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Abstract
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In the following we let D be the space of infinitely differentiable functions
with compact support and let D’ be the space of distributions defined on
D. The convolution product f * g of two distributions f and g in D’ is then
usually defined by the equation

((F*g)(2), p(z)) = (f(y), (9(z), o(z + y)})

for arbitrary ¢ in D, provided f and g satisfy either of the conditions
(a) either f or g has bounded support,
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(b) the supports of f and ¢ are bounded on the same side
(see Gel’fand and Shilov [8]).

Note that if f and g are locally summable functions satisfying either of
the above conditions, then

(fra)@)= [ S0z —0di= [~ fz =g dr

This definition of the convolution product is rather restrictive, and so a
neutrix convolution product was introduced in [4]. In order to define the
neutrix convolution product we first of all let 7 be a function in D satisfying
the following properties:

@) 7(2) = 1(=2),
(i) 0<7(2) <1,
(iii) 7(z)=1for |z| < 1,
(iv) 7(z) =0 for |z]| > 1.

The function 7, is now defined by

5 2] < v,
n(z) =< (v —v**), z>v,
(v + v, z < —v,

for v > 0.

We now give a new neutrix convolution product which generalizes the
one given in [4].

Definition 1. Let f and g be distributions in D’ and let f, = fr, and
gy = g7y for v > 0. Then the neutriz convolution product f[+]g is defined
as the neutriz limit of the sequence { f, * g, }, provided that the limit h exists
in the sense that

Ny:im<fu * v, 99) = <h7 99>7

for all ¢ in D, where N is the neutriz (see van der Corput [1]), having do-
main N’ the positive reals and range N the complez numbers, with negligible
functions finite linear sums of the functions

/\1 r—1

v*In" "y, InTw, v e, (real A > 0, complex pp #0, r=1,2,...)
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and all functions which converge to zero in the usual sense as v tends to
mfinity.

Note that in this definition the convolution product f, # g, is defined in
Gel’fand and Shilov’s sense, the distributions f, and g, both having bounded
support.

In the original definition of the neutrix convolution product, the domain
of the neutrix N was the set of positive integers N’ = {1,2,...,n,...}, the
range was the set of real numbers and the negligible functions were finite
linear sums of the functions

n*n""tn, In"n (A>0,r=1,2,..)

and all funtions which converge to zero in the usual sense as n tends to
infinity. In [2], the set of negligible functions was extended to include finite
linear sums of the functions

et (u > 0).

In [3], the domain of the neutrix N was replaced by the set of real numbers
and the set of negligible functions was extended to include finite linear sums
of the functions

vh cos Av, v¥sin Av (A # 0).
However, using complex A, these negligible functions are not included in the
above definition.

It is easily seen that any results proved with the earlier definitions hold
with this latest definition. The following theorem, proved in [4], therefore
holds, showing that the neutrix convolution product is a generalization of
the convolution product.

Theorem 1. Let f and g be distributions in D’ satisfying either condition
(a) or condition (b) of Gel’fand and Shilov’s definition. Then the neutriz
convolution product f[+] g exists and

flHg=f~*

We now define the locally summable functions e}®, e)®, coshi(Az),
cosh_(Az), sinh;(Az) and sinh_(Az) by

e)\x_ ‘eA:c’ $>07 e/\x_ 07 IL’)O,
T 0, =<0, - T e, z<0,
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coshy (Az) = %[ej\}_“c + e_T_’\z], cosh_(Az)'= %[ej\_x + e2*7],
sinhy (Az) = %[ej\f - e_T_’\x], sinh_(\z) = %[e’lz — e,
It follows that
cosh_(Az) + coshy (Az) = cosh(Az), sinh_(Az) + sinhi(Az) = sinh(Az).

The following theorem was proved in {2].

Theorem 2. The neutriz convolution product (z"e?®) [#] (z°€}”) exists and

elﬂ +eA:L‘
1 Az ur — + - ,
( ) €_ €+ ’\_)U/
T Az
(2) T E(Eey) = DID T~

where Dy = 8/0A and D, = 8/0u, for A # p and r,s = 0,1,2,..., these
neutriz convolution products existing as convolution products if A > p (or
RA > Ry for complex A\, 1) and

(3) (27e®) [ (2°€}") = ~B(r + 1,5 + 1) sgnz.z"toHlere,

where B denotes the Beta function, for all A and r,s = 0,1,2,... .

We note for future reference that if A = A; + A, and g = py + pg, then
the right-hand side of equation (2) can be replaced by

+ —_
(4) DADu=5—

The next theorem is an immediate consequence of Theorem 2, on noting
that the neutrix convolution product is distributive with respect to addition.

Theorem 3. The neutriz convolution products
[7€*1® cosh_ (Agz)] [#] [°€*1® coshy (uz)],
["e*1® sinh_ (Aoz)] [¥] [2° € sinh 4 (uz2)],
[" e cosh_(Ax)] [¥] [£°€#1® sinhy (uz2)],
[¢"e 2 sinh_(Aoz)] [#] [2°€*1° coshy (uoz)]

exist for all Ay, g, a1, 2 and r,5=0,1,2,....
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It is of interest to obtain explicit formulae for these neutrix convolution
products. For example, [z7e*? cosh_(Ayz)] [+ [z°€#1% cosh .y (u2z)] may be
evaluated as follows. First of all, using equation (1) with (A — p)? #
(A2 £ u2)?, we have

4[eM? cosh_ (Mg )] [#] [€#17 coshy (uoz)] =

[ Alx(e)\za, _l_e—)\zx)].[eula,(euzx —uzx)]

e(/\1+>\2)a:H€E|ft1+uz)x e(_ A2)wegfu+u2)x + e(_>\1+>\2)xegft1—-u2)x+
_|_e(_)\1—)\2)$ egftl—m)w

(u1+#2 +e ()\1+)\2)$ egf11+u2)$+e(_)\1—)\2)w

H

>\1+/\2—#1—#2 AL = A2 — p1 — po
Sftl #2)$+e(_)\1+)\2)1‘ egftl—ln)x_l_e()\l A2)x
.l_
A1+ Ao — iy + o AL — Ay — py + o

()‘1 _ 'ul)(egftl+u2)$+ eg_m —uz)z + e(_/\1+)\2)$+ 691—)\2)1‘) |
(A1 + A2 — p1 = p2) (A1 — Az — pa + p2)
(Ag — ,ug)(egf”_‘”)x _ e$‘1+ﬂ2)$ n e(—/\l—/\2).’l} B e(_/\1+/\2)x) .

_|_
(A1 + A2 —p1 — p2)(Ar — Az — p1 + p2)

()\1 _ 'ul)(eSftl-l-M)z + egftl—ﬂz)z n e(_)\1+/\2)x + e(_/\l—/\2)z)

(M = A2 — 1 — p2)(Ar + Ag — p1 + p2)

(A + ) ()7 — o) o (nma)e _ Lathaley

(A1 — Ao — p1 — p2)(A + Ao — p1 + p2)
_2(A; — p)[e”1® coshy (ugz) + €M% cosh_(Agx)]

- (x — )2 — (A2 — pa)? "
2(Ag ~ po)[e”1® sinh g (uaz) + €17 sinh_ (Azx)]

- (A1 — p1)? = (A2 — p2)?
+ 2(A1 — p1)[e"1® coshy (ugz) + €*1% cosh_(Aq2)) 4

(A = p1)? = (Az + p2)?
N 2(Ag + pg)[e#1® sinhy (u2x) — €21 sinh_(Ay7))

(A1 = p1)? = (A2 + p2)?

+

+

k)

giving [e? cosh_(Ayz)] [+ [e#1% coshy (pgz)]. In particular, if Ay = py = A
and Az # *ug, we have
e*[sinhy (uqez) + sinh_ ()\ga:)]

Az — po

[€* cosh_ (Aoz)] []] [€*® coshy (ugz)] =



6 B.Fisher, A.Kiligman, J.C.Ault

_e’\”:[sinh+(u2$) — sinh_(Aqz)]
A2 + g
2eM Ay sinh_ (A2z) + p2 sinhy (up2))
= T .

More generally, it follows from equation (2), with the modified form (4)
that

[z7eM® cosh_ (Ag2)] [¥] [2°€*1® coshy (paw)] =
= D}, D;,[e MZ cosh_(Agz)] [¥] [e"1% coshy (pa))
{(Al p1)[e*1® coshy (p2z) + €21 cosh_(Aq2)]
2[(A1 = p1)? = (A2 — p2)?]
(A2 — pa)[em” smh+(,uz.7:) + e gsinh_(Aq2)]
2[(A = m)? = (A2 — p2)?]
(A1 — p1)[e™® coshy(paz) + €M% cosh_(Agz)]
2[(M = pa)? = (A2 + p2)?]
(A + p2)[e™® sinhy (uaz) — €1 sinh_(Ap2)]
®) * 2[(A1 = pa)? = (A2 + p2)?] }

+

Now suppose that Ay = u; = A and Ay = gy = g # 0. Then using
equation (3) we have -

4[z" e cosh_(uz)| [ [z coshy (uz)] =
[zre)\z( ﬁz+e:uz)][$se/\m(e+ + +;w)]
(x1-e(_>\+u)l‘)l(xs S_)\+M )+(:I)T (M) ). s (A—M)l‘)+
T s x T s (M-
+(a" 2T H (@70 ) 4 (27T [ (2%
= B(r +1,s+1)sgnz.a" ot (ePtm)z oO-nlzy 4
r s (A—p)z r (A—p)z s z
+(a" el [ (220 77) + (278 ] (220 H7)

=2B(r 4+ 1,5+ 1)sgnz.z" " 1 cosh(uz) +
HaT LT E (e T%) + (7L T (el ).

In order to evaluate

(zre(_>\+/.t)l‘)($seg_>\ wz )+((ET (A— lt)z').(ms (A u)z ’
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we consider

v—p)z Au)z vtp)x A—p)z
Atz le(v we o (A-u)z e(t/+#) _ eg_ W4 O n efl— 14 0
- + A—v+2u A—v—2u
A — (v—u)z (v+u)z (A—u)z (M e)z
_ Qe e e T 4 e T
(A—v)? —4p?
Qu(e(y we _ egf/-l'”)z — By e(_’\+”)z)
(A —v)? - 4p?
2()\ — v)[e** coshy (uz) + € cosh_ (,u:c)]
(A—v)?—4p?
+4/L[e”“’ sinh 4 (uz) — ¥ sinh_(pz)]
0= vy =42 ’

on using equation (1). Then

. (A (\— r (A= s ,\ .
( ( +u)z l(z e Nk )+( —p)z l( tu) —
= Df\Dﬁ[e(_’H—“) egi' ne +e(’\ ue ef:-"”)x]u:,\
and so
(2767 cosh_ (2} [1] (6% cosh (uz)] =
= 2 B(r+ 1,5+ 1)z" "1 cosh(pz) +

(A — v)[e*® coshy (uz) + €*® cosh_ (uz))
+DADA 205 - v — 457 '
[e¥® sinh .y (uz) — €*¥ sinh_ (pz)]
®) T e

v=X"

In particular
LT LT 4 LTTRAT = M [sinh_ () ~ sinh. ()]

The following equations follow similarly.

[z7eM® cosh_(Aaz)] [¥] [2°€*1” sinh 4 (poz)] =
{(/\1 p1)[e”1® sinh (ug7) + €M% sinh_(A22)]
2[(A = #1)* = (A2 ~ p2)?]
(Mg — po)[e*1® coshy (pgx) + €M7 cosh ()\2:1:)]
(A = 11)? = (A2 = 42)?]
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(A — uy1)[e”® sinhy (uoz) 4+ €% sinh_ (/\2:1:)]
2[(A1 = p1)? = (A2 + p2)?]

(A2 + u2)[e”1® coshy(uaz) ~ eM1® cosh_(/\gx)]}
2[(A1 — 11)? = (A2 + 112)?]

(7) +

[z7eM7 sinh_ (Agz)] [*] [2°€*1” coshy (ugz)] =
_ iy, g, { Qe inhy ) + € s ()]
: 2[(M = p)? = (A2 — p2)?]
(A2 — pa)[e*1” coshy (poz) + e*17 cosh_ (Az7)] N
2[(M1 = ) = (A2 — p2)?]
_ (M = m)[e"17 sinhy (ppz) — M7 sinh_ (Ao2)] +
2[(A1 = p1)? = (A2 + p2)?
(8) (A2 + po)[em1” coshy (paz) + et cosh_(/\gz‘)]}
2[(M1 = p1)? = (A2 + p2)? ’

[7eM% sinh_ (Agz)] [¥] [z°€#1% sinh , (uy2)] =
{(/\1 — p1)[e”® coshy (paz) + €217 cosh_ (Ag7)] N
2[(M = 1)? = (A2 = p2)?]
(A2 = po)[e*17 sinhy (o) + e sinh _ (/\2.’13)]
2[(A = 1)? = (A2 — p2)?]
(M = p)[e"1® coshy (o) + €M% cosh_(Aqz)]
2[(A = p2)? = (A2 + p2)?]
(A2 + p2)[e”1® sinh g (upz) — €17 sinh_(Apz)]
) 200u — )2 — O+ pa) b

if (/\1 - ﬂ1)2 ;é (/\2 + ﬂ2)2 and

(276 cosh_(ue)] 1] 2% sinh , (42)] =
=1 B(r+1,s+ 1)sgnz.z" e M sinh(uz) +

= D}, D

s [ (A—v)[e”"sinhy (uz) — e sinh_ (u:z:)]
+03Di 20— v~ 4]
(10) pler® cosh(_l)_\(ﬁmy));l—_e cosh_(uz)] }V—

[0 sinh_ (uz)][{] [+°¢*® cosh (ua)] =
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=3B(r+1,s+1) sgnz.2" e sinh (ux) +
(A — v)[e*® sinh (uz) — e’ sinh_(uz)]
. TDS
DA 20— 1) = 47] ¥

ple’® coshy (uz) + e** cosh_(uz)]
(11) . + (A —v)? — 42 }u=,\’

[7e® sinh_ (uz)][#] [2°€ sinh (uz)] =
=:B(r+1,54+1) sgnz.z e cosh(pz) +

s (A= v)[€"® coshy(uz) + €* cosh_(uz)]
~Dioig 308 — 7~ 47 *
e"® sinhy (uz) — e sinh_ (uz
(12) 2l (J;(f V))2 - (p)] b
if u # 0.

We now define the locally summable functions cosy.(Az), cos_(Az), siny (Az)
and sin_(Az) by

— COS(/\:B)’ z > 07 — 0’ z 2> O’
cost(Az) = { 0, z <0, cos—_(Az) = { cos(Az), z <0,

. sin(Az), z >0, . 0, z >0,
sing (Az) = { (0 ) z<0 sin—(Az) = { sin(Az), = <0.

It follows that

eIAT | oA e e-—i)\:r:
cost(Az) = —"'——L?"'—, cos_(Az) = —;%;—,
) eihz _ o—tAT ) ei_,—\z _ e:i/\x
sing (Az) = —% 5 t | sin_(Az) = g

cos_(Az) + cosy(Az) = cos(Az),  sin_(Az) +sing(Az) = sin(Az).

We now note that if we replace A; by 1A and pp by ips in equations (5),
(7), (8) and (9) we get expressions for neutrix convolution products of the
form

[27 €M7 cos_(Az2)] [*] [2°€"1T cosy (o))
and if we replace p by iy in equations (6), (10), (11) and (12) we get ex-
pressions for neutrix convolution products of the form

[27e™ cos_(pz)]|[¥] [2°€™* cosy (uz)].
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For example,

[27eM? cos_(Apz)| [H] [ze™® cosy (poz)] =
r e § (A1 = p1)[eM17 cosy (pa) + €M cos_ (Moe)]

= DL 2[(A — 1)+ (A — p2)?]

(Aa — po)[e#1% sing (uaz) + €17 sin_ (Ay2)] +
A = )2+ O~ 12)7)

(A1 — p1)[e™1® cosy(paa) + €M% cos—(Aqz)] N
2[(A — )2 + (A2 + p2)?]

Qa b plensine) = 7 sin ()
2[(\ = p1)* + (A2 + p2)?] '

+

Finally, we finish with a list of further commutative neutrix convolution
products which have been obtained earlier in other journals.

Asin_(Az) + psing (pz)

cos_(Az) [ coss (42) = o) +pin )
cos_(Az) []sing(pz) = _ucos_(,\iz) ‘l‘Z2C°S+(H$)’
sin_(Az) [#]cosy(pz) = - A COS‘(’\Q "_' :2COS+(N$) ’
sin_(Az) [¢sing(pz) = _uSin_(/\/a\vz) t:;in+(ﬂ$)’
for A # +p,
cos_ (Az) [ cosy (Az) = 2z[cos_(Az) — cos+(/\2\] +sin_(Ae) — siny (o)
cos_(Az) [siny (Ae) = 2Xz[sin_(\z) — Sjlrj\+(Am)] + cos(Az) ’
sin_(Az) [ cos (Az) = ~2/\av[sin.|_(/\ac) - sjlxj\_(Ax)] + cos(/\a:),
2)z[cos;(Az) — cos_(Az)] + sin_(Az) — siny (Az)

sin_ (Az) [#siny (Az) =

4
for A # 0, see [3],

g2 [zl = B(=X — p — 1, pu + D)2 T4+
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for A, pu, A+ p #0,£1,£2,...,

g2 [f]z% = (=1)"FB(A 41,8+ 1)zrtetl
i[H2 = (-1)"MBOA+1,s+ Dyttt

for A #£0,+£1,+2,...and s =0,1,2,...,
g” [z = —B(r+ 1,8+ 1)[(=1) 2z}t + (-1)°27F+]

for r,s =0,1,2,..., see [4],

g (2 = B(—r-1,r+1-X)z"" + B(~r - 1,A+ D)2 +
(D" M1 _rq1
AT AL ety
+ o+ 1) |z|

for A #0,+1,£2,...and r = -1,0,1,2,...,

mcot(mA) _ o (-1) (r—2)
p e Ty A Gty o oy v

for A#0,£1,£2,...and r = 2,3,...,

/\.m—-r A

s—1/2 —r—s 1 r—2)!
P Py ((_z(—s) 1)

for s =0,1,2,...and 7 = 2,3,..., see [5],
Inz_[¥lnzy = —(7%/6 + 1)|z| + |z|In |z| — L |z|1n? |2],
see [7] and

¢(T) r+1

( 1)T " (_1)T¢(T+1) T
+1 In z A M 4 S et +1 m zh;

| = -
nz_ ¥z} = —— T R A e s

r=0,1,2,..., see [6], where

¢(7‘):{ Ziz(il/i, r =T1;_2(,)....,

11
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