b, ¢ Y)); and

i=1
b) 6 is a normal congruence of the m-groupoid (@, F) iff for alla,b € Q
and for every sequence ¢7* over () the following statement holds

A (ab < F(ci™Y a, P HOF (7L, b, ¢ h)); (:1.5).
i=1

Further on, let (@, A) be an n-group (:1.2), e its {1, n}-neutral opera-
tion (:1.3) and f its inversing operation (1.4). The main result of the
paper is: If # is a congruence relation of the n-groupoid (@, A), then:
1) 6 is a normal congruence of the n-groupoid (Q, A) for every n > 2;
2) 6 is a normal congruence of the (n — 2)-groupoid (@, e) for every
n > 3; 3) @ is a congruence of the (n — 1)-groupoid (@, f) for every
n > 2; and 4) 6 is a normal congruence of the (n — 1)-groupoid (@, f)
for n = 2.
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1. Preliminaries

1.1. About the expression a

Let pe N, ¢ € NU{0} and let a be the maping of the set {ili € N A7 >
pAi<q}into the set 5 ;0 ¢ 5. Then:

Upyoeny Qg 5 p<gq
al stands for ap ; p=gq
empty sequence (=0); p> q.

For example:

A(a{_l,A(a§+n_1 ,a?i;l), je{l,..,n}, ne N\{1,2}, forj=n

stands for
A(al, e ln_—1, A((ln, cery azn_l)).
Besides, in some situations instead of a we write (a;){_, (briefly: (a;)}).

For example:

(Vz; € Q)

for ¢ > 1 stands for

Vi, € Q..Vz, €Q

[usually, we write: (Vz1 € @)...(Vz4 € Q)].
for ¢ = 1 stands for

VIIIlEQ

[usually, we write: (Vz; € @)],
and for ¢ = 0 it stands for an empty sequence (= 0).

In some cases, instead of al only, we write: sequence al (sequence al

over a set 5). For example: ... for every sequence af over aset S ... . And
if p < g, we usually write: af € §.
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1.2. About n-groups

Let A:Q™ — @ and n € N\{1}. Then:

1) (@, A) is said to be an n-semigroup iff for every ¢ € {2,...,n} and for
every 227! € () the equality

A(A(2}), 2757") = A2y, A(@ ), a2
is satisfied;
2) (@, A) is said to be an n-quasigroup iff for every i € {1,...,n} and for
every af € (Q there is exactly one z; € @) such that the equality
A(aﬁ_l, x;, a?“l) =a,
holds; and
3) (@, A) is said to be an n-group iff it is both n-semigroup and n-

quasigroup. For n = 2 it is a group. The notion of an n-group has been
introduced in [1].

1.3. On a {I,n}-neutral operation in an n-groupoid

Let (@, A) be an n-groupoid and n € N \{1}. Let also e be an (n — 2)-ary
operation in Q; for n = 2 this is a nullary operation. We say that e is a
{1, n}-neutral operation in the n-groupoid (@, A) iff the following holds:

(1) (Vase Q)i *Vae Q)
(A(e(a}™?),a}7%,2) = z A A(z,a} % e(a}™?)) = z).

For n = 2, e(al)(= e(B)) = e € @ is a neutral element of the groupoid
(@, A). The notion of an {z, j}-neutral operation of an n-groupoid (: n €
N \{1}, {z,7} € {1,...,n}, i # j) has been introduced in [3]. The following
propositions hold:

1.3.1 [3]: In an n-groupoid (n € N \{1}) there is at most one {1,n}-
neutral operation;

1.3.2 [3]: In every n-group there is a {1, n}-neutral operation';

1.3.3 [3]: For n > 3, an n-semigroup (Q, A) is an n-group iff (Q, A)

'The cases {i,5} # {1,n} (n > 3) were described in [5]
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has a {1,n}-neutral operation

Therefore, an algebra (Q, {4, e}) satisfying (1) and

(2) (Vi€ Q)> Y _/\QA(A(zm,zi’i:l) = A(e}™!, AT, 2,
J:

for » > 3, is also taken to be an n-group.

1.4 t On inversing operation in an n-group

The following proposition holds:

1.4.1 [4]: Let (Q, A) be an n-semigroup and n € N \{1}. Then:

a) There is at most one (n — 1)-ary operation f in Q such that the
following formulas hold

(3) (Vaie Q)i7*(Vae Q)(vze Q)
A(f(a77%a), a7 % Aa, a7 % 2)) = @

and

(4) (Vaie Q)7 *(Vae Q)(Vz € Q)
A(A(z7a711_27a)7a711~29 f(a711~27a)) =T

b) If there is an (n — 1)-ary operation f in Q such that the formulas (3)
and (4) are satisfied, then (Q, A) is an n-group; and

c) If (Q, A) is an n-group , then there is an (n — 1)-ary operation f in
Q such that the formulas (3) and (4) hold.?

Therefore, an algebra (Q, {A, f}) satisfying (2), (3) and (4) is also taken
to be an n-group.

As for the case n = 2 we say that the operation f is an inversing operation
in the n-group (Q, A); [4]. The following propositions hold:

2f(al"%,a) = E(a}™%,a,a} %), where Eis a {1,2n—1}-neutral operation of a (2n—1)-

2z 2
group (@, A); A (z3*71) = A(A(z7), £257"). We note that for n = 2, this is the inversing
in a group.
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1.4.2 [4]: Let (Q,A) be an n-group, e its {1, n}-neutral operation, f its
inversing operation and n € N\{1}. Then the following formula holds:
(Ya; € Q)7 *(Va € Q)(A(f(a7 ™% a),a77%,0) =
e(ai™?) A A(a,a17?, f(a77?, 0)) = e(a]™?));

and

1.4.3 [4] Let (Q,A) be an n-group, e its {1, n}-neutral operation, f its
inversing operation and n € N\{1}. Then the formula holds:

(Vz € Q)(Vy € Q)(Va: € Q)T *(¥h: € Q)7
Az, 5172, y) = A(A(z,a77% f(a] ™7, e(b] 7)), 0772, y) 3

1.5. On congruences in an m-groupoid

Let (@, F) be an m-groupoid and m € N. Let also ©® be an equivalence
relation in the set ). Then, O is a congruence relation on the m-groupoid
(Q, F) iff the following holds:

(Va; € Q)P (Ve; € Q)F (A 0:0b) = F(ap)OF(T)).

The following proposition is true: © is a congruence on an m-groupoid
(Q, F) iff the following holds:

(Va € Q)(Vb € Q)(Vej € Q)7
(K (a®b = F(ci_l ,a, czn_l)G)F(ci_l, b, c?"“_l))).

=1
A congruence relation © on an m-groupoid (@, F) is said to be normal iff
the following holds:

(Va € Q)(Vb € Q)(Ve; € Q)7

(A(F(ei 0, O F(e, b, ™) = a@b)).

=1
Thus, an equivalence relation © in a set @ is a normal congruence relation
on an m-groupoid (@, F) iff the following holds:

(Va € Q)(Vbe€ Q)(Ve; € Q)71

STorn=2: (Ve € Q)(Vy € QA(z,y) = Az, v).
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/\ (a@b <= F(ci™, a,

l

"D F(ch b, )L

2

2. Main result

Theorem 2.1. Let (Q,A) be an n-group, e its {1,n}-neutral operation,
[ its inversing operation and n € N\{1,2}. Let also © be an equivalence
relation on @) satisfying:

(0)  (Ya€Q)(Vbe Q)(¥e; € Q)F™
THOA( b, T))).8

l

(_/n\l(aGb - A(clz“l,a,
Then, ;e following statements hold:
(1) (Y€ Q)vb e Q)(Ve € Q)"

(A (a0 <= A(¢", @, )OA], b))

l

(2) (Vo€ Q)(Vb e Q)(Ve; € Q);
(a®b <= f(c}72,a)0f(c}7%,b));
(3) (Va € Q)(Vbe Q)(Ve; € Q)3

(A (@@ <= e(ci",a,c*)0e(c™1, b, cF2))); and
=1
(4) (VaeQ)(Vbe Q)(Ve; € Q)7

(/\ (@b = f(c a,¢; )0 (e, b, ¢ 7).

Proof.
1) Fhe following holds:

(0) (YaeQ)(VbeQ)(Ve; € Q)
(i/Sl(A(ci L, P NOA(C b, ML) = aOb)).

Indeed:

*For m =2 e.g. in [2].
5 To see : 1.5.
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Let a,b, c’f_l be arbitrary elements of the set ¢} such that
Al a, HOA(T b, P )i € {1, .0, 1)

3 Yy by

We shall consider, respectively, the cases: ¢ = 1,7 = n and { €
{1,...,n}\{1, n}.
¢ =1 : By the assumption (0) and 1.4.1, we have the following sequence
of implications
Ala, e} O A(b, F7) =
A(A(a, 7 ™), 672, F(ET))OA(A, ¢71), 7% f(F7h)) =
a®b,
hence

Ala,ct N)OA(b, I = 109,

i = n : By the assumption (0) and 1.4.1, we have the following implica-
tions:
Al a)OA(Y T, b) =
ACF(ES™ ), 67 A B)OA(F(S5 ™ x50, AL, b)) =
a®b,
and thereby
A(F71a) © A(h, b)) = a®b.

t € {1,..,n}\{1,n} : By the assumption (0), and since (@, A) is an
n—semigroup, and also by (0’) for i = 1 and ¢ = n, we have the implications

Al a, P HOA( T by ) =

AT Afer a, ), @A T, AT b, ), AT =
AQA(dE ™ e ), T dTOA(A(D T T b, e AT =
AP 7 @)@ A(dPT e b) =

a®b,

and hence
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Al a, e HOA( b, el = aBb.

Since the conjuction of (0) and (0’) is equivalent with (1), we conclude
that (1) holds.

2) By (just proved) proposition (1), by 1.2, by 1.4 (:Proposition 1.4.2),
and by 1.3, the following sequence of equivalences hold

F(eF72,a)0 f(c772,b) <=
A(a,c;‘_2,f(c’f_2,a))®A(a cl ,f(c” 2b)) =
A(A(a, 772, (572, a)), 2, b)OA(A(a, ¢§ 72, f(eF2, b)), ¢} 72, b) <=

A(A(a, 72 f(c772,a)), V2, 0)0A(a, ¢} 72, A(f(c}72,b), 772, b)) <=

Ale(cf™%), ¢ 2,0)0A(a, 72, e(c]7?)) <=
b0Oa
for all a,b,c?™? € @, and hence (2) holds.
3) By (1), by 1.4.3 and by (2), we have the following sequence of equiv-
alences

a®b <—= A(z, c’1 La, ™3 y)0A(x, cZ 1 b, ;™ 3y)8 ==

Y

A(A(z, a2, f(a]7? el a, ¢} %)), af ,?)6
A(A(z, 772 f(ai7 2 e(c 7L, b, c79)), a2 y) =

Az, a ,f(af ,e i l,a,c )))@A(”L‘ ar ,f(aL 2 e(c’i_l,b,c?"g))) <=
f(“l ye(ey” 1 ))@f(a” ? e(cl ybc? )) e
(c’1 La,ct c; )@e(&1 L g, ¢ 3,

and hence, (3) holds.
4) By (3) and since
on— de n— —
f(a‘l 27(7’) :f E(a‘l > Uy Oy 2)7

2
where E is a {1,2n — 1}-neutral operation of the (2n — 1)-group (Q,A)

57 ¢ {1,..,n—2}; n € N\{1,2}.
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(:footnote at 1.4.1), we have the following implications
a®b =

i—1 n—3 i—1 n—3\7
E(ef e, ¢07%c,c17 5 a,e77°)"0

E(c’i‘l, b, c?”e’, c, c‘i"l, a, c?“3) and
aOb =
E(ci‘l, b, 3 ¢, c’fl, a,c? )0
E(ci™1,0,em73 ¢, ei7h, b, 0%
for all a,b,c, c?_3 € (@, and hence we have the implication

a®b => f(ci™,a,e?3,e)0f(ci7Y, b, 73, ¢)

for every i € {1,...,n — 2} and for every sequence a,b,c,c} > over a set @,
i.e. (4) holds. D

3. Example

The groupoid ({1,2, 3,4}, ) represented in Table 1is a cyclic group. ({1,2,3,4},4),
where

A(a,;;’) d;f I1 Ty T3 2
for all 3 € {1,2,3,4},is a 3-group: tables 2; — 24 ; A;(z,y) e ‘Y2 =
2-(z-y),

AQ(E,‘!J) d;f 2-z.y-2 = .'L"y,Ag(iE,y) déf 3-2-y-2 :4(117]]),

de
Aq(z,y) :f4-z-y-2=3-(x-y).

-1112]3(4 Ay (112134
111121314 1 1211(413
2(211(4]3 2 11(2)|3}4
31314121 3141312
41413112 4 1314121
Table 1 Table 2;

ie{l,...,n—2}; n € N\{1,2}.
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Ay |1]2(314 Az {11234 Ag112(3]4
111|234 1 (41312 113141211
2 121413 2 13421 2 143112
3131421 3 11(213]|4 3 |21114|3
4 14131112 4 1211143 4 11121314
Table 24 Table 23 Table 24

The equivalence relation © in the set {1,2,3,4} given by

{1,2,3,4}/0 = {{1,2}, {3,4}}

is a congruence on the 3-group ({1,2,3,4}, A); 1.5. The coresponding factor
3-groupoid ({1,2,3,4}/©, A) is given in Tables 3; and 3,.

' A{l,?} {1,2} {3,4} A{3,4} {1-.2} {374}
(1,2} {12} [ (3,4} 11,2} [ 13, 4] | (1,2}
BB LY (3,4} [{1.2] | (3,4
Table 34 Table 3,
Ay (12 As 1112 Az | 314 Ag 1314
11211 11112 3 1314 3 1413
112 2 1211 4 (4713 4 134
Table 4; Table 4, Table 5, Table 54

({1,2}, 4) and ({3,4}, A)are 3-subgroups of the 3-group ({1, 2,3,4}, 4);
respectively Tables 4, - 4, and Tables 5;-34.

| Qo DN |
N DO =] =] =
—_—— NN D
| QI | W} Q2
W] R Q| QO

Table 6



On congruences on n-groups 99

The inversing operation f in the 3-group ({1,2,3,4}, A) is represented
in Table 6. (See footnote at 1.4; here:
2
f(-L7'l}) = E(i(', ytz)a E(T?) = (IE] c Ty - ',2:3)—11 A (T?) = A(A(z:%)azi) == (2:1 :
T ¥3-2) Tg-25-2=Ty Ty T3-Tq-Ts.)

4. Remark

4.1: By 1.5, the part of Theorem 2.1 can be formulated also in the
following way: Let (), A) be an n-group, e its {1, n}-neutral operation, ©
its congruence and n € N¥\{1,2}. Then O is a normal congruence relation
on the algebra (Q), {4, e}).

4.2: Theorem 2.1 is proved under the assumption that n > 3. However,
on analizing the proof, one can easily see that (1) and (2) hold also for n = 2.
Therefore, the following proposition holds: Let (¢, A) be an n-group, f its
inversing operation, © its congruence and n € N\{1}.Then, for n = 2, O is
a normal congruence relation on the algebra (@, {4, f}).

4.3: From Table 6 we can see that the following proposition holds:

f(1,3)0£(3,3) A 1103

Hence, O is not a normal congruence of the groupoid ({1,2,3,4}, f). (Note
that © is a congruence on the groupoid ({1,2,3,4}, f) indeed.)
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