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Abstract

The spaces DL‘”(M")(R) and BS,M“’), s € [1,00), p € R, of weighted
ultradifferentiable functions and the space S(M")(R) of rapidly de-
creasing ultradifferentiable functions on the real line R. are defined.
Their topological structure and their relations with Dp.(R), B(R.) and
S(R) are investigated. The basic properties of the (ultra)differentiation,
the multiplication and the convolution in the spaces are obtained. The
space Oj(‘y")(R) of multipliers of the space SM=)(R) is determined.
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0. Introduction

Following the approach of Komatsu ([5]) to the theory of Beurling ultra-

distributions’ we define and investigate the spaces Dg c')(R) and B(M")
(s € [1,00] , £ € R) of weighted ultradifferentiable functlons the space

§Ma)(R) of rapidly decreasing ultradifferentiable functions and O(M")(R)
as the natural generalizations of the spaces Dz«(R), B(R), S(R), Op(R)

([11]), DY (R), BM=)(R) ([8] and [9]), Dre u(R), Bu(R) ([6] ) and S(ar,
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78 D. Kovacevié

({10]). The spaces ’D( “)(R) are defined as projective limits, when A — oo,

of the spaces ’DLS(,’,; (R), or equivalently of the spaces ’DM 72*(R), the prop-
erties of which will be investigated in the Section 1.. In Section 2. are
obtained the relations between the spaces ’D}lﬂ ")(R) for various s € [1,00] ,
the space §(M=)(R) and the spaces D(R), £(R) ([11]), DM=)(R), £M=)(R)
([5])- In Section 3. we investigate the elementary operations for the weighted
and tempered ultradifferentiable functions. It is proved that the spaces
D([];{‘;)(R) and §(Ma)(R) are stable under differential resp. ultradifferential
operators, if condition (M.2)’ resp. (M.2) (see below) is fulfilled. The basic
properties of the pointwiese multiplication in these spaces are obtained and
the space of multipliers of the space S(Ma)(R) is defined and investigated.
Let us give a survey of definitions needed in the paper. By N we denote the
set of non-negative integers.

Let (M,).eN be a sequence of positive numbers, which satisfy the fol-
lowing conditions:
(Ml) Mg S Ma——lMa-}-l,a: 1,2,... .
(M.2)’ There are constants A and H such that

Ma+1 SAHGMO,, o = 1,2,...

(M.3y §°1MA;Q1<00 a=1,2,.
Condition (M.2)’ will be in some assertions replaced by the following stronger
condition

(M.2) There are constants A and H such that
M, < AHE min MzM, g, N.
s Ao joug MoMa—p, €
Put A > 0, p > 0. Let us recall ([5])

BN llooytpl _
M,

EMt([—p, p]) = {p € C®R), || @ llpr= Y o}

a€EN
£Ma)(R) = proj lim,_,,proj lim,_,EM="*([-p, p]),

ha ” (P(a ”oo,[—p,p]
M, < x

DI = {p € C®(R),supp ¢ C [-p, ], )
a€N

(Ma)
[—p.0}"

'D(Ma) = proj hmh_'oo’DM“’h ’D(M")(R) =ind lim, oD

[—p.0] — [—p.p)?
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A differential operator

P(D)= > auD",

aEN

where D = 14 i = (-1)"/2 and @, € C, is called an ultradifferential
operator of the class (M, ), whenever the coefficients satisfy the estimate
| e |< CL*/M,,a € N, for some constants C' and L.

We always assume that s is a constant, such that s € [1,00] . The usual
norm in L°(R) is denoted by || ||s. The spaces Dg‘f")(R) and B{M=)(R)
were defined in [9] and [7], by

he ]l ||

Dpe(R) = {p € C¥(R), 1snlp) = 3 — = <00},h >0,

aeN
'Dg:[a)(R) = pI'Oj ]imh_,oo'DLsmh(R)a

BMa)(R) is a subspace of B(Me)(R) = Dig")(R), which is the completion
of DIM=)(R) under the family of norms vs , where A > 0.

Let 4 € R. Recall [6],
Do u(R) = {9 € D(R), < & >* ¢ € Dyo(R)),

where < z >:= (14 | z |?)'/2, equipped with the topology, which is induced
- by the bijection

DLS(R) — DLS’M(R), P> T >"# ©.

B,(R) stands for the space Dpe,.(R) and the space BM(R) is its subspace,
which is the completion of D(R) in B,(R).

The notation ,,A < B”, means that the space A is dense in the space
B and that the inclusion mapping 7 : A — B is continuous.

1. Basic spaces

Let g€ R and h > 0.
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Definition 1. Denote by Dﬁf"‘h(R) the space of all the smooth functions
@, such that (< z ># cp)(") € L*(R), for each a € N, and that

)y he ][ (< 2 >* )],
M,

1% ”pﬁa‘,‘h(R): Ysn(< T > ) = < 00,

€N

equipped with the topology induced by the norm || HDMQ h(R)" By DM“’ (R)

we denote the space of all the functions ¢ € C°°(R) whzch satisfay that
<z >* o® ¢ [*(R), for all « € N, and

h || < z >+ ol ||,
o, = < .
” @ HDfLs"(R) %1:\1 M, o0

equipeed with the topology induced by the norm || || ;aa,n (R)"
u,L*

Proposition 1. The spaces DM°" (R) and Dﬁf&h(R) are Banach spaces.

Proof. The space DL;,’;Lh(R) is a Banach space, since it is isomorphic to the
space ’DM"’ (R), which is a Banach space ([7]). The isomorphism is given
by
My h M h
Dro(R) — (R), pr<z >t
Let (¢5) be a Cauchy sequence in ’Df]j;h(R) and € > 0, then there exists
no(€) € N such that, for all n,m > ng(e),

(1.2;1) > weN h°'||<$>“(ﬂn—<ﬁm)(“)l|s < e

a

This implies that, for all & € N,(< z ># cpsla))n is a Cauchy sequence
in the complete space L*(R). So, there exists < z >* ¢, € L°(R), the
limit of the sequence (< z >* gosla))n in L*(R),a € N. It follows that
<z >H cpﬁf’) —< T >* ¢y in D'(R), ie. (,aﬁ:’) — ¢ in D'(R). Because of
the continuity of the differentiation in D’(R) we have, ¢>§,") = ¢, € L*(R) in
D'(R), for « € N. This implies that ¢>(a) = ¢4 holds, also, in the classical
sense. By letting m — oo in (1.2;1) we get

a —dn Y@
(1.2;2) > weN h |]<x>f‘g‘<z o), ¢, for n > ng.
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Let n > ng, from (1.2;2) we have

e <z ># (o) . R ||< 2 >H (@ — (@),
Z ll< z 0 Il < Z |< = (¢ ¢0) I +
(XEN Ma Ma

oeN

X # ()@ ||
py s e,
aeN @

which implies that ¢ € Df}j;h(R).

Pn — ¢Po in ng;h(R) because (1.2;2) holds for each ¢ > 0.0

In the proof of Proposition 2 we will use the inequalities stated by the
next Lemma.

Lemma 1. Let p € R and r,n € N. Then

(1.3;1) | (< x> < (24 | p])%a! < z >4,
z>#)(e@ (B)
(32 |(25) ) <o luh @ B

Proof: 1° Let a € N. We have

(<z >u)(a) =((1+ iz)“/2(1 _ ix)u/'))(a)

(¢

= oG + im)O(1L - )12y

=0
Ny 1-1z1 1
_ aN(__1ya—Y (& 7 ¥ a
= ST < () (=)
y=0
Bl B BBy ey
For & > v > 0 the product
B p Bop p
2 e ) (Eo(v=1)- B2 (B D-(2 — (=~ —
L T (R ) HE-N B R - B P IY
may be written in the form
o Hw
ZS“’(2)’
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where s,, stands for the sum of (*Z2) real numbers, such that the absolute
value of each of them is not greater than (y — 1)!(a— v —1)!. It follows that

15 G- E---5- G-~ (@-7-1)

a2y | B a E o
<Or-Da—y - DY ED I E < (- Dia—y - D )
w=2
<+ 15D a-2t< 0+ Dl
Using the same idea we get
(133)  15-(5-1D---(5-(a=-1))[<(O+] 5 [)*a
Notice, | (—1)7(1)"_7(%)7(@)" |< 1. Hence, we have the estimation

| (< z > |< z( ) <z >*(1+ | D%l < 2%(1+ | g D%l < z >*
=0

= (24 | p et <z >

2° By (1.3;1)
(< z >#)) @)
<z >H

8
<IE (@ T p ) at Nt <z > (2 YT -1 <z >

=0

B8
< Z(g) |(< I >u)(a+7)(< z >~#)(ﬁ—v)|

=0

Jél
<SG - p )P (a+ A< 2P 24 | p )2 - (e B)IO

Proposition 2. Suppose (M.1). Then for every h > 0 resp. k > 0 there is
h > 0 resp. k > 0, such that the inclusion mapping
Ma1h ay
(14;1)  DYEM(R) - DI (R)
resp.
Ma, M&y
(1.4;2) Doy (R) — (R)

18 continuous
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Proof. Let us show that for given h > 0 and h = 4h, the mapping (1.4;1) is
contiuous.

As M, fulfils (M.1), it holds
' . M
(1'413) Mi—ﬁm Z ML(],a,ﬂ S N)ﬂ S .
According to [5], Lemma 4.1 there exists ¢ > 0, which depends on h and
i, such that for all g € N
(4h)P2 +|n])’BMo
Mﬁ -

From Lemma 1 it follows that

(<2 >* @)D l.< 3F) I (< 2 >)Opleh Y,
B=0

<@+ p P8 <z >H D,

B=0
This implies
5 Al > )@,
a€eN M,
Z Z(a)(4h)a ﬁ(4h)ﬁ(2+ | 7 |)ﬁﬂ'Mo “( z >H (p(a B) H
a€N =0 4aMa_ﬁMﬁ
(4h)"[I< 2 > o0 ||, _
<
ey Wizt
aEN '1EN v
e 3 R ll< 2 5% 0 I
M, ’
veN

Let us prove the continuity of the mapping (1.4;2), where k = 8k. By (M.1)
for given k there exists a constant ¢ > 0 such that for all ,y € N

(8K)HT2Y(2+ | DPHY(B+ )Mo _
M1y -
As, for f,g € C°(R) and € N,

-4 = @1,
£B=0
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by Lemma 1 it follows

1<z ># e < 3@ (<2 >*)Pp) =P | <
£=0

(<z> ®) a—
Z(ﬁ MIAEZZE o e <

(< T >ﬂ)(ﬁ))(’y) ”

S G TG (< 2 5 )Wﬂ( S~

£3=0 ~=0

iy .
Z(ﬁ E(“ 2@+ [ P+ B) (< 2 >* @)l P |

y=0

We conclude

) k] <z ># o), < (BRI <2 >+ |, _

M, 8*M,

a€N aeN

Z Z(ﬁ) Z( (8k)ﬁ+w4ﬁ+w(2+ | |)ﬁ+w(7 + [j)lMO

aeNB=0 =0 Mp+y

] Y= (B+v) _
s [CE R Ll I
a—(B+v

l ota (8K)P || (< = >* o)A ||,
<ec E —012 Z M X <
«eN BeN s

ﬁ L) (8)
ﬁeN p

2. Spaces of weighted ultradifferentiable functions
Let p € Rand & > 0.

Definition 2.
p-)(R) = Jlim DYM(R).
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BM)(R) = DY) (R).
B,&M")(R) is a subspace of B,(LM")(R) which is the completion of DM=)(R)
under the family of norms {|| ||DM,,,h(R), h > 0}.
L*,

S(Ma)(R) = proj lim,l_,ooD(ng)(R)‘

Remark 2.2. Proposition 2, implies that families of norms {|| HDM(,,h(R)
L%, u
, h >0} and {|| ||DM(,, h(R) h > 0} are equivalent on the spaces DEM‘;)(R)

and D(Ma)(R). Hence, D( ")( R) = prthmh_,ooDM" J(R), and B,(lM")h(R)

is the completion of D(M“)(R) under the family of norms || ”DMa,h(R), h>0
p, Lo

Theorem 1. 1° There exists ¢ > 0 such that for each ¢ € DM (R)

p+2/s, L

(2.3;1) 1K% ”DMa h(R)< clle IIDMa . Leo(R)
2° If (M.2)’ is fulfiled, there exists ¢ > 0 such that for each ¢ € D%:Z’/S(R)
(2.3;2) 1K% ||D£40%:Z(R)S clle ”Dﬁaz»;‘s(R) :
In this case,
(2.3;3)  SWMa)(R) = proj lim,,_, D(Lﬁ{Z)(R)-
Proof. 1° Tt holds

K% 'lpfg;h(R)

hCX

=57, i< > L
ST i<z > ol [lfl< 2 >,
h® o
gcz ||<z>“+2/s ) Jloo -"HS"HDMQ = (R)’

which implies the continuity of the mapping (2.3;1).
2° Suppose that (M.2)’ is fullfiled. It holds that

hu- ha x
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h* h*
< —_— ¢ p)atl) < i u o \(at1)
_EGIMGI/R(<w> ®) de_E:Mall(<z> ®) Ii

o4

A o~ (hH)H A
< — “ (Ol+]) <
Sag 2 N<a > @< T 1149 pyann g, -

[e4

Let 5 > 1. From the proof of Proposition 2 and Hélder’s inequality it follows
that there exists ¢/ > 0 and ¢ > 0 such that, for s/ = s/(s — 1),

o4

h
K% Hpﬂf'(R): ;E ll< & ># o ||, <

ha +2/s a1 —2/s
<X, e > LlI< e > < el llpmns vy -
Since M, PR = N, DEEE(R). (2.3;1) and (2.3;2) imply the last as-

sertion. O

From now on, we shall allways assume (M.1) and (M.3). These condi-
tions are sufficient that the space D{M=)(R.) is non-trivial (see [5],Theorem
4.2.). Obviously, DIM=)}(R) C §Ma)(R) but the space SMa)(R) is larger
than the space D(Ma)(R). For example the function

(21)  ple) =12, 422, s R,
where (z;); is a sequence of real numbers, such that | z; | +2 <] x4 |,
the function p € DMa)(R) is such that p(z) = 1, for z € [-1/2,1/2] , and
that supp p C [—1,1] and p(z) > 0 for all z € R (the existence of p follows
from [5], p.61) belongs to §(M=)(R) but does not belong to D(M=)(R). Let
us prove that. Since the supports of the terms are disjoint, the function ¢
is infinitely differentiable. Furthermore, if « € N and p € R, then for
(211) o5 | —1< 2] <]z | +1

it holds

<z > plo)(z - z;)
<xj M gy >ITH

<z >kl =

<zr><z;>'<6 and | P (z — z;) |= max | () |.
zeR

We see, that if z satisfies (2;1.1), 7 > g and h > 0, it holds that

ha o ha
2 g I<w > @) 126430 3 11 lloo< oo

o4 o4

This implies ¢ € §Ma)(R.).
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Proposition 3. The mapping

(24;1)  DII(R) - DR, o<z >+
resp.

(2.4;2) BMa)(R) — B,(‘M")(R),w —< T >TH .
is an isomorphism.

Proof: From the definitions of the spaces D( “ (R) and D( ° (R) it follows
immediately that mapping (2.3;1) is an 1somorphlsm

Let o € BMa)(R). There exists a sequence (i) from DM=)(R) such
that ¢, — ¢ in D}%")(R). From the definition of the space D(L]t,lo“l)l(R), it
follows that < = >~# ¢, is a sequence from D{M=)(R) which converges to
<z >*pin D(thlo“,)‘(R), ile. <z >Hpe€ B,(JM“). So, (2.4;2) is well-defined.
Analogously, we obtain that the mapping

H{( Mq (Mo _
BM)(R) - BMI(R), pr<a>*e,

is well-defined and that it is the inverse mapping for (2.4;1).

The continuity of mapping (2.4;2) and its inverse follows immediately
from the definitions of spaces B(Ma)(R) and B",(JM“)(R).D

Theorem 2. The space DgMZ)(R) is a (FG)-space (Gelfand space). (For
the definition of (FG)-spaces see [1], p.46)

Proof. Since DM"’“(R) n € N, are Banach spaces (Proposition 1),
.C DY (R) C...DYA(R) € DY (R)
and, for each n € N the inclusion mapping
DMa.n(R) 'D]\’Isa,ﬂ+1(R)
is continuous, it follows that D(M" (R) is a (FG)-space.O

The previous theorem and the proof of [1],p.47,2.2.Satz imply that Dgy‘;)(R)
can be represented as a strict (FG)-space.

Theorem 3. SMa)(R) is a strict (F) space. (See [1],p.108 and 47.)
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The proof of the theorem is based on the next two lemmas.

Let SMa be a closure of S(Me)(R) in the space Dlnl/[oi”z.

Lemma 2. Let yu,h > 0. A subset K of Sﬁ’fmh is a relatively compact set
of and only if

(i) K is bounded

and

(ii) for each € > O there exist § € N such that for all p € K

[

h
> o <z > 0l o< e
a>p

Proof. 1° Suppose that K C Sf‘”“’h is a relatively compact set. It follows
immediately that K is bounded. Let us prove that (ii) holds. If 1,92, ... ¢,
is an e-net for K, ¢ > 0, then there exists v € N such that

ha
_||<x># (Pz(a)”()o<€7 i€1727"'7n-
E;Ma

For each ¢ € K, we have

hoz
> o 1w > 0 Jleo

a>y

B he
<3 g e > (0= 0) lleo + 30 g l<a > 01 o< 26,
a>y a>y

which implies (ii).

2° Suppose that K fulfiles (i) and (ii). Proposition 1 implies that S}]y“’h
is a Banach space. Let us prove that a sequence (), of elements of K
has a Cauchy subsequence, this imples (see [1], p.76, Korollar 1) that K is
relatively compact set.

It follows from (i) that there exists ¢ > 0 such that for each o € N,
z € R, {>0and ¢ € K there exists £ € (z,z + {) such that

M,
<o >* o@(2)|< et

and

<o > 9o +6) - D (a)) [<|< € > (e |< 2,
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The definition of SM=" and the fact that if ¢ € §Ma)(R) then for each
a € N the sequence (9951(’(1 41) converges to ¢, in D'(R). Because of the

continuity of differentiation in D’(R.) we have ¢, = ( )in the distributional
sence. Since ¢, € L*(R), this holds in the clasical sence, too. Therefore
forall « € N

(<z>* <p(°‘))ﬂ —(>)< z >* (a) as n — 00,

which implies that, for large enough n,m € N and given € > 0,
(2751)  Tacp paz 1< 2 ># (Prn — Pmm )™ [loo< €/3.

Let us prove that the subsequence (@, ), of the sequence (¢,), is a
Chauchy sequence in Sﬁ"“’h. Ife>0,n,me N,

(ii) implies that there exists 8 € N such that

o

h
g“ﬁ l|<z >* (Pnn— ‘Pmm)( )” <ZF“<$> (onn— ‘Pmm) [loo

a<f
+ZF||<z>uo<a> ||m+§;—||<z>*‘ o Nl
a>ﬁ a)ﬁ
< Z R Il< z > (Pnn = Prm)® [loo< 2¢/3.
cx<ﬁ

It follows from above and (2.7;1) that for each ¢ > 0 and large enough
n,meN

he o
ZF <z >* (Pnn— ‘Pm,m)( ) [loo< €.0

Lemma 3. Ifv,p,k,he N,y <v and h < k, the inclusion mapping
(2.8:1)  i:§Mak  GMah
15 a compact operator.

Proof. We have to prove that the ball B of radius one from SMaF is g
relatively compact set in SM=*. The continuity of (2.8;1), which follows
immediately from the definition of §Ma-* and Sﬁ'fﬂ’h, implies that that B is
bounded in §M=*. Let us prove that condition (i) of Lemma 2 is fulliled.
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The assumption gives limy—,o0(2/k)* = 0. Hence, for each € > 0 there exists
# € N such that for all & > g it holds h* < €k®. Therefore, for each ¢ € B

he k=
2 ar Iz > ¢l €30 g llc o > ol o< e
axp azp

The assertion of the lemma follows from above and the previous lemma.O

Proof of Theorem 3: As the space S(M“)(R) may be equivalently defined
by SMa)(R) = projlimh_,oqheNS,]y"’h , Lemma 2 and Lemma 3 imply
that S(Ma)(R) is an (F)-space. Since S(M=)(R) is dense in S,]Lw""h,h >
0, SMa)(R) is a strict (F)-space.O

As an immediate consequence of the previous theorem (see [1]) we have
the next assertion.

Corollary 1. (i)SMa)(R) is compleate, bornological, Montel and Schwartz
space.

(ii) the strong dual §'M=)(R) of SMa)(R) is an (LS)-space, moreover
§'M)(R) = indlim), o0, neN(Sy ™)

where "b” denotes the strong dual.

Theorem 4. If1 <s<r<oo and p € R then

PMa)(R) s §M)(R) s D(L’Z{;)(R) o D‘L]:{;)(R) — BMa)(R)

PMI(R) — BM=)(R) — £M=)(R)

T

'D(Ma)(R) — D(R), S(Ma)(R) — & = ﬂDLs,u(R)’
u

DIM(R) = Dpe u(R), DE(R) = Dpr u(R)
BMI(R) — B,(R)
ID}‘],\-{Z)(R) — DLr’u(R)’ B.l(‘Ma)(R) (3N Bu(R)

EMa)(R) — E(R).
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Proof. Obviously,
DPMa)(R) c P M")(R) c D )(R) c BMa)(R) c ¢Ma)(R),

DM)(R) =< z ># DM)(R) and EMa)(R) =< z >+ £Ma)(R).
We have ([8],Proposition 1)

PMI®R)  DEI(R) — DE(R) — BM(R),

DMI(R) < £MI(R),
(from [7] Theorem 3.)

D{MI(R) = Dp.(R),
and ([6])

D(R) = S(R) = | Prsu(R) = Dreu(R) = Drr u(R) — Bu(R).

Let us show that D )(R) is a dense subspace of D )(R) If ¢ €
L,’“)(R) then there eXJSts w € 'DLT ")(R) such that ¢ =< z >~*  (Propo-
sition 3). As D(M“)(R) is a dense subspace of D(Lr “)(R), there exists a

(M")(R), such that ¢, — ¢ in Dg\:j (R). From Propo-
(M(,
€ D;.

sequence (y,) € D

sition 3 it follows that the Gequence <z >Hp, € )(R) converges to

<z>Fp=¢c D( “)(R) in DL, p)(R), when n — oco.

Since, the inclusion mapping ¢ : ( (R) M")(R) can be repre-
sented as a composition of three contmuous mappings in the following way

D (R) *E DI (R) 2 DY (R) T DS (R)
(see Proposition 3 and [8] Proposition 1), it is continuous.

Using the same idea as above, one can prove that
n(R) < DEII(R) < BMI(R),
DMa)(R) & Dp. u(R).

DMI(R) - Dy W(R), BMI(R) — Bu(R),
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M. Ma) pp (M

and that D(M=)(R) resp. Dg,,“)(R) is dense in D%s,“)(R) resp. £(Ma)(R).
The continuity of the inclusion mappings i : DIMa)(R) — Dg:dz) (R) and
i Dgy’z)(R) — £Ma)(R) follows immediately from the definitions of the
these spaces.

Let us show that D(Ma)(R) C §(M=)(R). The inclusion mapping
DMa)(R) — §(Ma)(R) is continuous, since for each p € R, the inclusion
DM)(R) — D}g‘:z(R) is continuous. To prove that D(M=)(R) is dense in
§(Ma)(R), let p € §Ma)(R) be given; choose some p € DMa)(R) such that
p <1and p=1for |z |< 1(the existence of p follows from [5], Lemma 5.1)
and set p.(z) = p(z/j)p(z) € DIMa)(R),5=1,2,.... Let h> 0 and x> 0
be given. We have

Il ~ @ |l ppa,n
ML

_y R J|< 2z > (0 = 0) ) |loo _ T (2R)* lI< = >* ol leo
M, 20M

o e

where x;(z) = 1 for | z |> j and x;(z) = 0 else. From the definition of the
space S(Ma)(R), it follows that there exists a constant ¢(g, k), which does
not depend on « and, such that

(20)" |< 2 >* ¢(z) | /M << & > c(u,h), = €R.

This imples that, for « € N,(2h)* |l< z >* ®x; ||s /M, converges
uniformly to zero as j — oo. Hence, || ¢ — ©; || pMan— 0 as j — o0.
L

£Ma)(R) — £(R) and DIMa)(R) — D(R) follow from [3],Theorem 7.3.

and the definitions of these spaces.

Since PMa)(R) — D(R) — S(R), and DM=)(R) C SM)(R), it fol-
lows that S(M=)(R) is dense in S(R). The continuity of the inclusion map-
ping follows immediately from the definitions of the spaces.0 '

3. Elementary operations

3.1. (Ultra)differentiation

Theorem 5. Suppose (M.2)’. Then the mappings
) _1\8pB - pMa) (Ma)
(3.1;1) (-1)FD7: DLs,u (R)— Dis (R),



The spaces of weighted and temperated ultradistributions 93

(3.1;2)  (~1)°DP: BMI(R) - BMI(R),
(3.1;3)  (—1)PDP : SMa)(R) - §(Ma)(R),

where 8 € N, are continuous.

Proof. Since
1 AP gla+B8-1)8/2
A < Mars ) a,8 €N.

We have, for each ¢ € ’ngﬁ.)(R)

Bl <z >4 ol |
M, s

I D% llppaans S
Hy " a

ho J(at+8-1)8/2 48 || <z >* plath |

<
B Za: Ma+ﬁ
< AotHa(a——l)/2(Ha/2h)_ Z (Ha/2h)ﬂ+a ” <z >H (p(a"'ﬁ) ||
B g Ma-l-ﬂ
<SAPHPPRL N Q| srnmore -
'DP 75

From above and the definition of the spaces ’D( ")(R) and SM=)(R), it
folows the continuity of (3.1;1) and (3.1;3). Let us prove that the mapping

(-1)"DP : BLMa)(R) B,(t °)(R) is continuous. As (3.1;1) is continuous,
it follows, from the definition of the space B,SM")(R), that the mapping
(—1)°DF - B,(‘M") (R) - 'Dgﬁ‘z)‘ (R) is also continuous. To prove the con-
tinuity of (3.1;2) it is enough to show that (—1)°D? maps B,SM")(R) into
BLM")(R). If o € B,(‘M")(R) there exists a sequence (), from DM=)(R),
such that ¢, — ¢ in B,(‘M")(R), when n — oo. Since mapping (—1)°DP :
DM=)(R) — D(R) ([5]), we have (—1)° DP,, € D(R), the mapping (—1)°D? :
’(M")(R) (M‘:l)i(R) is continuous and (—1Y’DPy, — (-1)PDPyp as
n — oo in DY) (R). Thus, (~1)°DPy € B.(R).

Theorem 6. Let P*(D) = Y% g aa(—1)*D* be an ultradifferential oper-
ator of the class (My).
If (M.2)°, then

(3.2;1)  P*(D):Die

“)(R) - Dpsu(R),
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(3.2.2)  P*D): BMI(R) - ,(R),
(3.2;3) P*(D): SMa)(R) — S(R),

are continuous linear mappings.

If (M.2), then

(3.24)  P(D): DY)(R) — DI(R),
(3.25)  P(D): BMOR) - BMI(R),
(3.2:6) P(D): SMI(R) - SMI(R),

are continuous linear mappings.
Proof: 1°Let (M.2). For fixed mz € N and each 8 < m, we have

* L= @
< z >* (P*(D))® |I,< Zcﬁa ll< & ># et || <

LaAaHorﬁHi(ﬁ 112

<Z(*

14 L)*HP(1 + A)+B(1 4 T )m(ats)
(1+ L)>rP( +M) 1+ H) < z >*# (P(a+ﬁ)“sg
a+3

< OO+ HY D 6 flpm ).

<z ># pleth | <
Meoys

< ¢ gPB-1 Z

[0

where k£ = (1 + L)(1 + A)(1 + H)™. Hence, (3.2;1) is a linear continuous
mapping.

Since the mapping P*(D) : DM=)(R) — D(R) is continuous ([5}, The-
orem 2.12, p.47 ), from above and the definition of the space BLM")(R) we
get, analogously as in the proof of Theorem 3, the continuity of mapping
(3.2;5).

The continuity of (3.2;3) follows immediately from the continuity of
(3.2;1).

2° Assume (M.2).

The continuity of (3.2;4) follows from the fact that the mapping

* Mok Mo,k
P*(D):D, ;v (R)— D, ;" (R),
where k = (1 + h)(1 4+ 2L)H, is continuous. Indeed,

W | ag |ll< & > oFh) ||
P*(D bRy S
Il ( )‘P ”prsh(R) 2; Mg
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o BRLY < 3 5% plet) |
<C 27 2
<cy 2 MM,

oy~ (L B 4 20D [[< o >4 plotD) |,
SACY 27y Mors

B
< 2AC - .
<2AC 119 llppie

Using the same idea as in the first part of the proof and the result that
P*(D): DMa)(R) — DMa)(R)( 5,Theorem 2.12 ), one can prove the con-
tinuity of the mapping (3.2;5).

The continuity of (3.2;6) follows immediately from the continuity of
(3.2;4).0

3.2. Multiplication

Theorem 7. Letp,v € R and 1 < s,q,r < co.
1° If % + 5 1> 1 , then the mappings (pointwise multiplications)
(3.3:1) ﬁ”%mXD((R)zﬂ“RM%@H¢@

(3.3;2) ‘kaXBWWR) ‘%xmm%mH¢¢
(3.3;3) m&umXﬂﬁwm ﬁﬂRHw@H¢¢

(3.3;4) BLM“)(R)XB,EM“)(R) - u+u (R) (¢, P) — @, are continuous.

Proof. 1° Let € D¥M2)(R) and ¢ € DY=)(R) and (1/5) + (1/q) = 1/t.

The generalized Holder inequaluty ([2],p.189 ) and (M.1) implay
" ha v o4
106 llpste= 3 3 1 (< 2 3% o <2 > $) |,

he |l (<2 >* o)< 2 > )P |,

_ZZ() M,

@ k=0

< Zi(z)ha || (< z >* O)B) |5] (< & >¥ ¢)(a_k) e

o k=0 M,

My S (4h)*
ngg()

a—k
(<2 > )@ |, 9@—~n«z> ) |l,<

C!—'
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< 2M, .
= 0 ” ® ”DI%(,I:'](R)” d) ”DIIY-“T,,‘“](R)
This proves the continuity of the mapping

DI(R) x DD (R) — DII(R), (0, 8) > 4.

Since D( ")(R) (M )(R) mapping (3.3;1) is continuous. The continuity
of (3.3; 2) (3 3;3) and (3 3;4) follows from the continuity of the mapping

(3.3;1), the definition of space Bfl "')(R) and the fact that the pointwise
multiplication maps £Ma)(R) x DM=)(R) into DIM=)(R) continuously ([5],
p-69).

Corollary 2. Ifp,g€[l,00],g<pandp<v-((1/q)— (1/p)) then
D) (R) C Dies) (R).

Proof. Let (1/r) = (1/q) — (1/p). Then r € [1,00). The assumption
p<v—{((1/9)—(1/p)) implies r(p —v) < —1 and hence < z >#¥"¥€ L"(R).
Therefore from (M.3)" and Lemma 1 it follows that for each h > 0

h* NN he o _
S (< e <> s 5 e v et i 2 >l

<[l<z >*|| Z——((Qh(2+ | —v[)*a!)/Ma < oo,
which implies that < z >7Y¢€ ’D(M")(R) Therefore, the inclusion mapping

i : DYI(R) - DI(R)

Lr,p
can be represented as a composition of the following continuous (see Propo-
sition 3 and Theorem 7) mappings
DUS(R) — DI (R), o<z >
and

DII(R) - DR - DE(R) = DLS(R),p o< 2 > o,

and so it is continuous.

D) (R) is dense in Dy (R) since DMI(R) C D' (R) and DM)(R)

is dense in D(Lq ‘;)(R).
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3.3. The space of multipliers

Theorem 8. Letp € S(M“)(R). The following conditions are equivalent
(i) for allp € SM)(R), pp € SM)(R), (i) for every h > 0 there ezists
# <0, such that

h* o
ZF <z >* ol® ]|oo< oo.

[

Proof. 1° Let us prove, by contradiction, that (i) implies (ii). Suppose that
condition (i) is and (ii) is not fulfilled. Then there is A~ > 0 and a sequence
zj,j € N, which tends to infinity, such that

hCl

> 7| o2y > <z >

Without loss of generality we may suppose that | z; | +2 <| 24, |. Consider
the function ¢ € §Ma)(R), defined by (2;1).

For each j € N,
(3:5:1) 0 2 | (1/799)(“)(1‘]) 1= Yo 1 | Tico()v®E(2)p*=F) (z;) |

:ZA’;a|Z<“ L)

hCl
— L o)
;Ma 25 @) >

On the other hand, (i) implies that for each ¥ € SM=)(R) there exist a
constant ¢ = ¢(h, 1, ) such that

z € R.

h* o c
Y 1 @) I< -

~ z >’
It follows that
> 47 | 59)) 150, a5 = o

which contradict (3.5;1).
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2° Assume that (ii) is fulfilled. If ¢ € SM=)(R),h > 0 and v € R then
there exists u such that

Z—|l<:r> (¥) |l <Z : (4h) Z(") ll< = > pWla=d) ||

o

(n)° ) N
< M, Z4aZMa iM; (])”<x> ”¢(])”oo”<.’t>”tp( ])”

(4h)J

v 4h b (i
) ll< & >y |, 1 ) i< o 54 e |

-7

<M z}z

4h)™
201, 3 G 1< 2 >0yl Z%|l<x>w(a>||m< 0,

o

which means that (i) is fulfilled.

Definition 3. OI(‘],}/[“)(R) is the vector space of all p € £M=)(R), such that

for all ¢ € SMa)(R) the piontwise product ¢1p belongs to SMa)(R). The
topology on O](\],y“)(R) is induiced by the family of seminorms

hot
Ponp(9) =D 1 1<z > @)D lloo, $ € SMP(R),h>0,v €R.

Theorem 9. The pointwise multiplication

SMI(R) x O (R) - SMI(R), (,)

s a separately continuous mapping. Proof: From the proof of Theorem 3.5.
(2°) follows the continuity of the mapping

SMa)(R) - SMa)(R), 9 1 Pip, 0 € O (R).
The continuity of the mapping
Ol (R) = SMI(R), ¢ > i, € SM(R)

follows immediately from the definition of the spaces S(M=)(R)) and Og}l")(R).D

Remark 3.8. [If ¢ € £Ma)(R) is such that @ € SMa)(R) for all
i € S(Ma)(R) for all 3 € S(Ma)(R) then by Theorem 5 ¢ € O (R).
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REZIME

PROSTORI TEZINSKIH I TEMPERIRANIH
ULTRADISTRIBUCIJA DEO I

Definisani su prostori ’D(LM;) R B(M"‘)(R) tezinskih ultradiferencijabilnih funkcija

i prostor § (M‘*)(R) brzo opa,da,Juah ultradiferencijabilnih funkcija, koji ¢ine
prirodnu generalizaciju Svarcovih prostora Drs(R), B(R) i S(R). Ispitana
je topoloska struktura tih prostora i njihove relacije sa poznatim prostorima
distribucija. Dokazana su osnovna svojstva operacija (ultra)diferenciranja i
mnoZenja u tim prostorima. Qdredjen je prostor O](éy"‘)(R) mnozioca pros-

tora S(Ma)(R).
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