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Abstract

Fixed point theorem for convex metric space is proved under more
generalized conditions.
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1. Introduction

Takahashi {5] has introduced the definition of convexity in metric space and
generalized some fixed point theorems previously proved for the Banach
space. Subsequently, Mochado [3], Tallman [6], Naimpally and Singh [4],
Guay and Singh [1], Hadzié and Gaji¢ [2] were among others who obtained
results in this setting. This paper is a continuation of the investigation in
the same setting.

2. Preliminaries

To prove our result we need the following definitions:
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Definition 1. Let X be a metric space and I be the closed unit interval. A
mapping W : X x X x I — X is said to be a convex structure on X if for
allz,ye X, Ael,

d(u, W(z,y,A)) < Ad(u,z) + (1 — N)d(u,y), for all u € X.

The metric space (X,d), together with a convez structure is called the
Takahasht convex metric space.

Any subset of a Banach space is a Takahashi convex metric space with
W(z,y,A)= Az + (1 - A).

Definition 2. Let X be a convex metric space. A nonempty subset K of X
is said to be convez if and only if W(z,y,A) € K wheneverz,y € K, A € I.

Takahashi [5] has shown that the open and closed balls are convex and
that an arbitrary intersection of convex sets is also convex.

For an arbitrary A C X, let
(1) W(A) = {W(z,y,\): z,y€ A, A€ T}.
It is easy to see that
W : P(X) —» P(X)is a mapping with the properties:
(i) A C W(A),for AC X,
(i) AC B = W(A)C W(B),for A, B € P(X),
(iii) W(An B) C W(A) N W(B), for any A, B € P(X).

Using this notation we can see that K is convex iff W(K) C K.

Definition 3. A convez metric space X will be said to have Property (C)
iff every bounded decreasing set of nonempty closed convexr subset of X has
nonempty intersection.

Remark 1. Every weakly compact convex subset of a Banach space has
Property (C).
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Definition 4. Let X be a convez metric space and A be a nonempty closed,
convez bounded set in X. For z € X, let us set

ri”(A) = sup d(xa y)a
y€EA

and
r(4) = Z11€1£ r(A).

We thus define Ac = {x € A: rz(A) = r(A)} to be the centre of A.
We denote the diameter of a subset A of X by

6(A) = sup{d(z,y): z,y € A}.

Definition 5. A point ¢ € A is a diametral point of A iff

sup d(z,y) = 6(A).
yeA

Definition 6. A conver metric space X is said to have normal structure
iff for each closed bounded, conver subset A of X, containing at least two
points, there exists x € A, which is not a diametral point of A.

Remark 2. Any compact convex metric space has a normal structure.

Definition 7. A convez hull of the set A (A C X)) is the intersection of all
convex sets in X containing A, an is denoted by conv A.

It is obvious that if A is a convex set, then

W"™(A) = W(W(W(A)...)) C Afor any n € N.
If we set
A, = W™(A), (A C X),

then the sequence {A,},cN Will be increasing and lim sup A, exists, and
lim sup A, = liminf A, =lim A, = J;2, 4n.

Also, we need the following propositions:
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Proposition 1. Let X be a conver metric space. Then

(2) convA =1lim 4, = | | 4,, (A C X)

n=1

Proof. If z,y € |J;-; An, then there exists a positive integer ng (say) such

n=

that z,y € Ap,. So,for A € I,

W(z,y,A) € Apy41 C U A,.

n=1
Thus, |J;-, A is convex and contains A.

Further, for any convex set C' containing A,

W™(A) C C for every n € N

i. e. -
lJ 4. cc.
n=1

So,

U A, = conv A.
n=1

In the remaining part of this paper (X, d) will denote a convex metric
space. '

Proposition 2. For any subset A of (X,d)

8(convA) = 6(A).

Proof. Since A C conv A then §(A) < §(conv A). Now let z and y be in
convA. If z,y € A, then it is obvious that d(z,y) < §(A4). So, let one of
them, for instance z, be in conv A, and let the other one be from A. Since
z € conv A, there exists ng € N such that z € W7o (A). But, it means that
there exist z1,z9 € W"O‘I(A), A1 € [0,1], so that ¢ = W(z1,22,A;) and
then:

d(il),y) = d(W((El, T3, /\1),y) < /\1d($1,y) + (1 — Al)d(xg,y).
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By induction it can be seen that there exists the subset

{z:}ier C A (I — finite set)

and
{aitier, @20, Y ai =1,
il
such that
d(z,9) < > ad(:,y).
il
Since

d(Z;,y) < 6(A)forie 1,
we can prove that

(3) d(z,y) < §(A).

Similarly, it can be seen that the above is valid even in the case for
y € conv A.

3. Main result

Now we prove the following:

Theorem 1. Let (X,d) be a metric space with continuous convezr structure
and let K be a closed conver bounded subset of (X, d) with normal structure
and Property (C).

If A: K — K is a continuous mapping such that for z,y € K,
(4) d(Az,Ay) < max{d(z,y),d(z, Az),d(y, Ay), d(z, Ay),d(y, Az)
d(l‘,AZQJ),d(y,Azy),d(Aa:,Aza:),d(Ay,Azy)}

then A has a fized point.

Proof. Let F be a family of non-empty closed convex subsets F' C K so
that A(F) C F, then F is non-empty since K € F. We partially order F’
by inclusion, and let S = {F;};ca be the decreasing chain in F. Then by
Property (C) we have that

Fo=(\F#9.

1€l
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So,
e F.

Therefore, any chain in F has a greatest lower bound, and by Zorn’s Lemma,
there is a minimal member F in F. We claim that F is a singleton set. If
not, then, as shown by Takahashi [5], the centre of D, denoted by F(-, is a
non-empty proper closed convex subset of F. Now, it is easy to see that

§(F5) < r(F) < 6(F).
Now, let us define a sequence Fy = F, and
Fi4q = conv (Fp U A(Fy)), £ =0,1,....
Clearly, F, C Fiy1, (k= 0,1,...). Thus we shall prove by induction that
(5) 6p = 0(Fy) < r(F)=r, for any k € N.

For k = 0 (5) is valid. Suppose that it is valid for ¥ = 0,1...,m, then we
show that it is also valid for k = m + 1.

By definition of §( F) for any sequence {e,}, &, > 0(n € N),lim,,_,o £, =
0, there exist Z,, Jn € Fin41, so that

‘5m+1 —&n _<_ d(fn,ﬂn)
Then, by Proposition 2 we have three cases:
() Znyn € Fro (n=1,2,...)
(ii) Tp =Ty Yn = Ay, (zn,yn € Fn,n=20,1,.. )
(ii) jn = Axn g’n« = Ayn (x’rhyn € Fm, n = 0,1,...)

Considering the first case it is clear that é,,41 < 7. So, let us see the second
one. For any = € Fy thus we have '

(6) d(z, Az) < .

We assume that (6) is valid for z € F, (k=0,1,...,m — 1) and prove that
it is valid for k = m.
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For any z € F,,, by Proposition 1, z € W”O(Fm_l U A(F,,—1)) for some
ng € N. Then

(7) d(z, Az) < Z v;d(z;, Az) + Z vid( Az, Az),
J€h i€l

forz; € Fruo1,j € I = LU Ly, (Ifinite set), 1 NI, =@ and > ..;v; =1,
v; > Ofor j € I. In (7) is sufficient to look only for the case when >, ;v; #
0.

Further, we have

d(z,Az) < Z'yjd(zj,Ax)+ Z v;d(Az;, z)

jen jelél)

Y yid(zj, Az) + Y vid(zj, Az)
jel? jerl®

> yid(zj, Az)+ Y vd(z, Azy)
jery! jerly

Z 7jd($j,A2:Ej)+ Z ’)’jd(]},Az.@)
jer® jelld

Y vid(Azj, A%zi) + Y v;d( Az, A%2)
Jel; jerl?

where we suppose

for I € I(l) that d(Az;, Az) < d(zj,z)

for I € I( ) that d(Az;, Az) < d(z;, Ax;)
for I € I(3) that d(Az;, Az) < d(z, Az)

for I € 1(4) that d(Az;, Az) < d(z,, Az)
for I € I( ) that d(Az;, Az) < d(z, Az;)
for I € I( ) that d(Az;, Az) < d(z;, A%z;)
for I € I( ) that d(Az;, Az) < d(z, A%z)
for I € I( ) that d(Az;, Az) < d(Az;, A%z;)

for I € 12( ) that d(Az;, Az) < d(Az, A%z).

Now, using the hypothesis, one can see that

d(z,Az) < Zyjd(zj,A$)+r Z Y;

JEL jEIél)
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+

Z v;d(z;, Az;) + Z v;d(zj, Az)

jert? jerl®

+ ) yd(z, Ax)+ Y v;d(x, Axj)

jertV jers®

+ Y yd(z, A%) + Y ysd(z, Al)
jer? jer”

+ Z’de(AIj,Az:L‘j)-l— Z 'yjd(A:vj,Aza:)
jets jer®

Since by induction, similarly, we have

d(z,Az) < ) Prd(ik,z;)

ke (M

+ > PBrd(dk, Agk) + D" Brd(z;, Az;)
ke ket

+ ) Brd(dk,Az;)+ ) Brd(zj, Adk)
ke ket

+ Y Bd(ik, A%k)+ ) Brd(s;, A’c;)
jer'® ket

+ Y Bed(Adk, A%ik)+ ) Prd(Azj, A'),
jer® ke

for ¢k € F_y (k € Ji = Ui, Ji_(i), Yokes;, B = Land Br > 0, k € Jj,
Y ey P # 0). Therefore
2
d(:L‘,A(Bj) _<_ T
and
d(z,Az) < Y yd(zj, Az)+r( >+ 3+ D )
JEL jelgl) jEI,gz) jEIgs)

1+ Z v;d(z, Az) + Z v5d(z;j, Az)

jer® jerl®
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+ Z vid(z;, A%;) + Z v;d(z, Az)

jerl® jerld

+ Z 7jd(ij’A2xj)+ Z 7jd(AzjaA2x)'

jer® jer®

After not more than ng steps we shall that

d(z,Az) < Z vid(v;, AT) + vgr,

JEI*
for
'y; >0,:e{0ur
"B+ Y 1=1
JEI*
and
v; € Fy; €I,

Since Fy is the centre we have that
d(vj, Az) <,

which implies that
d(z,Az) < rfor all z € F,.

Similarly, we can prove that
d(z,Ay) <rforall z,y € F,.
So, in the second case we have

5m+1 —&n S d(jnagn)
= d(zn, Ayn) <1, for n € N,

and consequently
6m+1 <

Using (4) it is easy to prove this inequality for cast (iii). Thus,
b6m < 7 for all m € N.

Let us define F>°* = |J72, Fi-

17
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Fp is non-empty. So, F'*° is non-empty too.
Since §(#°°) < ré(F), F'*° is a closed proper subset of £'.

Moreover, W is continuous and that the closure of convex set is convex.
Since mapping A is continuous so,

A(F®) c F*™

and therefore F'*° is a subset of ', which is a contradiction to the minimality
of F'. Hence, F consists of a single element which is a fixed point for A.
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