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Abstract

The notion of an {4, j}-neutral operation of an n-grupoid has been
introduced in [5], as a generalization of the neutral element in a grupoid
(:1.2). Every n-group (:[1], 1.3), n € |[N\{1}, has (uniquely determined
:1.2.2) {1, n}-neutral operation (:[5], 1.3.2). The condition {i,j} #
{1, n} is fulfilled for n > 3; for n = 2 the equality holds. In the present
article, is, among others, given a necessary and sufficient condition
for an n-group (n > 3) to have an {7, j}-neutral operation with the
condition {7, j} # {1,n} (:Theorem 2.1).
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1. Preliminaries

1.1. About the expression a}

Let p € N, g € NU {0} and let a be a mapping of the set {i| i € NA < >
pAi<q}into the set §; 0 € 5. Then:

Qp,...,0aq; r<gq
al stands for ¢ ap; Pp=q
empty sequence (= 0); p> gq.
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For example:
A(a{—l,A(a;+"—1),a§i;1),j € {1,...,n}, n € N\{1,2}, for j = n stands
for
A(al, cevglpn_1, A(an, ey azn_l)).
Besides, in some situations
1) instead of a; we write (a;){_, (briefly: (q;)}); or
2) instead of a] we write E,’T?:p (briefly: a—;li).
For example:
a) (Vz; € Q) for ¢ > 1 stands for
Ve, €Q...Vz, € Q1
for ¢ = 1 it stands for
VCL‘l € Q 2,
and for ¢ = 0 it stands for an empty sequence (= 0).
b) cp"‘l(b;)lgzp for ¢ > p stands for

(Pp_—l(bp)’ RN (Pq_l(bq),
for ¢ = p it stands for
(Pp—l(bp),
and for g < p it stands for an empty sequence (= §).

In some cases, instead of aj only, we write: sequence aj (sequence aj

over a set §). For example: ... for every sequence a} over a set S ... . And
if p < g, we usually write: aj € S.

If a} is a sequence over a set S, p < g and the equalitiesa, = ...=a, = b
(€ S) are satisfied, then -
. g—p+1
a! is denoted by b

P
In connection with this, if g — p+ 1 = r (when we assume that there would
be no missunderstanding),

. q—p+1 . T
instead of b we write b.

0
In addition, we denote the empty sequence over § with b, where b is
an arbitrary element from S.

lusually, we write: (V1 €Q)...(Vz4 € Q).
%usually, we write: (Vz; € Q).
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1.2. On {1, j}-neutral operations in an n-groupoid, » € N\{1}

The notion of an {i, j}-neutral operation in an n-groupoid has been intro-
duced in [5]:

1.2.1: Let n € N\{1}, (¢,7) € {1,...,n}? and i < j. Let also (Q, A) be
an n-groupoid and E the mapping of the set Q™2 into the set Q. Then,
we say that E is an {i, j}-neutral [{j,i}-neutral] operation of (Q, A) iff the
following formula holds:

(Va, € Q)" %(Vz € Q)(A(at™?, E(a;‘_z),af_z,z,a?:f) =2z A

A A(ai™Y z,al 73, E(a}™?),a772 = 2).

1.2.2: The {3, j}-neutral operation is a generalization of the neutral element
of a groupoid. Namely, for n = 2, E(a}™?) [= E(®)] is the neutral element
of the groupoid (Q,A) (n—-2=0,1=1, j=2; 1.1, 1.2.1). Moreover, E is
a nullary operation in Q).

The following proposition holds:

1.2.3 [5]: Let n be an arbitrary element of the set N\{1} and (@, A) an
arbitraty n-groupoid. Let also {i,7} be an arbitrary set such that (i,j) €
{1,...,n}? and i < j. Then, (Q,A) has at most one {i,j}-neutral opera-
tion.

1.3. About n-groups

The notion of an n-group has been introduced in [1]:

1.3.1: Let n € N\{1} and let A be a mapping of the set Q™ into the set Q).
(Q, A) is said to be an n-semigroup iff for every i € {2,...,n} and for all
zf”‘l € @ the following equality holds:

A(A(=D), 227 = A(= T AT, 2 5.
(Q, A) is an n-quasigroup iff for every i € {1,...,n} and for all a} € Q
there is ezactly one x; € Q such that the equality

n—

A(d7Y, 2,4} 1) =a,
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holds. (Q,A) is said to be Dérnte n-group (briefly: an n-group) iff (@, A)
s both an n-semigroup and an n-quasigroup.
1.3.2: Dérnte’s n-group is, for n = 2, a group.®

The following proposition holds:

1.3.3 [5]: In every n-group (n € N\{1}) there is a {1, n}-neutral operation.

1.4. On Hosszu-Glushkin algebras

The notion of a Hosszi-Glushkin algebra of order n (briefly: nHG-algebra)
has been introduced in [7]:

1.4.1: Let - be a binary and ¢ a unary operation in (). Let also b be a
(fired) element of the set Q), and n a (fized) element of the set N\{1,2}.
(Q,{-,¢,b}) is said to be a Hosszi-Glushkin algebra of order n (briefly:
nHG-algbra) iff the following hold:

(1) (Q,-) is a group;

(2) ¢ € Aut(Q,");

(3) ¢*"1(z)-b="b-=z for every z € Q; and

(4) (b) =b.
Theorem 1.4.2. (Hosszi-Glushkin [2-3])Let (@, A) be an n-group and n €

N\{1,2}. Then, there is an nHG-algebra (Q,{-,,b}) such that for each
zl € Q) the equality

(5) A(a}) = z1-p(2) ... 9" (zn) - b

holds.

By a simple verification we conclude that the following proposition also
holds:

3Menger’s n-quasigroup is, for n = 2, also a group (for example [4]).
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1.4.3: Let (Q,{-,,b}) nHG-algebra (n € N\{1,2}). Let also

ny %€ e
A(‘U1)=f$1'80(332)'----30 1(a:,.)-b
for all z7 € Q. Then (Q, A) is an n-group.

1.4.4: We shall say that an nHG-algebra (Q,{-,¥,b}) corresponds to the
n-group (Q, A) iff the equality (5) holds for all 27 € Q.

An immediate consequence of Definition 1.4.1 is the following proposi-
tion:

1.4.5: Let (Q,{, ¢,b}) be an nHG-algebra. Now, if (Q,-) is a commutative
group, then "1 = I, where I is the identity permutation of the set Q.

2. Main result

Theorem 2.1. Let n € N\{1,2}, (5,5) € {1,...,n}%, ¢t < j and {i,j} #
{1,n}. Let also (Q, A) be an n-group and (Q,{-,¢,b}) a corresponding
(arbitrary) nHG-algebra. Then, the following statements are equivalent:

(1) (Q,A) has an {i, j}-neutral operation; and

(i) (Q,-) is a commutative group, ¢'~' = I and ¢?~! = I (where I is the
identity permutation of the set Q).

Proof.

1) Let (Q,-) be a group (semigroup) with the neutral element e. In the
proof we use the following convention:

9 Cpr-.-0Cq P< g
(1) Hct stands for Cp; p=gq *°

i=p e, czq, = m

‘1.1
5 . . . ntl def hid
The case p < ¢ is based on the following convention: [ ¢t = (I] ¢t) - cny1 and
t=1 t=1
m
d
M ee®e,n.
t=m



172 Janez Usan

For example:

1+ [ ¢ ') = e o Brines = 05 L1, (1).
t=n+1
2% A(b'i’l,a:,bf: z,y,b” 2y =

(Hwt H(be)) - (2) - (H@(bt)) @ (w) - ( H " (be-2)) - b

t=i t=7+1
(:2.1,1.4.4, (1)).
2) (i) = (ii):
Let (@, A) be an n-group (n € N\{1,2}),(@, {+, ¢,b}) a corresponding
nHG-algebra, e the neutral element of the group (@Q,-) and ~! the inversing

operation in (@, -). Let also E be an {1, j}-neutral operation of (@, 4) (:1.2.1)
such that the condition

(2) {i,5} # {1,2}

holds.

Then, using Hosszd-Glushkin Theorem (:1.4.2) and the convention (1),
we conclude that for every z,b772 € Q the following equalities hold:

(3)
(H @1 (be) - ' ERT ) (Hw(b )@ (z)( H M (b)) b=2

t=1 t=j+1
and
(4)
(Hsot H(be) ' () (Hsot(bt)) @ HEBTT) - ( H ¢ 7 (br-2)) b = =,
t=1 t=7+1

hence, we conclude that for every z, b;‘_z € @ the following equality holds

(5) ,
o T E(bTT?))- (Hw(b )¢ Hz) = ¢ N(z)- (Hsot(bt)) @ T EDT).

t=1 t=1
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Substituing = by e, we deduce from (3) that for every sequence b’f“2 over
@ the following equality holds:
(6)

P I ERTTY) = (Hsat M) b7 ( H ¢ b)) (H@(bt))'

t=j+1 t=t

(:1.4.1), hence, since (Q, ) is a group and ¢ and ~! are permutations of the
set (), we conclude that the following proposition holds:

i: E is a permutation of the set Q for n = 3, and (Q,E) is an (n — 2)-
quasigroup for n > 4.

The consequence of the condition (2) is the following proposition:

3. If cpt(bt)li;f is not the empty sequence, that at least one of the vari-
ables by and b,_; (for n = 3 : by = b,_2) is not the variable in the term

-2
IT #*(be).
t=1

By Propositions 1, 2 and by the statement connected with (5), we con-
clude that the following proposition holds:

3: (Q,") is a commutative group.

Since @(b71) = b1 (:(b) = b; 1.4.1),if we put in (6) by = ... = by =
e, we conclude that the following proposition holds:

i e = b1

By Proposition 4, putting in (3) and (4) b; = ... = b,_3 = e, we conclude
that also the following proposition holds:

§: o'l =T and o/~ ! = 1.

By Propositions 3 and 5, we finally conclude that the implication (i) =
(ii) holds.

3) (ii) = (i):

Let (@, A) be an n-group (n € N\{1,2}), (@, {-,#,b}) a corresponding
nHG-algebra and let the statement (ii) holds. Let also, for every b’f'2 €Q

E(b}~ 2)“’(1] e 1(b)) b7 (H 01 (b)) ! (H<P(b N~

t=j+1
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Then, for every z,b7"2 € Q, the folowing two sequences of equalities hold:

A(b‘ -1 E(bn-2) bJ— , T ,bn 2)_

(Hwt (b)) - E(b77%) - (Hso(bt)) o (I ¢ (ber)) b= 2; and

t=5+1

A, 2, bl E(B2),000) =

(H«,ot '(be) -z - (H«,of(bt)) EEr?) - ( [] ¢ (ber) b =2

t=j+1

Hence, the implication (ii) = (i) also holds.

3. Three propositions and an example

If (Q, -) is a noncommutative group and A(x?)dgml-. . Zn, n € N\{1,2},
then (@, A) is an n-group without {i,j}-neutral operations with the con-
dition {%,j} # {1,n} (:Theorem 2.1; = (i) & = (ii)). Besides, for example,
if (@,-) is a commutative group in which not every a E Q is selfinverse, ~!
is the inversing operation in (@, -) and A(xl) = .7:1 z;' -x3, then (Q,A)is a

3-group without {7, j}-neutral operations with the condition {%,j} # {1, n}
(:Theorem 2.1; ¢ =71). Hence, the following proposition holds:

Proposition 3.1. There exist n-groups (n € N\{1,2}) without {1, j}-neu-
tral operations with the condition {1,7} # {1,n}.

Theorem 3.2. Let n € N\{1,2}, (Q,A) an n-group, and e its {1,n}-
neutral operation (:1.2.1, 1.2.3, 1.3.3). Then the following statements are
equivalent:

(i) (@, A) is a commutative n-group;

(it) e is an {i,j}-neutral operation of the n-group for every (i,j) €
{(p, 9|
(p,9) €{1,...,n}* Ap<gq};
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(1ii) (Q, A) has an {1,n — 1}-neutral operation; and
(iv) (@, A) has a {2, n}-neutral operation.

Proof.

1) (i) = (ii):

(Q, A) is commutative iff for every permutation a of the set {1,...,n}
and for every z} € @) the following equality holds

A(za(1)s - -+ Ta(n)) = A(2T).

Hence, by Proposition 1.3.3, we conclude that the implication (i) = (ii) )
holds.

2) (i) = (iii):

By (ii), e is also an {1,n — 1}-neutral operation of the n-group (@, A).

3) (iil) = (iv):

Let (@Q,{-,¢,b}) be an nHG-algebra corresponding to the n-group
(@,A) (:1.4.1, 1.4.4). Hence, by Theorem 2.1 and by the condition (iii),
we conclude that

a) (@,") is a commutative group; and

b) p"2 =1I.
Further, by a) and by Proposition 1.4.5, we conclude that the following
equality holds:

c) v 1 =1
From b) and c) it follows that:
d) p=1.

Finally, by a), ¢) and d), and by Theorem 2.1, we cocnlude that (@, A) has
a {2, n}-neutral operation.

4) (iv) => (i):

Let (Q,{-,»,b}) be an nHG-algebra corresponding to the n-group
(Q,A) (:1.4.1, 1.4.4). Thereby, and also by Theorem 2.1 and condition
(iv), we conclude that (Q,-) is a commutative group and that ¢ = I, hence,
by 1.4.4, we finally conclude that (@, A) is a commutative n-group.
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The consequence of Theorem 3.2 is the following proposition:

Proposition 3.3. Let n € {3,4} and (Q, A) be an n-group. Then the
following statements are equivalent:

(i) (Q,A) has an {i,j}-neutral operation with the condition {i,j} #
{1,n}; and

(i) (Q,A) is a commutative n-group.

Example 3.4. Let (@, -) be a commutative group in which not every a € @
is selfinverse, e its neutral element and ~! it the inversing operation. Let

also

A(zi’)défml caylizg ozt - zs.
Then:
a) (@, A) is a 5-group (:1.4.3; o =1, b =e);
b) for

d -
e(d}) éfal -a;!-as,
e is an {1, 5}-neutral operation of the 5-group (@, A);

¢) for

def _
Ei1(ad) :fa1 Yiay-as,
E; is a {3,5}-neutral operation of the 5-group (@, A); and

d) for

d _
Ez(a:i”) éfal ay - az 1

E; is an {1,3}-neutral operation of the 5-group (@, A4).

4. Remark

Groups can be considered as universal algebras in different ways. For exam-
ple:

4.1: An algebra (Q,{-,”!}), where - is a binary and ~! an unary operation
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on (), is considered to be a group iff the following laws are fulfilled:

(2:9) 2 =2 (y2)
a!-(a-z)==z; and

(z-a)-a"1 =1z

An analogous treatement of n-groups (and in this case for every n €
N\{1}) is based on [6]. Namely the following proposition holds:

4.2 [6]: Let (Q, A) be an n-semigroup and n € N\{1}. Then:

(1) There is at most one (n — 1)-ary operation ~! in Q such that the
following formulas hold

(1)
(Va; € Q)77 *(Va € Q)(Vz € Q)A((a77%,0) 7, a7 7%, A(a,a} %, 2)) =z ©

and

(2) (Vai € Q)7*(Va € Q)(Vz € Q)A(A(z,a77%, a),a77%, (a1 ™%, 0) ") = 25

(1) If there is an (n — 1)-ary operation ~! in @) such that the formulas
(1) and (2) are satisfied, then (Q, A) is an n-group; and

(1it) If (Q, A) is an n-group, then there is an (n — 1)-ary operation ~! in

@ such that the formulas (1) and (2) hold.”

Besides, n-groups for n > 3 can be considered as universal algebras
(Q,{A,e}), where (Q, A) is an n-semigroup and e is an {1, n}-neutral op-
eration of the n-groupoid (@, A) (:1.2.1, 1.2.3, 1.3.3). This is based on the
following proposition:

4.3 [5]: For n > 3, an n-semigroup (Q,A) is an n-group iff (Q,A) has a
{1, n}-neutral operation.

Besides, the following proposition, for example, also holds:

®In [6], instead of ', f has been used, and instead (a7=2,a)”", f(a?™%, a) has been
written.

"(a}™2,a)! déf(é)(a?_"’, a,a?"?), where @isa {1, 2n — 1}-neutral operation of a {2n —

z 2
1)-group (Q, A); A & A(A(z}),2277"). We note that for n = 2, this is the inversing
operation in a group.
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4.4 [6]: Let n € N\{1}. Let also (Q,A) be an n-group, e its {1,n}-neutral
operation and ! the inversing operation in (Q,A) (:4.2). Then the following
formula holds:

(Va; € Q)T_2(Va €Q) (A((a1_2, a)'l,a;‘_Z,a) = e(af_2)A

AA(a,a}™?,(a77%,0)7) = e(a7™?)).
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