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Abstract

In this paper a class of differential equations of the first order in
the field of Mikusinski operators, F, is considered. This class may
correspond to a class of partial differential equations with constant
coefficients.

We construct a discrete analogue for these differential equations in
F, and obtain difference equations of the first order. We construct
the approximate solutions of such difference equations and treat them
as the approximate solution of the corresponding partial differential
equation. Also we estimate the error of approximation.
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1. Notations and notions

The set of continuous functions on [0,c0), denoted by C, with the usual
addition and the multiplication given by the convolution

f) xg(t) = /Ot f(r)g(t —r)dr, t>0,
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is a ring. By the Tichmarsh theorem, C; has no divisors of zero, hence
its quotient field can be defined (see {2]). The elements of this field, the
Mikusinski operator field, F, are called operators. They are quotients of the
form

f

5, feCy, 0£g¢cCy,
where the last division is observed in the sense of convolution.

The most important operators are the integral operator [ and its inverse
operator, the differential operator, s. It holds

ta—l
ls=1, la:{m}, a>0.

If the function f € C4 has a continuous n-th derivative, then it holds
{f(n)(t)} — Snf _ Sn—-l f(O) - f(n_l)(O)I.

Let us denote by F. the subset of F consisting of the operators repre-
senting continuous functions. If @ € F. represents the continuous function
a(t),t > 0, then we put ¢ = {a(t)}. By F; we denote the subset of F
consisting of the elements al, for some numerical constant o.

For two operators ¢ = {a(t)} and b = {b(t)} from F, the relation ”<” is
defined by (see [2])

a<b iff a(t) <b(t) for each t > 0.
Analogously, we shall say for two operator functions a(z) and b(z) that
a(z)<b(z), z € [c,d],

if a(z) and b(z) are representing continuous real valued functions of two

variables, a(z) = {a(z,t)}, b(z) = {b(z,t)}, and it holds
a(z,t) < b(z,t), for t€[0,T], z € [c,d].
2. Introduction

In this paper we consider and analyze the following problem in the field of
Mikusiriski operators

(1) E kms™ ' (z) + qusju(z) = f(z), z€R,
m=0 =0
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with the initial condition

(2) u(0) = R.

In relation (1) (and throughout the paper) we suppose that p and r are
natural numbers, the coefficients k,,, m = 0,1,..,p, and ¢;, j = 0,1,...,7,
are numerical constants, k, # 0,¢, # 0, and f(z) is a given, while u(z) is
the unknown operational function. In relation (2), R is a given operator. In
this paper we shall mostly observe two cases: the first when R represents a
continuous function (i.e. R is from F.), and the other when R is from F7j.
(In distribution theory, the last case would mean that R is a multiple of the
Dirac delta measure.) ’

If f(z) and u(z) are operators representing continuous functions f(z,t)
and u(z,t) respectively, then equation (1) corresponds to the partial differ-
ential equation -

P m+1 r i
(3) Yk, e l) 5 O g,
7j=0

foprt Jzotm ot

with certain given conditions. In the last equation the right-hand side func-

tion f1(z,t) is expressed via the function f(z,t) from (1) and the imposed
conditions _

&u(z,0) _

ot

(the Cauchy conditions), and

0,ij=0,1,..,r—1, z € R,

w(0,1) = R(t), >0,

where R = {R(t)}.)

In the field of Mikusiniski operators, the solution of the homogeneous
equation for the differential equation (1) has the form e**, where w is the
solution of the characteristic equation of equation (1):

2”: kns™w + ET: qj.sj = 0.
m=0 7=0

It is well known that in the field of Mikusifiski operators one can apply the
algebraic operations (like, e.g., addition, multiplication, division, etc.) in
the same way as when one deals with real numbers. The solution of the
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characteristic equation has the form

T
_ E 45

w = —p = —E( 1 H'l
E kmSm p =0
m=0
where
p—1 . r
(4) P=) k™ and Q=) g7
m=0 7=0

The operator P is from F.. If p > r the solution w of the characteristic
equation is logarithmic, i.e. the exponential function e* exists (see [3],
p.-18). Then the solution of the homogeneous equation corresponding to the
problem (1), (2), R - e*“, is from F,, provided that R € . and z # 0.

In the case p < r, the solution of the homogeneous equation does not
exist as an operator from the Mikusinski operator field.

The approximate solution of the characteristic equation can be taken in
the form as in the paper [4]

N
N:kgz( 1z+1(

P ;=0 P

As is usual in numerical analysis, we replace the derivative u/(z) with

the quotient
u(z + h) — u(z)
h ?

p L
A= E kns™ and B = qusj,
m=0 7=0

we obtain the following difference equation in the field F (see [1], p.14):

w(z + h) A _
5 AR | (5 Ayuie) = f(a).

Put zo = 0, denote ¢, = £,—1 + h, n € Z, and define the operator f, by

h > 0.

Denoting by

= f(za), neZ
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Then instead of equation (5), we shall observe the following difference equa-
tion in F:

(6) aty, + dupyy = fn, n€Z,
where
r ' I P
(7) a = ZQJ'SJ - E Z kmsm,
1=0 m=0
and B
R
(8) b=+ mz;okms .

We shall impose the condition ug = K, where the operator R is the one
given in (2).

The formal solution of equation (6) has the form

(9) Uy = Z Gn—kfk7

k=—o00

where a
R(—Z)"‘k, n—k<0,

10 Gnog =
. Tl @D ek

and R is the operator given by the initial condition (2). In the paper [6], the
exact solution of equation (6), u,, n € Z, was treated as the approximate
_solution of the problem (1), (2).

It turns out that the obtained approximate solution, given as an infinite
series, is inconvenient for computer calculating. For that reason, in this pa-
per we shall construct and analyze the approximate solution i, of equation
(6), taking finite sums instead of infinite sums.

The error of approximation will show that the solution 4, can be treated
as the approximate solution of the problem (1), (2). As a matter of fact,
this approximate solution produces somewhat ”greater” error, however the
advantage of this method is that the the solution can be handled more easily.

3. The approximate solution

In the paper [6] it was proved
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Lemma 1. If in equation (1) it holds that p < r,i.e. r=p+v, v €N,
b

and a and b are given by relations (7) and (8), then the operator — € F,.
a

a . .
However, operator 3 € F belongs neither to F. nor to Fy, and it can be

written as
a
§d: = 3
rep | PG hQi1 — Pi hg +hQy — P i P
(11) = &P k—1+ % + k Z(—l) (k_) .
p P P =1 p

= SU(Q2I+ Bc,2)7

where oy s a nonzero numerical constant, while 3. 5 is an operator from F..

Let us introduce the operator éy

~ _ hq.,- th — P1 th +hQ1 - P] . P
. r—p 1 I
(1;)1"‘ ’ (kpl k, ky 2t D,

= SU(QZI+ 552)7
where N € N, and

(13) Bi\; _ hQ1k~ Py + hq, + };Ql - P Z(_l)i(kﬂ)i'
) ) P

Also, in paper [6] we proved
Theorem 1. Assume that r = p+v and that the operators a and b are given
by (7) and (8), and, additionally, assume that the right-hand side operators
frn, n € Z, from relation (6) either

1) satisfy the following equalities and estimates:

fn:FnIa an‘<F~; nez

1) are from F. and satisfy the estimates

\ful <1 Frl,
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for some numerical constants F,,,n € Z and some constant F, resp. Fr,
independent from n.

Then there exists a solution of equation (6) in the field of Mikusiriski
operators and it represents a continuous function and has the form

Un

ES @R
(14) o

I — T— v ’ b 11
= E k§_ (_1) k (5 (a2I + ﬂc,?))k fk7
where ag and B are given in (11).

Using conditions either I or II, we easily get that the series (14) converges in
the field of Mikusiniski operators and represents a continuous function. Since

1 . . .
the operator — is from F,, the solution given by relation (14) represents a
a

continuous function.

a .
Since R = 0 the operator 3 is neither an operator from ., nor from Fjy,

then in the case the operator G,,_; will not represent a continuous function
nor it will be from F7. In the field F we do not consider such series.

Now, we shall construct the approximate solution of difference equation
(6) for the case when r > p:

I M ~ k—n
(@lva = 22 (" (&) &
(15) .

M o K7
- Z:(—l)"_lC (s”(aﬂ + ﬂ?fz)) f-
k=n

Let us remark that the approximate solution given by relation (15) is of
the same form as the exact solution. This means that it also represent
continuous function.
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4. The error of approximation

In view of Theorem 2, we shall give the error of approximation for the
solution of the problem (1), (2) for r > p. This solution is approximated
by the approximate solution 4, of the difference equation (6) which exact
solution is ..

Theorem 2. Let us suppose that the first and the second derivative of the
function u(z) (which is the solution of equation (1)) are continuous opera-
tional functions.

If we denote by u(z,) the value of the exact solution of equation (1) at the
point x = z,, then the error of approrimation for its approzimate solution
obtained as the approzimate solution of equation (6) i, , can be estirmated by

(16) |u(zy) — fin| <7 ARoo(T)M2(X,T) + Ro(T)!
where Roo(T) and
32u(:c,t)|.

My(X,T) = (0<I<T) % (X <o<X) Oz

are positive numerical constants.

Proof. From the difference between the following equations

p r
Z kmsmul(wn) + Z (Ijsju(-’tn) = f(xn)a
m=0 n=0

Z k s ﬂ+l — Up + qu_g Uy = f(mn),

we obtaln
m uTL 1
qusj(u(:c )= Up) = — Zk s (z,) — T ),
m=0
wherefrom we have

_Zk [r-m

Upp] — U
A7) u(zn) — ] <) 22— | - | ¥(wn) - T

) h
Z%‘V“’
7=0
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In [6] we obtain

[u(2) — unl <7 APY(1+ 1 Qu(T)eap(Qu(T), T)Ma(X, TITH

where the numerical constants P;(T) and Q;(T’) are obtained from

P tr—m;l
kpp—————
| 2—:0 (r—m— 1)!|
m—’ S PI(T)I,
gr|
and
r—1 tT_j_l
- < Q1(T)l
2] «(7)
Hence

(18) [u/(zn) = “HL28) <o My(X, B, o € (<X, X] X > 0.

The error of approximation is
[u(0) = tn] = [0(5n) =t + i — ] < [U(&0) = ] + n — T

Using the estimation ,
|un - 'anl <r R2(T)la

we obtain the relation (16). The last estimation could be done because in
[6] it was proved that the operator u,, represented a continuous function for
each n. Therefore the operator i, is from F., also.
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