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Abstract

The purpose of this paper is to generalize the fixed point theorems
for multivalued mappings proved in [2] for the class of Takahashi convex
metric spaces.
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1. Introduction

In 1970 Takahashi 3] introduced the definition of convexity in metric space
and generalized some important fixed point theorems previously proved for
Banach spaces. Subsequently many others authors have obtained additional
results in this setting. This paper is a continuation of this investigation.
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2. Preliminaries

Definition 1. Let X be a metric space and I be the closed unit interval. A
mapping W : X X X X I — X is said to be a convex structure on X if
forall z.yue X, A€,

d(u, W(z,y,2)) < Ad(u,z)+ (1 — N)d(u, y).

X together with a convex structure is called a (Takahashi) convex metric
space.

Clearly any convex subset of normed space is a convex metric space with
W(may’)‘) = Az + (l - A)y'

Definition 2. Let X be a conver metric space. A nonempty subset K of X
is said to be convex if W(z,y,A) € K whenever z,y€ K and A€ .

Remark. Takahashi has shown ([3]) that the open and closed balls are
convex, and that the arbitrary intersection of convex sets is convex too.

For arbitrary A C X let
W(A) := {W(z,y,A): z,y,€ A, Ae I}

Using this notation we can say that K is convex if and only if W(K) C K.
A few additional definitions will be needed too.

Definition 3. A convez metric space (X, d) will be said to have Property
(C) iff every bounded decreasing net of nonempty closed conver subsets of
X has a nonempty intersection.

Remark. Every weakly compact convex subset of a Banach space has
Property (C).

Definition 4. A subset A of a metric space (X,d) is called proximal if
for each = € X, there ezists an element a € A such that d(z,a) = d(z, A)
where d(z,e) = inf{d(z,y): y € A}.
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We denote the family of all nonempty bounded proximal subsets of X

by 2;,’; and the Hausdorff metric defined on 2b)§; induced by d by H, i.e., for
A,B e 2§,
H(A, B) = max{sup d(z, B), supd(z,A)}.

r€A r€B

Let T:X — Qb)g. Then, for z € X, by an orbit of z under 7', o(z), we
mean the sequence {z,:zo =2, 2, € Tz,_1}. The orbit o(z) is called
strongly regular if

o(z) ={zn: 2n € TTy_1, d(Tpn,Zn_1) = d(zy—1,TT,_1)}.

Definition 5. The convez hull of a set A (A C X) 1is the intersection of
all convex sets in X containing A and it is denoted by conv A.

Proposition 1. [1]. Let X be a conver metric space and let, for n €

N, A, := W"(A), (AC X). Then

conv A=1lmA, = U A,

n=1

Proposition 2. [1]. For any subset A of conver metric space X

diam (conv A) = diam A.

Definition 6. A convexr metric space with a convez structure W is a P-
convex metric space if for all z,y,z,ue€ X and A€l

d(W(z,y,A), W(u,z,A)) < Ad(z,u)+ (1 — X)) d(y, 2).

3. Results

Theorem 1. Let (X,d) be a complete P-conver metric space with the con-
tinuous convezx structure W and K a nonempty closed bounded convex subset
of X with Property (C). Let T be a mapping of K into the family of prozimal
subsets of K that satisfies.

H(Tz,Ty) < $(max{d(z,Tz), d(y,Ty)})
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for each z,y € K and ¢ :[0,+00) — [0,400) mnondecreasing right
continuous function such that ¢(t) <t for t > 0. Then there ezists a
nonempty subset M of K such that Ter = M forall € M.

Proof. For any zo € K we may construct a strongly regular orbit at z¢ for
T. First we claim that lim,_ . d(z,,T2,) = 0. Observe that

Cp=d(z,,Tzy) < HTxp1,Tx,) < p(max{d(zn_1,T20n—-1), d(zn,Tz,)})

so that if Cp,—y < C,, then C, < ¢(C,) < C,. Thisis a contradiction.
Thus Cp < H(Cp_1) < Cp_q. Since {Cr}nen is a monotone decreasing
sequence of non-negative real numbers, lim,_ ., C, = C exists. If C >0,
then using the right continuity of ¢ we obtain

€< gl HCn) = HO) < C

This contradiction shows that C = 0.

Now we let H. = {z|d(z,Tz) < ¢} for each € > 0.  From the
argument above we have that H, # ¢ for each ¢ > 0.

Our second claim is that conv T'(He) C H, for each € > 0.

Let y € conv T(H.) and let 6 > 0 be given. Then there exists

y* € conv T(H,.) such that
d(y,y") < é

Since y* € conv T(H.) there exitst ng € N such that y* € W™ (T(He)).
Then y* = W(y1,v2, M), for y1,92 € Wro~!(T(H,)) and A €. But
1= W(y1, 12, A1), Y2 = W (Y21, ¥22, A12), A1, M2 € 1 911, Y12, Y21, Y22 €
Wm™=2(T(H.)) and so on.
After not more than np steps we shall have that elements belong to T'( H).
Let us denote them by {y?}ics,. (J1 is a finit set). Since y} € T(H,),i € Jy,
there exists y; € H. such that y € T(y:). But Ty is proximal so, for
every 1 € J, for some z; € Ty, .

d(yi, z) = (v, Ty)-

Now let z be defined by {z;}ics, in the same way as y* by {y}ics,- Of
course 2 € Ty. Now we have that

d(?/,T?/) S d(?/, y*) + d(y*7Ty) S ) + d(W(ylayZ,’\l)7W(zlaz2a)‘l))
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<6+ Md(yr, 21) + (1 — A)d(yz, 22) < 6 + Md(W (y11, 112, A12),

W(z11, 212, M12)) + (1 = M)d(W (Y21, Y22, A1), W (221, 222, A12), <

<64 A Az d(yan, 211) + A1 = Ai2)d(yi2, z12) + (1 — Ap)Aar
‘d(y21, 221) + (1 = A )(L — Az) d(yaz, 222) < ... <

<6+ ) oid(yf,z) =6+ aid(y,Ty) <8+ o H(Ty:, Ty) <
ieJ i€l icJ

§+ ) cip(max{d(y;, Ty:),d(y, Ty)}) <6+ Y cu(max{e, d(y,Ty)})
1eJd ieJ

a; >0, 1€J and Y} ,c;0; =1 (J is a finit set).

If d(y,Ty) > ¢, than d(y,Ty) < § + ¢(d(y,Ty). since é§ > 0 is arbi-
trary, this leads to an obvious contradiction that d{y,Ty) < ¢(d(y,Ty)) <
d(y,Ty). Hence we must have d(y,Ty) < ¢ and y € H.. This proves our
second claim.

Let u = {conv T(H.)|le > 0}. Then u is a bounded decreasing net
of nonempty closed convex subsets so by Property (C) it has nonempty
intersection. Hence ¢ # N pu C N{H.e > 0}. This shows that the
function z — d(z,T<z) attains its infinum over K and because of the first
claim this infinum must be zero. Let M = N{H.|e > 0} and the proof is
complete.

Using the proof of Theorem 1 and Theorem 2 [2] one can prove :

Theorem 2. Let (X,d) be a complete P-convex metric space with contin-
uous convez structure and K a nonempty convezx closed bounded subset of
X with Property (C). Let T be a mapping of K into the family of nonempty
proximal subsets of K that satisfies:

For given ¢ > 0, there ezists § > 0 such that for any z,y € K
¢ < max{d(z,Tz), d(y,Ty)} <e+ 6= H(Tz,Ty) < ¢.

Then there erists a nonempty subset M of K such that Tz = M for all
zeEM.
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REZIME

NAPOMENA O KANEKOVOM IZVESTAJU O OPSTIM
USLOVIMA KONTRAKTIVNOG TIPA ZA VISEZNACNA
PRESLIKAVANJA U TAKAHASHIJEVIM KONVEKSNIM

METRICKIM PROSTORIMA

U radu se uopstavaju teoreme o nepokretnoj tacki za viseznaina preslika-
vanja dokazana u [2] za klasu Takahashijevih konveksnih metri¢kih prostora.
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