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Abstract

In this paper results on modular lattices from [2] are generalized,
using special elements of a lattice (modular, standard, co-standard
and cancelable). Isomorphisms of some intervals which are generated
by special elements are discussed, and a proposition analogue to the
Zassenhaus lemma for arbitrary lattices is given. A number of applica-
tions in algebra are also given, in particular some corollaries in group
theory.
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1. Preliminaries

1.1

Special elements of lattices have been considered by Ore, Birkhoff, Gratzer,
Schmidt, and others [1].
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An element a of a complete lattice £ = (L, A, V, <) is distributive iff
aV(zAy)=(aVz)A(aVy),foral z,ye L.

A co-distributive element of £ is defined dually.

An element a of £ is standard iff 2 A (aV y) = (z Aa)V (z Ay), for all
z,y € L.

A co-standard element of £ is defined dually.

An element a of £ is modular iff ¢ < y implies aV (zAy) = (aVz) Ay,
for all z,y € L.

We said that an element a of a lattice £ is cancelableiff tAa=yAa
and zVa=yVaimply z =y, forall z,y € L.

It is well known [1] that an element is standard if and only if it is dis-
tributive and cancelable.

1.2
For elements z,y € L, if z < y, then [z, y] denotes an interval
{z ]z < z <y} (as a sublattice).
The following proposition is also well known.
Proposition 1. If £ is a modular lattice and a,b € L then
[a,aV b] 2 [aAb,b],
under the isomorphism f:xz — z Ab. O

Isomorphisms of some other intervals in modular lattices are proved in [2]:

Proposition 2. Let a,a’,b,b’ and d be elements of modular lattice L, sat-
isfying the following conditions:

1. d <aandbd <b;
2.a<dVdandb<b' Vd;

3. and=bAd.
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Then, the interval [a, a’Vd] 1s projectively isomorphic to the interval [b, 'V d)].
] )

A corollary of this proposition, having an application in group theory, is the
following (Zassenhaus lemma).

Proposition 3. ([2]) If a,d’,b,b" are elements of a modular lattice £ such
that @’ < a and b’ < b, then

[@'V(aAb),a'V(aAnd)] [V (aAb),b'Vv(and)]. O

1.3

A weak congruence lattice CwA, of an algebra A = (A, F) is a lattice
of all weakly reflexive, symmetric, transitive and compatible relations on A,
under the set inclusion, i.e. the lattice of all congruences on subalgebras
of A. By ConA and SubA we shall denote the lattices of congruences and
subalgebras of an algebra A, respectively. It is well known that for an algebra

A:
a) ConA is a sublattice of the lattice Cw.A;

b) SubA is isomorphic with {(z,z) |z € B, for B € SubA}, which is
the sublattice of CwA,;

c) A (the diagonal relation) is always a co-distributive element of CwA.

An algebra A has the congruence extension property (CEP) iff
every congruence on a subalgebra of A is a restriction of a congruence on

A.
An algebra A has the congruence intersection property (CIP) iff

(pN8)s=panby, forall p,6 € CwA,

where p4 is the least congruence on .4 containing p.

An algebra A has the weak congruence intersection property (w
CIP) iff

(pNB)a=pand forall pc CwA and 6 € ConA.

In the lattice theoretic therms, using A as a special element, the former
definitions are equivalent to the following properties of A {4,5].
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An algebra A has the CEP iff A is a cancelable element of CwA iff A is
a co-modular element of CwA iff A is a co-standard element of C'w.A.

An algebra A has the CIP iff A is a distributive element of Cw.A.
An algebra A4 has the wCIP iff A is a modular element of Cw.A.

2. Special elements generalizing modularity in a
lattice

Modularity is not a necessary condition in propositions 1 and 2. Instead of
modularity of £ it is sufficient to assume that some of the elements from the
proposition have special properties, as it is shown in the following example.

Example 1.

Figure 1.

Let £ be a lattice in Fig.1. Obviously, £ is not a modular lattice, but
taking @, a’,b,d’ and d as in Fig.1, the conditions of Proposition 2 are sat-
isfied, and the interval [a,a’ V d] is projectively isomorphic to the interval
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[b,0' V d]. Note that d is a co-standard element of L.
The following three lemmas generalize Proposition 1.

Lemma 1. Ifa is a standard element of a lattice £, and b € L, then [a A b,
b] 2 [a,a V b], under the isomorphism f:z — z V a.

Proof. f is a mapping from the interval [a A b,b] into the interval [a,a V b].
As a is a standard element, it is a distributive and cancelable element as
well. Since ¢ is a distributive element, f is a homomorphism. If f(z) = f(y)
ie. zVa=yVa,and z,y € [aAb,b] then z Aa =y Aa (since z <b, and
zAha<bAa,andbAa<z,z2Aa=>bAa,foral z € [aAb,b]). Since
a is a cancelable element, z = y, i.e. the mapping f in an injection. If
y € [a,aVb], then f(bAy)=(bAy)Va=(bVa)A(yVa)=(bVa)Ay=y.
Hence, f is a surjection. 0O

Lemma 2. If b is a co-standard element of a lattice L and b € L then
[a,aV b] = [a A b,b], under the isomorphism f:z — z Ab.

Proof. Similar to the one of Lemma 1. O

Lemma 3. If a is a modular and cancelable element of a lattice L, and
be L, then{aAb,b = [a,aV b], under the isomorphism f:z — z V a.

Proof. Similarly as in Lemma 1, f is an injection and a surjection. If
z,y € [aAb,b] then

(zVa)A(yva)=aV((zVa)Ay)=aV ((yVa)Az).
SinceaAz =aAy,
anN((zVvae)Ay)=aAr((yVa)Az).

Hence, (zVa)Ay = (yVa)Az (ais a cancelable element).

Since (zVa)AyA(yVa)Az =z Ay,
(zva)hy=(yVae)hz =z Ay,

and,
(zVa)A(yVa)=aV(zAy).
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Hence, f is an isomorphism. O

Each of the following four propositions generalizes Proposition 2 and its
dual proposition.

Proposition 4. Ifa,d’,b,b' € L and d is a co-standard element of a lattice
L, such that,

1. @/ <aand ¥ < b
2.a<adVdandb<b Vvd;

3. and=bAd,
then an interval [a, a'V d)] is projectively isomorphic to the interval [b, V'V d].

Proof. By Lemma 2, [a,a V d] = [a A d,d], under the isomorphism f:z —
z Ad,and [b,bV d] = [bAd,d], under the isomorphism f:z — z Ad. By
condition 3, [a A d,d] = [b A d,d], hence, [a,aV d] = [b,bV d]. By conditions
land 2,a’Vd=aVdand ¥Vd=>bVd, hence, [a,a’Vd]=[bbVd. O

The following proposition is the dual of Proposition 3.

Proposition 5. Ifa,a’,b,b' € L and d is a standard element of a lattice L,
such that,

1.a<d and b <¥;
2. a>a' ANdandb> b Ad;

S.avd=>bvd,

then an interval [a’ Ad, a] is projectively isomorphic to the interval [b' Ad,b].
O

Proposition 6 Ifa’,b',d € L and a and b are standard elements of a lattice
L, such that,

1. a' <aand b <b;

2.a<a'Vdandb<b vd;
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3. aNnd=bAd,
then an interval [a,a'V d] is projectively isomorphic to the interval [b,b'V d].

Proof. Since a and b are standard elements, [a A d,d] = [a,a V d] and
[bAdd = [bbVd]. SinceaVd=adaVvd,and bV d = b'V d the interval
[a,a’ V d] is projectively isomorphic to the interval [b,6' V d]. O

The dual proposition is also satisfied.

Proposition 7. Ifa,a’,b,b’ € L and d is a modular and cancelable element
of a lattice L, such that,

1. a<a and b < ¥

2.a>ad ANdandb> b Nd;

3. avd=>bVd,
then an interval [a' A d, a] is projectively isomorphic to the interval [b' Ad,b].
Proof. By Lemma 3 instead of Lemma 2, the proof is similar to the one of
Proposition 4. O

The following proposition generalizes Proposition 3 and is analogous to

the Zassenhaus lemma for arbitrary lattices.

 Proposition 8. Ifc, ¢, f, f are elements of lattice L such that cA f is a
co-standard element of L, and ¢! < ¢ and f' < f, then

[V (enf), e VeAN = VAL, FV (e

Proof. By Proposition 4, takinga =¢' V(cA f'),b=f'V(fAc),d =,
b = f' and d = c A f, since d is a co-standard element, and a’ < a, b’ <
b,a < a'Vdand b <¥Vd, the only thing left to prove is that aAd = b A d.

Since d is a co-standard, it is a co-distributive element, too, and, aAd =
('V{eAfNDA(AN)=(AcA)V(eAf'AeANf)=(ANf)V(enf)=
(F'ACAYVIFASAeA)=(F'VFAL)AN(cAf)=bAd.

Hence, the interval [a,a’ V d] is projectively isomorphic to the interval
[6,0' v d], i.e.

[V (A F)d V(e AN ZIFV(E NS F V(A O
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3. Application to universal algebra

Proposition 9. If an algebra A = (A, F) has the CEP and p,0 € ConB,
and B € SubA, then
[p.pV Al 26,0V A

and both of the intervals are isomorphic with the interval [B, A] in the lattice

SubA.

Proof. By the CEP, A is a co-standard element in the lattice Cw.A. Hence,
the proof is a direct consequence of Proposition 4. O

Corollary 1. If an algebra A has the CEP, then the interval [B%, B* v A]
is tsomorphic with the interval [B, A] in SubA. O

As the CEP is hereditary on subalgebras, the Corollary 1 is valid on every
subalgebra of A, as well.

Proposition 10. If the algebra A has the CEP and the wCIP, then for
p € ConBB, 0 € ConC, for B,C € SubA, if pVA =8V A, then [B,p] = [C, 6]
in CwA, and both of the intervals are isomorphic with the interval [A, pV A]
in ConA.

Proof. Straightforward, by Proposition 7, since the CEP implies that A is
cancelable, and the wCIP that A is a modular element in the lattice CwA.
O

Corollary 2. [5] If an algebra A has the CEP and the wCIP and B € SubA
then, ConB 2 [A, B2V A] in ConA. O

Corollary 3. If an algebra A has the wCIP and the CEP, then an arbitrary

lattice identity, satisfied on ConA, is satisfied on ConlBB as well, for every
B e SubA. O

4. Corollaries in group theory

In the following three corollaries, G = (G,-,7!,e) is a group. The fact that
H is a subgroup of G is denoted by H < G. 'H (or HC ) is a normal closure



Special elements generalizing modularity in a lattice 139

of a subgroup H in G. H < G denotes that H is a normal subgroup of G.
Note that a part of the results is known, but not as the consequences of the
previous considerations.

Corollary 4. If a group G has the CEP and the wCIP, and H and K are
subgroups of G such that H = K = L, then ConH = ConK and each of these
congruence lattices is isamorphic with the lattice of all normal subgroup of
G which are contained in L.

Proof. Straightforward, by Proposition 10, using the fact that H? Vv A =
KivA. O

Corollary 5. If group G has the CEP, and B < C < G, then there exzists
one and only group X, such that X 1 C, and B < X < B.

Proof. By Corollary 1, [B?, B2V A] = [B,G] in SubG. Therefore, for every
C € SubG, if B < C, then C v B? is the only element from ConC, such that
CVB?v A = B*v A. The element C V B? corresponds to a normal subgroup
(X) of a group C. It is obvious that B < X, and since CV B2V A = B2V A,
X < B is satisfied. O

Corollary 6. If group G has the CEP, the relation < ("to be normal sub-
group of”) is a transitive relation on SubG.

Proof. Let A, B and C be subgroups of G, such that C < B and B < A.
Since the CEP is hereditary on subalgebras, A has the CEP, as well, and
Corollary 1 can be applied. By Corollary 5, since C < B, there is exactly
one subgroup X, such that ¥ 1B and C < X < C*. Since C < Band B A,
¢’ <B ensues, even, c* 4 B. Hence, C = cA ,ie.Ca 4. QO
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