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Abstract

Partial derivatives of generalized pseudo-Boolean functions are de-
fined and it is shown that each generalized pseudo-Boolean function
can be represented by these partial derivatives.
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1. Partial derivatives of Boolean functions

Partial derivatives of Boolean functions are defined in {8]. Let us recall these
notions in order to fix the notations.

Let (B,U,-,7,0,1) be a Boolean algebra, where z +y = 2’-yUz - ¢/ for
2,y € B. A Boolean function is every mapping f from B™ into B, where B™
is the direct product of the set B.

A partial derivative of a Boolean function f : B® — B with the variable
z; (1 €1 < n) is a Boolean function

af n—1
3—93,"B — B
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defined by
af def

5;($1,...,$,‘,$i+1,...,$n) = f((:cl,...,:ci_l,l,:ciﬂ,...,:cn)+
1

+ f(:cl, s Tim1, 0, T 41, ...,:En), (1 <1< n)

Partial derivatives of higher order are defined inductively.

The following theorem is proved in [8].

Theorem 1. The following Teylor formula holds for every Boolean function
f:B™ — B : for every A € B™,

n 1,2,...n

@)= FA+ D D (@i + i) (2i + @) o(@im + i)
m=111,...,im
0™ f(A)
Ba:il...(’):cim ’

(see [8] for more detail).

2. Partial derivatives of lattice functions

Partial derivatives of lattice functions are derived in [3].

Let (L,V,A) be a lattice, let Ly, L, ..., L, be finite subsets of L, and let
S = Ly x Ly X ... x L, be the direct product. A lattice function is every
mapping f from S into L,ie. f:5 — L.

A partial derivative of a lattice function f : S — L with the variable
z; (1 <i<n)is alattice function

of

axi:S—>L

defined by

0 e .
31{-(:6) = f(z1, 22,000, 20) V f(Z1,Z2, s Tigg1s oy Tn )y (1 <4 < 1),

@ is the addition modulo m;, m; is the cardinality of the set L; (1 < i< n).
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3. Partial derivatives of ring functions

Partial derivatives of ring functions are defined in [3].

Let L = {0,1,2,...,p — 1} be a set and let & and - be the addition
and the multiplication modulo p, respectively. Then (L,®,-) is a ring. If
Ly, Ls,..., L, are the subsets of L, then § = L; X L x ... x L,, denotes their
direct product.

A ring function is any mapping of the set § into L,i.e. f: 5 — L.

The partial derivative of a ring function f : § — L with the variable -
z; (1 <2 < n)is a ring function

of
Jz;

:S—-1

defined by

0 de
ij_(z) lef F(Z1y s Tigy ey Tn) D f(21y oer Tn),

where f @ f' = 0.

4. Partial derivatives of generalized pseudo-Boolean
functions

Let (P,+,-) be a ring such that {0,1} C P, where 0 is the zero element
for the binary operation ” +” and 1 is the identity element for the binary
operation ” -”. Let L be an arbitrary finite set.

A generalized pseudo-Boolean function (G P B function) is every mapping
f of the set L™ into P, i.e. f: L™ — P, where L" is the direct product of L.

Let us introduce the following relation on L

[2i]a, = 1, if z;=g¢;
tHei = o, if z; # a;, zi,a; € L,

[X]4 will denote the product [z1]a;[Z2]ay -+ [Zn)a,, Where X = (z1, 22, ..., Zx)
and A = (a1, az,...,a,), i.e. A, X € L". Furthermore,z+ 2’ =2'+z =0,
where 2/ = —z, for z,2' € P.
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Every GPB function can be represnted in the following form:

f@)= Y f(A) [ X]a.

AeLn

Partial derivatives of GP B functions are defined in [4].
Definition 1. A partial derivative of GPB functions f : L™ — P with the
variable z; (1 <1< n) is a GPB function

0fa
Oz;

"> P, i=1,2,...,n,

defined by

afa (IIJ) = f(ll)l, s Ti—1, @y Tif1y -eey :E'n.) - f(m), ac L, (1 S 1 S n).

(1.1)

Partial derivatives of higher order are GPB functions

amfa,'l . P,

L™ - P, >1,
Bzil...azim - mz

defined inductively by

O™ faiy i, O 0 0fa(z)
(1.2) Bxil...ax,-m(z)_6:1:,-,,,("'(82:,-"1( Oz;, Je

1<i<n, a;€l, 1<j<m,

ip)eee )i

The following properties follows immediately from Definition 1.
If fandg (f: L™ —» P, g: L™ — P) are GPB functions and ¢ € P,
then for every a,b € L,

(2.1) f does not contain z;, (Va € L)(% =0),(1<i<n)

a aa
(2.2) a(gi) = 8:];’ (1<i<n),

Of+9)a _ 0fa , 04

(2:3) Oz, O0z; (9

, (1<i<n),
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f-9)a _0fa 09, , Ofa 04a

(2:4) FER P R vl Tl po(1Si<n)
a2fab a2fba, . .
. = <i<
(2 5) {')ziaxj {“)zj{')zi’(l srsmlsys m)
afaa...a
(2.6) o= (—-1)’”“% (m>1,1<i<m)
A oz™ Ox;’ =5H Pats

2

Theorem 2. Let f: L™ — P be a GPB function and let A = (a1, az, ..., ay)
and B = (b1, b, ..., b,) be two vectors from L™, then:

1,...,n mf(H)
(3) f(B) f(A) + E E c")z, ; ,(11 <1< .. < ’Lm)

m=111,..., tm

21,12y ey = 1,2, 00y 100

Proof. For n = 1 the formula (3) is of the form

(3.1) o)+ L) - g,
where by Definition 1
8
1) _ 1) - (o)
afbl(al)

= f(b1) = flar).
Hence, formula (3.1) is true.

For n = 2 formula (3) is of the form

afb](a’laaQ) asz(“l)“’?) a fb]bz(a’ha?)
(32) flar,a2) + 0z, + dz4 - 8210z, f(b1, b,)

where by Definition 1 (1.1 and 1.2)

afbl (xla .'E2)
(”)zl

= f(b1,z2) — f(z1,22),
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aflb2(5'31, 1’2)

. = f(ba, 1) — f(z1,22),

32 fo, by (71, %2)

0710z, = f(b1,b2) — f(21,02) — f(b1,22) + f(=1,22),

afc1(a'1> a2)

(3.2.1.) Ba = [(b1,by) = f(ar,a2)
Dol 02)  flan, ) - Slar, 02
2
(322) Tlanla102) _ gy by fa ag) - f(bran) + flarsa),

82318172

By substituting (3.2.1) and (3.2.2) in the left-hand side of (3.2) we obtain
that (3.2) is true.
If A = B, then by the properties of partial derivatives we obtain that

am.fb,'l...b.‘m(bla ab'n) -0 (7,1 <tg < ... < lm),
Bxi...azz-m - (7:1,7:2, ...,in = 1,2, ,n)

Therefore f(B) = f(A) for B=A, A,B € L".
Let substitute A = (a4, ...,an-1,25) in (3), i.e.

n-11,2,...,n—-1

fl(zn) = flar, a2,y tn_1,n) + Z Z

m=1 11,..,im

amfb.'l b, (ala veey Qp—1, zn)

dz;,...0z;,,

115,22 < oo < 2y

Then, by (3.1) we obtain

(33) F0) = F(an) + inl22)

Finally, if we develope f'(a,) in (3.3), then the indices b, , ..., b;,, of partial
derivatives form the following set of subsets

P = {2]a C {b1,rbno1), @ # 0},
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3f} (an
fbanx(“ ) in (3.3), then the indices

of partial derivatives form the fo]fowing set of subsets
={X U{b} |z C{b1,-,bpn-1}}

Obviously, PN P’ = { and

On the other hand, if we develope
b; b;

1) ") Yim

PUP ={X |z C{by,...,b.}, z # 0}.

Hence, theindices p;,, ..., p;,, in (3.3) range over the partitive set of {by, ..., b, }.
This completes the proof of Theorem 2. O

Theorem 3. Every GPB function f : L™ — P satisfies the following (Tay-
lor) formula: for every A € L™

(4)
n b2on a'm Cyq 3+yCy A
=gy S Y el ek,

m=1 11,...,in Ciq ye Cigm €L

(11 < oo < dgp).

Proof. Let us take X = A in (4), then the products
4.1)  aile, - lai]e, l0in]e,, m=1,2,..,m, i1,4s,.. =1,2,.

are equal 1 if an only if ¢;, = a;, for every m. In the rest of the cases
these products are 0. Therefore the partial derivatives in (4) are 0 whenever
the products in (4.1) are 1 and vice versa, i.e. if the partial derivatives are
different from 0, then the products in (4.1) are 0.

Thus, it follows from (4) that f(X) = f(A) for X = A.
If we substitute X = B # A in (4), then one of the products

(4.2) [bi1]0i1 . [bi2]c'-2...[b,'m]cl-m, m=1,2,...,1; 11,12, es, b, = 1,2,...,1

is equal to 1 if and only if ¢;,, = b;,, for every m, while all the others are 0.
In this case for X = B # A according to (4.2) formula (4) is transformed
into formula (3) from Theorem 2.

This completes the proof of Theorem 3. 0O
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Example. Let us take L = {0,1,2},aring (P,t,-) and let 2 = (2,2,2) € L?.
According to Theorem 3 the Taylor formula of a GPB function f: L® — P
is

0 fo(2) 0/(2)

+ 22 o+ 208y, 4 2y,

£(@,4,2) = F(2)+ =5 Zlalo+

o {ylo+ a_afz%(yl)[m]o “[yh

82f00(2)[z]
00z

T2y, 1)

3f0(2)

0£1(2) 9% foo(2)
o0 2+ 200, 4 LnlDy

5 0% f10(2) 82f 1(2)
“Hegy T W+ =5 5]

0? f01(2)[ ] 0? f01(
0z0y

0? f11(2)

0" [Z]o

1 [yl +

[yl +

0? fno( 0? fo1(

2)[y]o elo + 211 12,

0 fooo(2)
0x0y0z

2o o lulolzhs + %fg“’é hluhlzlo + S o) ol

el + S22 el ol + 22 gy ol

+ SR .

Tho@),, (el [2h +

9 f10(2) 0” f11(2)
9407 o yhlzlo + — 5[yl

0 foo1(2
0z 0yo=

9° f110(2)
0z dyo=z

[2]o +

[2]1 + [z]o “ [y]o - [#]o

+

+
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