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Abstract

For the problem: ey” + p(z)y = f(z), y(0) = ao, y(0) = a1, the
spline difference scheme having the second order of uniform conver-
gence and fourth order of classical convergence is given. The scheme
is a linear combination of two exponential spline difference schemes:
the scheme from [2] and the one from the family given in [6]. Both of
them have a second order of classical convergence. Numerical results
are presented.
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1. Introduction

Let us consider the following singularly perturbed problem

Ly = —ey” +p($)y = f(x)a zel= [0’ l]a
(1)

¥(0) = a0, (1) = e,
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where ¢ € (0,¢9),60 < 1, is a small perturbation parameter. The functions
p and f are given and we assume

p,f € CHI), p(z)>B>0, z€[0,1].

It is known that the problem (1) has a unique solution y, which in general
displays boundary layers at x=0 and x=1. The difference scheme having the
second order of the classical and second order of the uniform convergence is
given in [2]. In [7] and [8] are presented the schemes having the convergence
in respect to €.

The family of difference schemes derived in [6] contains two schemes
which have the second order of the classical and second order of the uniform
convergence. Omne of them is the scheme from [2]. The analysis of the
truncation errors schows that the constant near the leading member for the
new scheme is four times smaller than the corresponding constant for the
scheme in [2]. This fact suggested the linear combination which gives a better
accuracy when the step of discretization is smaller than the perturbation
parameter. The scheme preserves tridiagonal form.

2. Derivation of the scheme

Under the summoned assumptions the exact solution has the form ([9]):
(2) y(z) = v(2) + w(z) + 9(2),

where
v(z) = govo(z), w(z)= qrwo(z),

vo(z) = e_x\/@ wo(z) = e(x B 1)\/;‘-’_@,

where gg and ¢; are bounded functions of € independent of z and

. 1—1
’g(’)(x)‘ <M (1 +5T) , t=0,1,2,3,4.

In [6], a family of difference schemes via spline in tension on uniform
mesh are derived.
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One of them is the scheme from [2]:

(3) { i1t it e = ¢ fis + ¢ fi 4t fin,
ug = ag, U =a1,j=1(1)n

where

7 =—R(p7), 1 =-R(p3), 75=0Gp;)+G(p),

_ _ P
G(p) = pcoth(hp), R(p)= Snh(hp)’

p3 = ((pj—1 + i)/ (2eNY? p} = ((pj41 + p;)/ (26))'/2,

gt = (1+)2(G(p RO, & = 5, )2(G(p2> R(p7)) ¢F =

The other scheme from [6] has the form:

(4) { Ti Uj-1+ iU+ T;_“J'H =qtfi_12 t+ qifj+1/2,

Ug = g, Ul = al,j = 1(1)n

where
;= =R(p), 1F=—R(p}), 15=Glp1)+Gp}),

Pl_ = (pj=172/8)'"?, pf = (10j+1/2/~‘5)1/2
The truncation error of the mentioned schemes 7;(y),

7i(y) = Ry; ~ Q(Ly;),

can be written in the form

75(y) = Tjoy; + Tiny; + Tjoyy + Tisy’ + Rja(y),

(G(pf) = R(p))-

161

g +qt.

where Tjo = Tj1 = 0 for both schemes and R;4(y) contains the remainder

terms. In the case h? < ¢, after some Taylor’s expansions, we obtain

5 T2 = 22 08) + () + 0C)
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for the first scheme and

©) T3 = 200 () + 9(80)) + O
i2 = 5, (P (B3) + P'(Ba)) + O()
for second scheme, where
T;—1 < ,31 <z; < ,32 < Tjt1,

Tj1/2 < B3 <z < Pa<Tjp1y2
Further,

h3
TJ'(g) 6 32 + O(h5/55/2)

for the first scheme and

h3
Ti(g9) = 24557 1 O(h5/55/2)

for the second scheme. Since,
7i(v) = O(R°[e%%), j(w) = O(h®/*/?)

for both schemes we obtain the new scheme using a suitable linear combina-
tion of the schemes in order to eliminate the members with h3/¢3/2. Namely,
if we multiply the second scheme by —4 and add it to the first one we obtain
the scheme:

riujy A rfuy+rtuin = ¢ fion —4qF sy + 0O fi — 4t fizaz + ¢ fin,

(7)

up = &g, U1 = a1, = 1(1)n,
where

- _ - L=t
T =—4r;y + 15, T

rj=—ar{+r5, 17 = R(py), 7 = R(p3),
r¥ = R(pT), rf = R(p),

- + 4t
= —4r{ + 7,

r$ = G(p7)+ G(pf), r5=G(pF)+G(p})

Throughout the paper M denotes any positive constant that may take
different values in different formulas, but that are allways independent of ¢
and of discretization mesh.
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3. Convergence of the scheme

Theorem 1. Let p,f € C*[I]. Let u; be the approzimate value for y(z;)
obtained using scheme (7). Then

ly(2;) — wi} < Mmin(ht/e3/2,h2).
Proof. Let h* < ¢. Let A be a matrix of the system (7). From the inequality
o(25) = il < 147 | max 7, (v)

and estimates
AT < Mefh, |ri(y)| < ME® /e

we obtain the proof. When ¢ < h? , the proof follows from the proofs of the
uniform convergence for the first and second scheme {2] and [6].

Theorem 2. Let the assumptions of the previous theorem are fulfilled. Let
p'(0) =p'(1)=0. Then

ly(z;) = wi| < Mmin(h*/e, h?).
Proof. Since ([1] ) the estimate
; 2—1
}g“)(x)' <M (1 +e“2‘) , 1=0,1,2,3,4.

is valid, we obtain the proof using the mentioned technique.

4. Numerical results

In this section we present results of some numerical experiments using the
schemes described in the previous theorem. Qur example is taken from [1],

—ey" 4+ y + cos’ wz + 2en? cos 2wz = 0,u(0) =0, u(l) = 0.

The exact solution has the form

-z z—1
e\/g + e Ve 9
y(z) = —— — cos” ¥
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We denote by E, the maximum of |y(z;) — u;|,7 = 0(1)n + 1. Here
[0, U1, -+, Uns1]7 is the corresponding numerical solution obtained by using
different schemes. Also, we define in the usual way the order of convergence
Ord for two successive values of n with @, = max; [u} - uf"[ and Qap:

Ord = log Qr — log @,
logny — logn

where ny = 2n and u? is u; calculated with A =1 /n. Different values of
¢ = 2% and n are considered.

k
1% 32 o p¥4:] = 256 12 TU2Z%
3 | 1.86(—2) | 4.68(3) | 1.17(-3) | 2.92(-4) | 7.32(-4) | 1.83(-5) | 4.56(-6) | En
1.99 1.99 2.00 1.99 2.00 Ord
4 | 1.69(-3) | 4.06(-3) | 1.01{-3) | 2.58(-4) | 6.35(-5) | 1.58(-5) | 4.00(-6) | Pn
1.99 1.99 2.00 1.99 134 Ord
5 | 1.43(—2) | 3.59(-3) | 8.07(-4) | 2.24(-4) | 5.61(-5) | 1.40(-5) | 3.50(=6) | Bn
1.99 1.99 2.00 2.00 2.00 Ord
& | 1.01(-2) | 1.35(-3) | 8.854(—4) | 2.82(-4) | 6.94(-5) | 1.73(-5) | 4.32(-6) | En
2.00 1.99 2.00 2.00 1.00 Ord
7 130(-2) | 2.24(-3) | 8.09(—4) | 2.02(-4) | 5.05(-B) | 1.26(-8) | 3.15(-6) | En
2.01 2.00 2.00 1.99 2.00 Ord
8 | 1.31(-2) | 3.23(—3) | 8.04(—4) | 2.00(-4) | 5.02(-8) | 1.25(-5) | 3.13(=6) | Bn
2.02 2.00 2.00 1.99 1.99 Ord
9 | 1.33(-2) | 3.24(-3) | 8.05(—4) [.2.00(-4) | 5.02(-5) | 1.25(-5) | 3.13(-6) | En
304 201 2.00 1.99 1.99 Ord
T0 | 1.38(-2) | 3.28(-3) | 8.07(—4) | 2.01(-4) | 5.02(-5) | 1.25(-8) | 3.13(-6) | En
2.08 3.02 2.01 1.99 1.99 Ord
11T [ T.26(—2) | 3.35(-3) | 8.12(-5) | 2.01(—4) | 5.02(-5) | 1.25(-5) | 3.13(-8) | En
215 2.05 2.01 2.00 1.99 Ord
12 | 1.57(=2) | 3.48(3) | 8.22(-4) | 2.02(-4) | 5.02(-5) | 1.25(-5) | 3.13(-8) | Ey
2.20 2.10 2.03 2.00 2.00 Ord
13 2.21 2.16 2.06 2.01 .00 Ord
14 2.16 2.21 2.10 2.03 2.00 Ord
i5 2.07 2.23 3.16 2.05 2.01 Ord
16 2.01 2.17 2.22 2.10 3.02 Ord
17 1.98 2.09 2.23 2.16 2.05 Ord
18 1.98 2.02 2.18 2.22 3.10 Ord
9 1.98 2.00 2.10 2.22 2.16 Ord
20 1.98 1.99 2.03 2.18 2.22 Ord

Table 1. Scheme (3).
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k
16 32 5% Wn Z56 517 1023
3 | 4.76(-3) | 1.17(-3) | 2.83(-4) | 7.32(-5) | 1.83(-% £.57(=6) 1.13(=6) | Em
2.01 2.00 2.00 2.00 1.99 Ord
4 | 414(-3) | 1.02(-3) [ 2.54(-4) | 6.35(=8) | 1.58(-5) 3.96(~6) 1.02(-8) | Pn
2.02 2.01 1.99 2.00 201 Ord
5 | 3.68(-3) | 9.03(-4) [ 5.61(-5) | 1.40(-5) | 3.50(-6) 8.78(=7) 3.50(-6) | FEn
2.02 2.01 1.99 2.00 2.00 Ord
6 | 345(=3) | 8.40(—4) | 2.08(-4) | 5.20(-5) | 1.30{=5) 3.25(<8) 8.09(=7) | En
2.04 2.01 2.00 2.00 1.99 Ord
7 | 3.43(-3) | 8.21(-4) | 2.03(-4) [ 5.06(-5) [ 1.26(-5) 3.15(~6) 7.88(-7) | En
2.07 2.02 2.00 2.00 2.00 Ord
8 | 356(-3) | 8.26(—4) [ 2.02(-4) | 5.03(=5) | 1.25(-5) 3.13(~6) 7.84(-7) | En
2.13 2.03 2.01 2.00 2.00 Ord
9 | 3.85(-3) | 8.45(-4 2.03(-4) | 5.03(-5) [ 1.25(-5) | 3.132(-6) [ 7.84(-7) | En
2.22 2.06 2.01 2.00 2.00 Ord
10 | 4.36(-3) | 8.83(—4) | 2.05(-%) | 5.05(-5) | 1.25(=5) 3.13(=6) 7.84(=7) | En
2.35 2.12 2.03 2.00 2.00 Ord
11 | 518(-3) | 9.54(—4) | 2.10(—4) | 5.05(-5) [ 1.25(-5) 3.13(-6) 7.84(-7) | En
2.50 2.22 2.05 2.01 2.00 Ord
12 | 6.30(-3 1.08(-3) | 2.20(-4) | 5.14(-5) | 1.26(-5) 3.14(=6) 784(-7) | En
2.59 2.36 2.11 2.03 2.01 Ord
13 2.56 2.50 2.21 2.08 2.01 Ord
14 2.40 2.59 2.35 2.11 2.03 Ord
15 2.20 2.56 2.50 2.21 2.06 Ord
16 2.06 2.40 2.59 2.35 2.11 Ord
17 2.01 2.19 2.56 2.50 2.20 Ord
18 2.00 2.06 2.40 2.60 2.34 Ord
19 2.00 2.00 2.20 2.57 2.49 Ord
20 1.99 1.99 2.07 2.39 259 Ord
Table 2. Scheme (4)
k n
10 32 o3 128 490 o1d JUZ3
3 | 1.23(-% 7.70(-6) | 4.81(-7) | 3.05(-8) | 4.76(=8) | 1.56(~9) | 2.58(-8) | En
4.47 4.00 1.12 2.05 .1.95 Ord
4 | 1.20(-4 7.47(-6) | 4.67(=7) | 2.90(-8) | 4.39(-9) | 5.98(=9) [ 3.23(-8) | En
3.99 4.00 4.15 1.25 -1.84 Ord
5 | 1.28(-4) | 8.00(-6) | 5.00(=7) | 3.14(-8 1.99(-9) | 2.45(-9) | 2.08(=9) | En
4.00 4.00 3.99 3.76 -1.03 Ord
6 | 1.60(—4) | 1.00(-5) | 6.26(-7) | 3.92(-8) | 2.31(—9) | 4.40(-9) | 1.28(-8) | En
3.99 3.99 3.99 3.31 -2.20 Ord
7 | 2.34(—4) | 1.47(=5) | 9.23(=7) | 5.77(-8 3.72(=9) | 1.32(-9) | 8.42(=9) | En
3.99 3.99 4.00 3.89 -0,96 Ord
8 | 3.85(-¢) | 2.45(-5) | 1.54(-6) | 9.66(-8) [ 6.07(-9) | 1.15(-3) | 8.71(-9) | En
3.87 3.99 3.99 3.96 -0.38 Ord
9 | 6.72(-4) | 4.40(-5) | 2.78(-6) [ 1.74(-7) [ 1.08(-8) [ 1.51(-9) [ 3.95(-9) [ En
3.93 3.98 4.00 3.99 1.98 Ord
10 | 1.18(-3 8.19(-5) | 5.26(-6) [ 3.31(-7 2.07(=8) | 1.76(-9) | 1.52(-9) | En
3.84 3795 3.99 3.99 3.9% Ord
11 | 2.01(-3) | 1.53(—4) | 1.01(-5) [ 6.42(-7) | 4.03(-8) [ 2.52(-9) [ 1.25(-9) [ En
3.70 3.91 3.97 3.99 4.00 Ord
12 | 3.14(-3) | 2.81(-4) | 1.96(-5) | 1.26(-6) | 7.93(-8) | 4.97(-9) [ 1.00(-9) | Ey
3.45 3.83 3.95 3.98 4.00 Ord
13 3.09 3.68 3.91 3.98 3.99 Ord
14 2.68 3.44 3.83 3.95 3.98 Ord
15 2.32 3.10 3.67 3.91 3.97 Ord
16 2.11 2.68 3.44 3.82 3.95 Ord
17 2.02 2.32 3.08 3.68 3.01 Ord
18 2.01 2.09 2.68 3.43 3.83 Ord
19 2.01 2.01 2.32 3.09 3.68 Ord
20 2.01 2.01 2.10 2.68 3.44 Ord

Table 3. Scheme (7).
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