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Abstract

IfS, =T« fn and T is a Cp - semigroup then the corresponding
enerator 4 is determined by Az = (n +1)! li S"—(h)m—_———’:‘——:—ai
g y Az = (n+1)! lim AT
z € D(A).

The same holds for a general n-times integrated exponentially bounded
semigroup if its infinitesimal generator is densely defined.
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1. Introduction

Integrated exponentially bounded semigroup of operators on Banach spaces
were introduced by Arendt [2] and applied on abstract Cauchy problems
with generators which do not generate Co semigroups (cf. [5], [7], [11], [16]).
In [8], [9], [10] we studied this class of semigroups in relation to distribu-
tional semigroups. In this paper we analyse relations between an integrated
semigroup and the corresponding infinitesimal generator. Using the fact
that the n-th distribution derivative of an n-times integrated semigroup,
with densely defined infinitesimal generator, is a distribution semigroup, we
find A as a limit given in Abstract.
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2. Preliminaries from the semigroup theory

We denote by F a Banach space with the norm || - {|; L(E) = L(¥,FE) is
a space of bounded linear operators from E into E. A family (7'(t)):>0 in
L(FE) is a semigroup of bounded linear operators on E if

(1) T(t)T(s) = T(t+ s), for any t,s > 0,

(ii) T(0) = I, where I is the identity operator on E.

If for a semigroup (7'(t))¢>o the following condition holds:
(iii) lilfgl T(t)z =z,forany z € E,

then (T(1))¢>0 is said to be a strong continuous semigroup or, simply, a Co—
semigroup. A linear operator A, defined on the set

(B —
D(A):{ tek: lﬁgw——x exists }
by
_ +
Az =tim LWz =2 _dTHz) D(A),
t10 t dt =0

is the infinitesimal generator of the semigroup (T'(¢));>0; D(A) is the domain
of A.

Let A be a linear operator £ and let (T(t));>0 be a Co— semigroup. It is
well known that A is the infinitesimal generator of this semigroup iff there
exists w € R such that (w,00) C p(A) and R : {A € C; ReX > w} — L(E),
defined by R()) = (M — A)™! = L(T)()), ReA > w, where £(T) is the
Laplace transformation of (7'(¢))i>0-

3. Preliminaries from the distribution theory

For the properties of spaces D(R), £(R), S(R), their strong duals and S'(E) =
L(S(R), E) we refer to [14], [15], [17] and for the space S; = {¢ :| tFp)(2) |<
Cruyt €[0,00), k,v € Ng}, (Ng = NU{0}) and its dual &'y, which consists
of tempered distributions supported by [0, o), we refer to [18].

Let S'(E) = L(S, F) us denote the space of continuous linear functions
S — F with respect to the topology of uniform convergence on bounded sets
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of S. Denote &'y (F) = L(S.l_,-E). It is a subspace of §'(F) with elements
supported by [0, cc0). There holds:

Proposition 1. S'(E) = S'(R)®E = L(S, E) where the symbol ® means
the completion of tensor product with respect to the e— topology (which is
equal to the m— topology since S'(R) is nuclear). Also, S'+(E) = S'+QF.

Proof. 1t follows from [17], pp. 533-534.

The convolution of f € S'4(F) and g € &4 is defined by (f * g,¢) =
(f,0*¢), o € S(R), (§(t) = g(—t)). One can prove that fxg =g=* f €
S' L (E).

4. Distribution semigroups

Denote by D_ a subset of C°°(R) which consists of elements ¢ with suppy C
(=0, a], a € R. By D'L(F) is denoted the space L(D_, E). Denote by Dy a
subset of C§° whose elements are supported by [0, o).

J.Lions (cf. [6)) introduced the notion of a distribution semigroup. Re-
call, an L(F) valued distribution G is a distribution semigroup or SG D, if
the following conditions are satisfied:

(D1.) G € D'y (L(E)),
(D.2) G(ex¢,-) = G(e,G(¥,")), ¢,¥ € Dy,
(D.3) (pQ) N(G(p,")) = {0},

(D.4) The linear hull ® of |J R(G(yp,-))is dense in E,
w€Dq

(D.5) For every z € R there exists a function u : R — FE such that
suppu C [0,00), %(0) = z and u is continuous for ¢ > 0 and G(p,z) =
o0

/go(t)u(t)dt for any ¢ € Dp.
0
If, in addition, there exists £ € R such that

(D.6) e~8'G € S' L (L(E)), for € > &,

then it is called the exponential distribution semigroup or SGDE.
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5. Integrated semigroups

We involve the family of distributions

H(t)tn !
——_(n——l)! , nEN,
fn(t) =
fr(t,"-ml-lqzl(t), _nENO’ m EN, n-+m >07 tER,

where H is Heaviside’s function.

Let (T(2))¢>0 be a Co-semigroup with the infinitesimal generator A. Put

i

(1) Sa(t) = (T(s) * fu(8))(2) = @—}1—), / (t — )" 1T (s)ds, t > 0, n € N,

where the integral is taken in Bochner’s sense.
Then, we have

£(S2)N) = LDV LN = 5= [ €V T(@dt, Red > w,
0

which gives

L(S)(N) = AinR(A,A), " Re>w.

Following W.Arendt [2], a strongly continuous family (55(¢))i>0 C L(E)
is called the n-times integrated semigroup, n € N, if

t+s

/(t +5—1)"" 18, (r,z)dr—-

(2) Sn(t, Sa(s,2)) = (7:11—),[

- /(t +s5— r)”‘ISn(r,x)dr] , t,5 > 0and 5,(0,2z)=0, z € E.
0

It is non-degenerate if 5,(¢,z) = 0 for all ¢ > 0 implies z = 0. It is expo-
nentially bounded if there exists M > 0 and w € R such that ||5,(?)|] <
Me“t, t > 0.
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In particular, if (T'(¢)):>0 C L(E) is a Cop semigroup, then S, defined by
(1) satisfies (2).

Let (S,(%))t>0 be an n-times integrated semigroup, where n € N. Let
R(X) = A"L(S,), where ReA > w. Then, by the resolvent equation, ker R(})
is independed of ReXA > w. Hence, by the uniqueness theorem, R(}) is
injective iff (S.(f))¢>0 is non-degenerate. In this case there exists a unique
operator A satisfying (w,o0) C p(4) such that R(A) = (Al — A)~! for all A
with Rel > w. This operator is called the generator of (S.(t))i>0. We put
this in the following definition.

Definition 1 Let n € N. An operator A is the generator of an n-times
integrated semigroup (S,(t))i>0 iff (a,00) C p(A) for some a € R and the

— A
(*/\i_/\’a—l— = L(S,)(A), ReX > a, is injective.

function A —

6. Relations between A and S,(t)

First we consider an n-times integrated semigroup of the form 7T x f,, where
T is a Cp - semigroup.

Theorem 1 (Special form) Let (Sy(t))i>0 C L(E) be an n-times integrated
exponentially bounded semigroup where

$0(6) = (T(s) * Fa(a)() = gy [(E= 7' T(5)ds, 120, mes
0

(the integral is taken in Bochner’s sense) and (T(t))i>0 is a Cy semigroup.
Let A be the densely defined generator of (Sn(t))i>0. Then

Sn(h)z — &ra

= i
Az = (n+ 1).]ﬁ13 s ,

z € D(A).

Proof. Let ¢ € F. We have to show

RO, _\RO), 1,

A e A" A"
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where
A
R)En)z = /e_’\tSn(t)xdt, Re) > w.
0
Then
Sn(h) — ,’:L_': T —Xt
+ 1)'T/6 Sn(t)(ll dt
0
(TL +1 ’ _ n + 1 _
0 0
oo htt
!
= (T;z,:j)‘ [e (n / (htt—7)""1 S, (r)dr— / (htt—r)""1 8 (r)dr | 2t
htt
n+1R(A) (n+1)n -t et
TR T pe 0/ /(h+ t—r)" Sp(r)edrdt
h

t
1)
_(ntl)n n/ _'\t/(h+t S (r)edrdt — Iy = I — I — I.
0

0o h+t

(n+ 1Dn _ e
5L = "";;_Fl‘)“/e A /(h+t- )1 S (r)adrdt
0
(n+ n el

= pem ]5 (r) ](h+t r" e Madtdr
_|htt—r=u|_(n+1)n n—1,~(u+r—h)

dedu |= R /5 (r )/ zdudr

= _____(nhjb-+11)n ’\h/ —Arg n(T) /u”“le_)‘“:vdudr
0

AR _ ! ©0
(n -}’;711_2?6 (n 1) /e_’\TS (r)zdr.
h
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t
I, = %in—;ll—)z/ —At /(h +t—r)"" 1S, (r)zdrdt
0

0

= n+1)n/5 /h+t—7‘)n_16_/\tmdtdr—_"h+t—r:u

hrt1 dt = du
— (nh‘:-'-]-l)n/s ( /un -1 —/\(u h'+r).’l7d’ILd7‘
0 3
— (72;:-1') /\h/ —/\TS (7,)/ _/\uIEd’lLdT
(n+1)ne’\h R(A 7u""1 “huy
= B+l
R
Therefore,
Sp(h) - 23 F
(n+1)'———%7l):i————/ NS, (Hadt
0
(e T, (n+ 1)ne R(A) A1, -du 1 R())
= s /\—n/e Sp(r)zdr— rEs) / zdu— h "

h

(n+ 1)ler j"oe"\TSn(r):z:dr ~ (n+ 1)ne*R(X) f u"le~ gdu — (n+ 1)A"R(N)z
h h

hn+1 An
Now by by L’Hospital rule, if A | 0, we obtain
R(A) | R(}) 1
A n z=2A O :c—)‘n:c.

For z € D(A), using S,(1)S.(8) = Sn(s)Sn(t), t,s > 0, one can prove
R(A) , | R(}) 1
" Az = /\T.’L‘ - /\n.’L‘,
and A is the generator of an integrated semigroup (S.(%))i>0 C L(E).

Let T be a distribution semigroup. Recall the definition of T'(f,z), = €
D(T(f)) where f € £'(R), suppf C [0,00)([6]). The domain of T'(f,-), D(T(f)) C



72 M. Mijatovié, S.Pilipovié

E, is the set of z for which there exists a sequence {p,} in C§°, with
suppp, C [0,00), ¥ € N, such that

py — 8, v — o0 and T'(p,,z) — z, T(f * p,,x) converges when v — oo.

Then, V]jngo T(f * pu, ) does not depended on p, and it is the value of

T(f,-) at z. As usual we define T'( f,-) as the closure of T'(f, ) (cf. [6]). Note
D(T(f)) is dense in E. We have

T(-6',2)= Az, z € D(A), T(6,z)=2, z€ E.

Proposition 2. Let f € K'1{(E). Then, there erists ng € N such that
for every m > ng, there exist a strongly continuous function F, : R —
E, suppF, C [0,00), and positive constants my and C,,, such that

|E.(D)]] < Cre™t, t >0, f= F,En) ((") is the distribution n-th
derivative).
Let Sp(-,z)=T(-,x)* fn, n €N,
(Sn(s,2),0(8)) = (T(s,2),(fax ©)(s)), ¢€D_,z€E,

where

(fo+ 0)(@) = ﬁ/(t _ oy l(t)dt, e R.

T

Using Proposition 2 one can simply prove

Sn(t,z) = lim (Sp(s,2),pu(t —38)), t>0,

V—00

Sn(e™, 2) = (=1)"T(¢, ), @w €Dy, z €E.

As above, we define D(S,(f)) for an f € &'(R), suppf C [0, 00). Then,
D(T(£)) = D(8a(f™)) and

Sa(f),2) = (~1)"T(f,2), = € D(T(f)),

Sn(h,z) = S, (6(t—h),z), € E.

In particular
(=1)"Sn (6™, z2) = =, r € F,
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(=1)"Sp(=6(n+1) 2) = Az, z € D(A).

Arendt (see [2]) remarked that a densely defined operator A is the gen-
erator of an exponentially bounded distribution semigroup if and only if A
generates an n-times integrated, non-degenerated, exponentially bounded
semigroup for same n € Ny. This follows from his results in [2] and Sova’s
results in [13].

Now we will consider the general case.

Theorem 2. (General) Let (Sn(t))i>0 be an n-times integrated exponen-
tially bounded semigroup, n € Ny and A be its densely defined generator.
Then

Sn(h)z — BT

H n!
Az = (n + 1)!]}&{8 rEEa— z € D(A).

Proof. Let ¢ € D. Since,

n+ 1)! R .
(hn+1) (‘P(h) - H‘P( )(0)) — o"*(0), as h— 0,

it follows

(’Ziﬁ)!<6(t ) - ””(—1)“6<“>(t>,«p(t>> - (*1>"+1<6<"+“(t>,

n!

(,o(t)>, w€D ash — 0.

Then, we have,

Sn(h, @) — B Sa(6(t = 1), 2) — Sa (L5 (-1)n8(" (1), 2)

113 n n!$ — 1 (A H
("'*’1)'%?(} Bt (n+ )],ﬁ‘(} ol

$n(8(t = B) = By (=1)m6()(2), )
hn+1

= i
(n+1).l}ﬁg

= Sn((=1)nt16(n+1)(¢), 2) = §o(—6,2) = Az.
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