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Abstract

There are a lot multiparameter relaxation methods for solving sys-
tems of linear equations. In this paper we consider a threeparameter
relaxation method proposed by Moussavi in [10]} and prove the conver-
gence area for the class of H-matrices. As special cases of this method
appear the AOR (Accelerated Overrelaxation) and MSOR, (Modified

Successive Overrelaxation) method.
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1. Introduction

Well - known methods for solving systems of linear equations
(1) Az = b,

are SOR. (Successive Overrelaxation) and AOR, (Accelerated Overrelaxation)
method. Both of them can be considered as methods obtained by a splitting
of Varga’s type.
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For SOR method we have
1 1
M=—D-wTl), N=—((1-w)D+ws),
w w

and for AOR method

M =2(D~0oT), N = =((1-)D+(w—0)T +wS),

where A = D—T - 5. Here, D is a diagonal matrix and T, .5 are strictly lower
and strictly upper triangular matrices, respectively. Also, we assume that
the matrix A has nonzero diagonal elements and o,w are real parameters,

w # 0.
Since A = M —~ N, for arbitrary 2" we can define the iterations in a

following way:

Mz*' - NZ¥=b, k=0,1,2,...,

or equivalently
et = MTIN2F + MY, k=0,1,2,....

The matrix M ~'N is called the iteration matrix and

Lo,=(D—-wT) (1 -w)D +wS)
and

Mo =(D —oT) ' (1 =w)D + (w - 0)T + wS)

are the SOR and the AOR iterative matrices respectively.

For the special linear systemns there are the special iterative methods.
One of them is MSOR (Modified Successive Overrelaxation) method, intro-
" duced by Devogelaere [3]. The matrix A has the following form:

(% 5]

where Dq and D; are square nonsingular matrices. Use w for the "red” equa-

tions corresponding to Dy and & for the ”black” equations corresponding to
D2 and

1

=Dy 0

— w

M= [ N 1p, } ’

w
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Y

N:M_A:[(i“l)Dl -M }’

0 L _1)D,

@
we obtain MSOR iterative matrix:

(1—w)E wF ] ’

— M-IN =
Moo =M"N = [ &(1 —w)G woGF 4+ (1-&)E,

where F = —D{'M, G = —D;'N and E, E, are identity matrices.

Some convergenée results for the MSOR method are given in [14], [4],
[12], 8], [9], [1].

2. Method to be considered

Here we shall investigate three parameter SOR method proposed by Mous-
savi in [10]. The iteration matrix for this method is

3) Buga=(E-aoQ) (1 -w)E+wB+o(1 - a)Q + (w-&)R),

Joo _[o F o o
o-laole-[o ][0 2]
~and F=-D'M, G=-D;'N.

Special cases of this method are:

where

e a=1, w=& SOR method,
e a=1, w# & MSOR method,

ea=2, w=w AOR method.

3 . Convergence results

Let us introduce the folowing notation:

n
‘PZ(A): Z |aij|7 ’I:=1,2,...,TL, Az[aij]ecn'na
PRew ¥

bi = Pi(B), ¢ = P(Q), ri=F(R).
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Theorem 1. Let 1 — lao|g; >0, 1=1,2,...,n. Then

p(By,oa) < max 1 -w+(w—w)ri +|&(1 — a)lgi + |w]b:
W) = 1<idn 1 |awlg:

Proof. Suppose there exists an eigenvalue A of the matrix B, 5 «, such that

1w+ (w—@)ri| 4|01 — a)lgi + |w|b;

|
A > —
Al I~ adl;

, 1t=1,2,...n.

Then for each 2 = 1,2,...n, it follows that
lesil > Pi(C), i=1,2,...n,
where
C=(A=1+w)E = (w-2)R—(1+a(A - 1)@ —wB.

It means that the matrix C is a regular matrix.
But, this is a contradiction with the fact that A is an eigenvalue of the
matrix By g, i-e.

det(AE — By 5,0) = det(E — aoQ) "' detC = 0.

The proof is completed. O
The previous theorem can be used for the convergence analysis of our
three parameter SOR method. By analysing the inequality
€ <1,

where € is the upper bound for spectral radius of the iterative matrix given
in Theorem 1, the following statement can be proved.

Theorem 2. Let A be a strictly diagonally dominant matriz of the form
(2). If b =||Blloo, ¢ = ||Qloo, then the method with iteration matriz (3) is
convergent for:

(0<w< i, 0<o<1, ~IZlca<HL or
- 2 L+ 1-
(”)0<w<1+b’ 1 <w< gy —(G}_q_ q)<a< qu‘
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Proof. 1f the relaxation parameters satisfy the condition (¢) or (i), then
from Theorem 1 it follows that

p(Bw,LD,a) < 1’

and convergence is proved. O

Now, we suppose that A is an H-matrix. Let W be a regular diagonal
matrix, for which AW is strictly diagonally dominant. Such a matrix allways

exists. Since
BW,Q‘Q(AW) = Wlew’Q@(A)W,

the following theorem is valid.

Theorem 3. Let A be an H-matriz of the form (2). Ifb = ||W'BW|lw, ¢ =
IW=1QW/||c, then the method with iteration matriz (3) is convergent for:

(0 <w< g, 0<w<l, ~FHl<a< L or
’a 2 - 2 1 1+ 1 1—
(Zl)0<w<m,1§w<m, -—-(_———-qu-)<a<u_l—q_7qq-_

wq
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REZIME

O POSTUPKU GORNJE RELAKSACIJE SA VISE
RELAKSACIONIH PARAMETARA

Postoji mnogo viseparametarskih relaksacionih postupaka za resavanje sis-
tema linearnih jednadina. U ovom radu razmatra se troparametarski relak-
sacioni postupak predlozen u radu [10] i dokazuje oblast konvergencije za
klasu H-matrica. Specijalni slu¢ajevi ovog postupka su AOR (Accelerated
Overrelaxation) i MSOR (Modified Successive Overrelaxation) postupak.
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