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Abstract

Let -, @0 and b be a binary operation in ) , a unary operation
in @, and a censtant in (@, respectively. Let, also, n € N\ {1,2}.
Then, in the present article, the algebra (Q,{-,{,b}) Is said fo be a
Hosszu-Glushkin algebra of order n (briefly: nHG-algebra) iff the
following hold: 1. (Q,") is a group; 2. @ € Aut(Q,-); 3. L) =06 ;
and 4. @™ Hz)-b="b-z for every z € Q. Under this condition the
Hosszu-Glushkin Theorem (:[2-3]) can be formulated in the following
way: If (@,A) is an n-group and n € N\ {1,2} , then there is
an nHG-algebra (Q,{-,,b}) such that Az, ..., z,) =21 - P(z2)-

P (@) b wy, for every @1,...,%, € Q. Then, we say that
thls nH G-algebra is a corresponding nHG algebra for the n-group
(@, A). The main result of the paper is a description of all rRHG-
algebras corresponding to an n-group (@, A), by means of one of
them (:Theorem 5.1).
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1. Preliminaries

1.1. About the expression af

Let pe N, g€ NU{0} and let @ be a mapping of the set
{ilte NAt>pAi<gq} intotheset S ;0 ¢S. Then:

Gpy ey Gg 5 p<gq
aj stands for ap ; T p=yq
empty sequence (=0); p>q.

For example:

—1 j+n— n— . .
Al ™ Aal™ Y, a2 ), G €{1,..,n}, n € N\{1,2}, for j = n
stands for

Aar, .oy @p_1, A@n, oy Gon—1))-

Besides, in some situations instead of ay we write (a;);_, (briefly: (a;)3).

For example:

(Vz; € Q)

for ¢ > 1 stands for

Vzi € QV(Eq €Q

[usually, we write: (Vz; € Q)...(Vz, € Q)],
for ¢ = 1 stands for

Ve, € Q

[usually, we write: (Va1 € Q)],
and for ¢ = 0 it stands for an empty sequence (= 0).

In some cases, instead of aj only, we write: sequence a} (sequence
a} over a set S). For example: ... for every sequence af over a set S ... .
And if p < ¢, we usually write: a} € S.
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If ap is asequence over a set §, p < ¢ and the equalities a, = ... =
ag = b (€ .5) are satisfied, then

g—pt1

al is denoted by b

In connection with this, if ¢ —p+ 1 =7 (when we assume that there is no
misunderstanding),

gq—p+1 r
instead of b we write b

In some situations,

—p+1 g—p+1 T

a—r r
instead of b (or b ) we write bl or bl).

For example, instead of

o) (or e(d™?))

we write
g—p+1 r

e ()] (or e(eg™)])

0
In addition, we denote the empty sequence over § with b , where b is

an arbitrary element from .

1.2. About n-groups

Let n€ N \{1} and let A be the mapping of the set Q" into the set
Q . (Q, A)is said to be an n-semigroup iff for every i € {2,...,n} and for
all :1;%"_1 € ) the following equality holds:

A(A(=}),2250) = Az A, 2.
(@, A)is an n-quasigroup iff for every ¢ € {1,...,n} and for all a} € Q
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there is exactly one z; € ¢ such that the equality

A(ai 2, a1 = a,
holds. ( @, A) is said to be a Dornte n-group (briefly: an n-group)
iff (@, A) is both, n-semigroup and n-quasigroup. For n = 2 it is a
group.! The notion of an n-group has been introduced in [1]. The following
proposition holds:

1.2.1[7]: Let (Q, A) be an n-quasigroup and n € N\ {1}. Then: (Q, A)
is an n-group iff there is an i € {1,...,n — 1} such that the following law
holds:

Az A, B0 = A, A=), e 8)-

1.3. On a {l,n}-neutral operation in an n-groupoid

Let (@, A) be an n-groupoid and n € N \{1} . Let also e be an (n—2)-
ary operation in ¢ ; for n = 2 this is a nullary operation. We say that
e is a {1,n}-neutral operation of this n-groupoid (¢, A) iff the following
holds:

(1) (Vaie @)1 2( €Q)
(Ale(af™),a77%2) = 2z A A(z,ai 7% e(a;™?)) = ).

For n =2, e(af)(= e((Z))) = e € () is a neutral element of the groupoid
( @, A). The notion of an {¢,7}-neutral operation of an n-groupoid (:
ne N\{1}, (:,5) € {1,..,n}%4 < j) has been introduced in [8]. The
following propositions hold:

1.3.1 [8]: In an n-groupoid ( n € N \{1} ) there is at most one {1,n}-
neutral operation;

1.3.2 [8]: In every n-group there is a {1, n}-neutral operation;

1.3.3 [8]: For n > 3, an n-semigroup ( Q, A) is an n-group iff (Q, A)
has a {1,n}-neutral operation®

and

1.34: Let (Q,A) be an n-group, e its {l,n}-heutral operation and

!Menger’s m-quasigroup for n = 2 is also a group (see for example [5]).
2Theorem 10 from [9], for m = 1 reduces to Proposition 1.3.3.
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n € N\ {1,2}. Then, the following formulas are satisfied:

(2)  (Va;e Q)i *(Wbje Q) (Ve e Q)
Az, 6772, e(b772),077") = A(e(af™?),a7 7%, 2);
and

(3)  (Ya; € Q)X (Vb€ Q) (Vze Q)
A(b?‘z’e(b?_z),b’fl,z) = A(x,a?_Z,e(a?_z))
for every 1€ {1,....,n—1}.

The sketch of the proof:

1) F(z 7)€ A b (67, 57 =
A(F(z,b77%),6072, e(b72),077") =
A(A(z, 6772, e(b772),6171), 6572 e(b772), b 71) =
A(F(z,b372), 6772, e(b772),b57") =
Az, b77%, Ae(bT ), 6772, (b7 %)), b7") =
A(F (2, b772),0272 e(b772), 0577 = A(z, 0072, e(b772), 07 =
F(z,b7" %) =2 =
Az, 5772, e(b772),b771) = A(e(a}™?), a7 7%, z);

2) F(e,b772) " AP, e(b7 %), 67 2) =
A(b?‘_2,e(b'f”2),b’l_l,F(z,b?_2)) = '
A(bF 72, e(by2), 071, A2 e(b)72), 07 2)) =
AT %, e(b772), 071, F(,b77%) =
A2, Ae(b772), 772, e(b772)), b7 z) = .
ABI 72, e(b77%), 0771, F(z,b772)) = A(bI 2, e(b)72), b7 z)) =
FOT7 2 2)=2 =
A2, e(b772), 077 ) = Az, o] 72, e(a}™?)).

1.4. On the inversing operation in an n-group

The following proposition holds:

1.4.1[10]: Let (@, A) be an n-semigroup and n € N \{1} . Then:

a) There is at most one (n — 1)-ary operation f in @ such that the
Jollowing formulas hold

(1) (Vai€ Q)i *(Ya€ Q)(Vz € Q)
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A(f(a772,0), 0772, A(a, a2, 7)) = @
and
(2) (Yaie Q)F *(Vae Q)(Vze Q)
A(A(IE,G;L_Z,O,),G?—Z, f(a]_—27 a)) = z ;

b) If there is an (n — 1)-ary operation [ in @ such that the formulas
(1) and (2) are satisfied, then ( @, A) is an n-group; and

c) If (Q, A) is an n-group , then there is an (n — 1)-ary operation f
in @ such that the formulas (1) and (2) hold.3

As for the case n = 2 we say that the operation f is an inversing
operation in the n-group (@, A); [10].

The following propositions hold:

1.4.2 [10]: Let (Q,A) be an n-group, e its {1,n}-neutral operation,
[ its inversing operation and n € N\{1} . Then, the following formula
holds:

(Va; € Q)17 (Va € Q)(A(f(a]™?,0),a7 7% a) =
e(ai ™) A A(a,a]™?, f(a7 7%, @) = e(a1™"));
and
1.4.3 [10] Let (Q,A) be an n-group, e its {1,n}-neutral operation,
[ its inversing operation and n € N\{1} . Then the formula:
(Ve € Q)(Vy € Q)(Va; € Q)7 *(Vhi € Q)77*
Az, 0772 y) = A(A(z, a7 2, f(al™2,e(b77%))),a7"2, ) * holds.

S f(a?72,0) &f E(a?™%,a,a772), where E is a {1,2n — 1}-neutral operation of a

2 2 e L.
(2n — 1)-group (Q, A); A (z2"™1) = A(A(z}),2277}). We note that for n = 2, this is
the inversing in a group.

*Forn=2:(Vz € Q)(Vy € Q)A(z,y) = A(z, ).
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1.5. On Hosszi-Glushkin algebras

1.5.1: Let - be a binary and © a unary operation in Q). Let also b be a
(fized) element of the set Q) , and n a (fized) element of the set N\ {1,2}.
We shall say that (Q,{-,,b}) is a Hosszi-Glushkin algebra of order
n (briefly: nHG-algebra) iff the following hold:

(1) (Q,-) is a group;

() e Au(Q,) ;

(3) @ Yz)-b="b-x for every z€ Q ; and

() @B)=b.

1.5.2: Hosszi-Glushkin Theorem [2-3]: Let (Q,A) be an n-group and
n € N\ {1,2}. Then, there is an nHG-algebra (Q,{-,,b}) such that
for each zi € Q) the equality ,
(5)  Az}) = 01+ @lr2) e " (20) b
holds.

By a simple verification (briefly, if the Theorem of E.I. Sokolov 1.2.11is
used) we conclude that the following proposition also holds:

1.5.3: Let (@Q,{-,,b}) nHG-algebra (n € N\ {1,2}). Let also
A 2y (e2) v () b
for all 2% € Q. Then (Q,A) is an n-group.

1.5.4: We shall say that an nHG-algebra (Q,{-,,b}) corresponds
to the n-group (Q,A) tff the equality (5) holds for all 27 € Q.

2. Hossztu-Glushkin theorem from the poiht of view
of {1, n}-neutral operation

In this part, the Hosszi-Glushkin theorem (1.5.2) is proved in the following

(more specified) formulation °:

Theorem 2.1. (Hosszi-Glushkin) Let (Q,A) be an n-group, e its {1,n}-
neutral operation and n € N\ {1,2}. Let also, ¢}~? be an arbitrary

5The formulation and the proof of the theorem follow the idea of E. I. Sokolov from

[71-
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sequence over a set @), and let
(1) =y A, y);
(0 o) Ale(ci™), 2, 7?); and

(3) b Al e(@?))

forall z,y e Q . Then (Q,{-,,b}) is an nHG-algebra (:1.5.1) such
that

(1) AG}) = o1 P(e2) o " (20) b

forall z7 €@ .

Proof.

1) Since (@, A) is an n-semigroup (:1.2), by definition (1), we conclude
that for all z,y,z € @ the following sequence of equalities hold
(z-y) 2= A(A(z, 6711~2,y)7c711—2’ z) =
= Az, e} 7% Ay, 172, 2)) =
=z (y : Z),
and hence we conclude that (€,-) is a semigroup. Further, since (@, A) is
an n-quasigroup (:1.3), by definition (1), we conclude that for all a,b€ Q
there is exactly one z € () and exactly one y € @} , such that the equalities
a-z=bb and y-a=">
hold, thus we have that (Q,-) is a quasigroup. Hence, (@,-) is a group.

2) By definitions (1) and (2), using the assumption that ({,A) is an
n-group, e its {1,n}-neutral operation, n € N\ {1,2}, and by Proposi-
tion 1.3.4, we conclude that for every z,y € ) the following sequence of
equalities hold

Plz-y) = A(e(c'f_Z), A(z, CT—Z’ ¥)s C;L_Z) =
= A(A(e(F7%),2,¢172),y,c77Y) =
= A((p(:l:), y’c?_z) =
= A(@(2), A}, e(F72), ), 6772 =
= A(p(2), 7%, Ale(c}7?), 9,61 7)) =
= A(p(2), 72, 0(y)) = ©(2) - 9(y),
and hence we conclude that @ € Aut(Q,-).

3) By definitions (2) and (3), using the assumption that (Q, A) is an n-
group, e its {1, n}-neutral operation and n € N\ {1,2}, and by Proposition
1.3.4, we conclude that the following sequence of equalities hold
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P(b) = PA( e(c}™?)]) =
= A(e(c}™2), A( e(c;™2)] ), ep2) =
= A(A( e(cID)] ), e(e} ), i) =

= ACe(e; )] ) =
— b,
hence we conclude that ©(b) = b.

4) By definitions (1) - (3), using the asumption that (Q,A) is an n-
group, e its {1, n}-neutral operation and n € N \ {1,2}, we conclude that
for every z € @ the following sequence of equalities hold

b-z = A(A( e(c’f”)‘ )i w) =

n—1

= A e(cp™?)] s Ale(e]™?), 72 2)) =

n—1

= AL e(c} )], Az, % e(e] 7)) =

n—2

= A( e(c} )|, Ale(c} ™), 2, 6177), e(e] 7)) =

n—2

= A( oY), Pla) el ) =

n—2

= A( e(;7)| » A(p(2), i 7% e(cf 7)), e(c] ™)) =
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= A( e(ci™?)|, A(e(172), (), 177), e(ch?

= A( e( , P (), e(c? )=

n—1

= A(p" (@), e(D)]) =
= A(A((p"_l(z),c?_z,e(c?_z)), ‘3(6?—2

= A6 A LG ) =

= (pﬂ—l(x) . b7
hence we conclude that for every z € () the equality
(,-9”_156 -b=b-z
holds.

5) By definitions (1)-(3), using the asumption that (@, A) is an n-group,
eits {1,n}- neutral operation and n € N\ {1,2}, and by Proposition 1.3.4,
we conclude that for every z7 € () the following sequence of equalities hold.
A(zh) = Az}, A} 72, e(e]7?), Az, €172, (1 72)))) =
= A(2]7 A>3 72, Ae(e] %), an, 67 72), (1 72))) =
= A(e}™L, A(F 2, (), e(c] %)) =
= A(2772, A(@n-1, 772, P(2n)) (] %)) =
= Az}, 2pe1 - @(zn),e(CT2)) =
= A(f’f 2 A>T 72 e(e] 7)), A(Tn—r - P(an), 7 72, e(e 7)), (] 7)) =
= A(z}? A(C? 2, A(e(F ™), zno1 - (), €1 2)»6(07 )),e(e;™?) =
= A(ﬂﬁ? 2, AT, Pp(@nm1 - P(x0)), e(e %)) e(e] %)) =
= A(ﬂf?_B»A(xn—z»C?_2» P(@n—1 - P(an))),e(ct™?),e(cf ™)) =
= A(2772, 82 - P(Tn-1 - P(2n)) (7 72), (] 7?)) =
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= A(zy - P(22) - oo - P (20), ;(—Cﬂ )=
= A(A(il:l . {7‘9(2)2) — @n—l(xn)’ C'{L—2’e(c;z—2)), m ) _

= A(z1 - P(2) - oo " (20), 775 A (7)) =

=z - ©(x2) oo @ Yzy) - b,
hence we conclude that for every z7 € @ the following equality holds:

A(z}) = z1 - p(x2) - oo - " Yzp) - b

3. A description of all n HG-algebras correspond-
ing to the same n-group

Theorem 3.1. Let (Q,A) be an arbitrary n-group, e its {1,n}-neutral
operation, n € N\ {1,2}, ¢'™% a sequence over a set Q and for all

T,y €Q »
B(C?—z)(x,y) = A(x,c’f—z,y);

def n— n—
@(4“2)(:’3) = Ale(c{™?),2,17%); and

def —
b2y = ACe(ef™)])-

Let also def
Ca = {(@:AB(p—2), P(cp-2)r ber2) DT ™ € Q) -
Then, for every nH G-algebra (Q,{-,©,b}) the following equivalence holds
(Q,{-,p,b}) € Ca <> (Vz; € Q)T A(2]) = z1-P(22) ... " Hzp )b .

Proof.

1) By Theorem 2.1, we conclude that for every n H G-algebra (Q, {-, ©,b})
the following implication holds:

(@,{p,b}) € Ca = (Yoi € Q)T A(27) = &1 - P(22) - .- "7 (20) - b.
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2) Let (Q,A) be an n-group, n» € N\ {1,2}, (Q,{,®,b}) an
nHl G-algebra, e a neutral element of the group (Q,-) and ! the inversing
operation in (¢}, ). Let also for every z! € () the following equality holds:

A}y =z1 - (=) .- O 2(2,) - b (:1.5).

If in the above equality we put 272 = "&° (:1.1)and z,_; = b1, since

@(b) = b (:1.5), and thus also @(b~') = b~1, we conclude that for every
Z1,%n € & the following equality holds:

n—3 -1
A(xly € 7b 7xn):xl'xn7

and hence we conclude that for all z,y € @ the equality

- y E n— T ) y

3) Let (Q,{-,®,b}) and (Q,{-,P,b}) be two nHG-algebras, e
a neutral element of the group (Q,-) and ~! the inversing operation in
(Q, ). Let, also, for every z7 €  the following equality holds:

1 ©(x2) e OV HTpr) b 2y, =
Ty @(@9) oo - PV (@) b Ty (21.5).

If in the above equality we put z; = ... = z,, = e, we conclude that
b =1b,

which means that for every z7 € () the following equality holds:
T1-O(z2) o PV HTper) b Ty =
zy - P(z2) .n e (,_9"_2(:10”_1) bz,

and hence, by similar argument, we conclude that

p=¢.

4) By Theorem 2.1, Proposition 1.5.3 and by that the arguments from 2)
and 3), we conclude that for every n H G-algebra (Q,{-,,b}) the following
implication holds:

(Vz; € QTA(2?) = 1 - P(2) - o - P ) - b = (Q,{-,,b}) €C4 .
d

A consequence of Theorem 3.1 and Proposition 1.4.3 is the following
proposition:



On Hosszu-Glushkin algebras ... ’ 113

Proposition 3.2. Let (Q,A) be an n-group, e its {1, n}-neutral operation,
[ its inversing operation and n € N\ {1,2}. Let also (Q,{:,,b}) be an
nH G-algebra corresponding to the n-group (Q,A) (:1.5.4), e the neutral
element of the group (Q,-) and ~1 the inversing operation in (Q,-). Then,
for every b;"2 € @ the following equality holds:

e(B32) = ((b1) - o - P2 (baz) - ).

Proof.

By Theorem 3.1, there is a sequence a?_z over ) such that for all

z,y €  the equality
(@)  ©-y=Alzay)
holds. The following also hold:
() = e(@™?
and
(¢) (VaeQ)a'= fla}™%a) (:1.3,1.4).
Let also b?‘2 be an arbitrary sequence over (). Then, by Proposition 1.4.3,
for all z,y € @ the following equality holds
Az, 6572, y) = A(A(z, a2, F(a} 2, e(65=2)), ai 2, ),
i.e., by (a) and (c), also the equality
A, b2 y) = o - (e(2) -y
Hence, since (Q,{-,,b}) is an nH G-algebra corresponding to the n-group
(Q, A), we conclude that for all z,y € () the following equality holds
2 P(b1) - e PV bra) by = - (e(6772) ) .

Hence, we conclude that the proposition holds. O

4. About equations f(a}™?,z)=a,_; and

e(ai_la Zi, a?_:}) =0ap-2

Proposition 4.1. Let (Q,A) be an n-group, f its inversing operation and
n € N\ {1,2}. Then for every sequence a;‘_l over () there is ezactly
one x € () such that the equality

f(aT—‘zv'r) = 0an—1
holds.

Proof.
1) Let e be a {1,n}-neutral operation of the n-group (@, A). Then, by
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Proposition 1.4.2, for every sequence a{‘_z over () and for every 2 € () the

equalities
A(f(a?™?,z),a77% 2) = e(a?™?) and
A(f(af72,2), f(a77%, f(a} %, 2))) = e(a}™?)
hold. Hence, since (¢, A) is an n-quasigroup, we conclude that the formula
(1)  (Va;i€ Q)7 *(Ve € Q)f(a} ™2, f(a} ™%, 2) =«
holds.

2) By the monotonicity of f and by formula (1), we conclude that for all
z,y € ¢, and for every sequence a’f'z over () the following sequence of
implications holds

fai™%,2) = f(a7 ™2, y) =

f(ai72, f(a} ™%, %)) = f(a}72, fla} % y) =

zT=y
and hence we conclude that the formula
(2)  (Va; € Q) 2(Ve € Q)(Vy € Q)(f(a}2%,2) = f(a}2,y) <>z =y)
also holds.

3) By formulas (2) and (1), we have that for every sequence a}~! over
@ and for every z € () the following sequence of equivalences hold

f(a’f—z,z) =lp-1
flai ™2, f(a} ) = Sl ™) <

z = fai™") ,

and hence we conclude that for every a}™!,z € @ the equivalence
f(a7™%,2) = an_y =z = f(a}™")

holds. O

Proposition 4.2. Let (Q, A) be an n-group, e its {1,n}-neutral operation

and n € N\{1,2}. Then, for every sequence a{‘—z over (), and for every

1€ {l,...,n—2} there is ezactly one x; € ) such that the equality
e(ai_l, z;, a:‘“3) = a,_2

hold.

Proof.

Let f be the inversing operation of the n-group (@), A). Then, by Propo-
sition 4.1 and Proposition 1.4.3, we conclude that for every ¢ € {1,...,n—2},
for every sequence b?_z over () and for every z; € (J, the following se-
quence of equivalences holds

et 2, ) = b,y =
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f(b?—zve(bil_17 L, b?_s)) = f(b’l]m—za bn-—2) —
A(e(b’f_z), b111_27 f(b?—zv e(bzl_la Tiy b?_S))) =

Ae(by72), bY 2 f(B 2, bn—3)) -
A(A(e(b772), 0077, F(07 7%, (6], 2;, 67 72))), 0772, e(0772)) =

A(A(e(by ™), b7 72 F(bT 2, bz)), b7 2,e(b” 2)) >

A(e(5), 670, 67 o6 ) = (57, buca),
and hence we conclude that the equivalence

et 2,073 = b,y =

A(e(b77%), b7 4, 677, e(877%)) = f(b7 7%, bns),
also holds for every i€ {1,...,n— 2}, and for every b77% z; € Q. Hence,
since (@, A) is an n-quasigroup, we conclude that the proposition is satis-
fied. O

5. Main results

Theorem 5.1. Let (Q, A) be an n-group, n € N\ {1,2}, (@,{:,,b})
an arbitrary nH G-algebra corresponding to the n-group (Q,A) (:1.5.4),
1 the inversz'ng operation in (Q,-), k € @ and for every z,y € Q
(1) ewyZakey

def
(2)  Prle) = () - p(k);

def , _

(3)1?/9()90(1)6

Let also

) Ca =@, {w 0

Then, Ca is a set of all nHG-algebras corresponding to the n-group

(@,4).°

Proof.
1) Let (Q,{-,®,b}) be an arbitrary nHG-algebra corresponding to the

n-group (Q,A). By Theorem 3.1
(Qa {" (103 b}) € CA

i.e. there is a sequence a’f—z over  such that
-2
z-y= Az, 017", y);

bi.e.: Then C4 =Cy4 (:3.1).
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©(z) = Ae(a}™?),z,a77?); and

b= A( e(a?_z) )

In addition, by definitions (1)-(4) from the formulation of Theorem 5.1, we
conclude that - =, =¢_  and b=b,, where e is a neutral element of
the group (@,-), and hence also

(Qv {',9‘97 b}) € CA
Thus, it also holds

(Qv {'799’ b}) S CA N CA.

2) Let also (Q,{0,®g,ba}) be an arbitrary nH G-algebra correspond-
ing to the n-group (@, A). By Theorem 3.1
(Q7 {D,(’OC’,bD}) € CA7
i.e. there is a sequence b?"z over (J such that
2Oy = Az, 072, y);
(,QD(:L‘) = A(e(b¥_2), vaiz—z); and

bo = A( e(by %) )-

By Proposition 1.4.3, for all z,y € ¢} the equality
Az, 6 y) = A(A(, a7, (a2 e(632), a0, )
holds. Since a?_Z,b?_2 are fixed elements of the set @), thereis k € Q
such that
(@ e(572) = k.
Hence, for all z,y € @, the equality
Oy =x-k-y
holds. In addition,
e(bi?) = kY,
for the inversing operation in the group (¢,-), namely, the following
holds: a~' = f(a} % a) for every a € Q (:1.3,1.4). Thereby, and by
the assumption that (@,{-,®,b}) is an nHG-algebra corresponding to the
n-group (@, A), by Proposition 3.2, we conclude that for every = € @ the
following sequence of equalities hold
Pale) = Ale(b}2),2,b77%) =
= e(b}) - (x) - PH(b1) - ™ (baoz) b =
= e(b772) - () - P2(b1) " (buz) - P(b) =
= e(b772) - P() - P(P(b1) - P 2(bns) - b) =

-1
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= e(b77%) - () - P((e(b7 7)) =
= k=1 () - (k)
hence we conclude that for every z € () the equality
P(z) = k™1 p(z) - (k)
holds. Similarly, we conclude that the following sequence of equalities hold,
too.

b= A (b)) ) =

= e(b72) - (b)) - - " (e(87)) - b =
=k71-kY) e (k) - b,
and hence we conclude that
bo =kt (k7). LK) LB
Thus, it also holds
Ca C CA.

3) Finally, let (Q,{0,®qg,ba}) be an arbitrary element from the set
C. Then, by definitions (1)-(4) from the formulation of Theorem 5.1, there
is k€ @ such that for all z,y € § the equalities
Oy =2z -k y;
Pal) = k= - P(z) - (k) ; and
bo=k71 -k ok - b
hold. In addition, by Proposition 4.1 and Proposition 4.2, we conclude that
for every sequence b7 % over @ and for every i€ {1,...,n — 2}, there is
exactly one z; € (J such that
Flay 2, e 20 b)) = k
Hence, firstly, by Proposition 1.4.3, we conclude that for all z,y € ¢J the
following sequence of equalities hold
20y=z-k-y
= A(A(:E_’ ‘1711_27 f(aT—27 e(bi_l, Zi, b?_B)))v ‘11—2a y) =
= A(:C)bzl_l?xivb?_:s) y)7
i.e. that for all z,y € ) also the equality
z0y = A(z, b'{‘l, zs, bz’.‘"3, Y),
holds. Further, by a similar argument as in 2), we conclude that for every
z € ¢ the following sequence of equalities hold
Palz) =k~ - @(z) - pk) = ,
= e(b]!,2i,077%) - p(z) - ((e(bT, 24,7 7%)) 1) =
= e(by, 20, 67 °)0(2) - P(P(br) 0 (20) "2 (brg)-b) =
= e(b1, 20, b7 %) - (a) - (b)) -
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" (buos) - 2(b) = |
= (b 20, b)) () (1) o (b )b =
= A(e(bi™! 24, 6775 2, b1 2y, 5773,
i.e. that for every z € Q the equality
©alz) = A(e(by” :Ez,b” ), 2,057 2y, 6070
is satisfied. Finally, since £71 = e(bZ l,zz,bn %) and by the assumption
that (Q,{-,®,b}) nHG-algebra corresponding to the n-group (Q,A), we
conclude that
bg=k1- k7)o (k) b=
= e(bi_l, Zi b?_3)-(,0(e(b§_l, Zi, b?_g))"“'son_l(e(bi_17 Zis b?—S))'b =

= A( e(bi_l,:vi,b?_3)| ),

1.e. that

n

bo = A( e(bil_laxiab?_S)] )’

zafnd hence
CaCCy
also holds. O

6. Remark

E. I. Sokolov in [7] for the proof of Hosszu-Glushkin Theorem uses the unary
operation skew element (:[4-7]). In [4] (see [6], p. 53), the following theorem
is proved: For n > 3, an n-semigroup (Q,A) is an n-group iff there is a
unary operation ~ in € such that the following laws are satisfied:

n—2 n—2

Az, o ,a)=z, Ala, a ,z)==z,

Az, "Es,a,a): z, Aa,a, n[iz,z): 7

In an n-group (@, A) these laws are fulfilled by a unary operation ~
defined in the following way:
dcf n—2

e( a)

"a € Q is said to be a skew element of the element a € Q.
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for every a € @, where e is a {1, n}-neutral operation of the n-group (@, A).
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