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Abstract

We consider a discrete analogue for 1-D boundary value problem
arising by use a four-point difference scheme on nonuniform mesh. The
matrix from this analogue we describe as a product two M-matrices
and derive explicit inverse matrices.
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1. Introduction

Consider the following boundary value problem:

—u = C(IL‘,U), zel= [O’ 1]3
(1) w(0) =a, u(l)=20.

We assume f € C(I x R), and a,b € R. Futher assumptions will come
into discussion later. We want to obtain a discrete solution of (1) on the
. mesh [, defined by

(2) In={20=0, z;=2;1+hki;, i=1,..,n},

where n > 3,n € N k; > 0,2=1,2,...,n,k, = k,_1 and a mesh step
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Rl = zn: k‘j.
=1

fk; =1, 5 =1,...,n an uniform mesh is obtained and if there exist
t,7 € {1,...,n} such that k; # k;, I}, is a nonuniform mesh. Nonuniform
meshes are commonly used for a numerical solution of singularly perturbed
problems because of boundary layers, [1], [2], [8], [5], [6]-

In both cases, using some approximations for —u”(¢) at each mesh point,
we obtain discrete analogue which can be written as system of nonlinear
equations. To obtain a discrete analogue we use four-point second order
approximation for second derivative:

(3) —u(z;) & h™? (a;ui1 + bu; + ey + dittiyz)

where u; is an approximation to u(z;) and for ¢ = 1,2,...,n — 1

—2(2kip1 + kit2)

_ 2=k + 2kip1 4 Kiy2)
ki(ki + kip1)(ki + kip1 + kig2)’

bi — )
kikip1(kig1 + kiy2)

a;

_ 2(ki — kip1 — kig2)
iy1(ki + kip1)kipe’

2(kit1 — ki)

d; = ]
kiyo(kiyr + kiga)(ki + kip1 + kita)

¢

Fori=n—1 we have k;_; = k; and

-1 2 -1

Up—1 = L2’ b1 = L2’ Cpn—1 = L2’ dn_1 = 0.
n n n

The approximation (3) leads to the difference equation
(4) h=? (auioy + biug + ciuipr + divigs) = fiy

where f; = f(zi,u;).
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Now, we obtain a numerical solution of the problem (1) as a solution of
the nonlinear system

u = a,
h™2 (byuy + crup + dyuz) = fi — h aqa,
h=? (a;ui—y + bju; + ciuip1 + diuige) = fi 1=2,3,...,n— 3,
h2 (@p—2Un-3 + bpatin_2 + Cn2tn_1) = fag —h 2dn_2b,
™% (@na1tin_z + bao1tn_1) = fae1 —h 2cucab,
U, = b

This discrete analogue can be written in a matrix form
(5) Au=F,

-
where v = [uy, w2, ..y Un_1]

Matrix A is

an-3 bp3z cn3 dy3
ap_2 bn—2 Cn—2
an-1 bp_y

and F = [fi,..., faoa]T-

More about numerical solution of the system (5) one can find in [5] and
[6]. In [3] the same scheme is applied on special discretization mesh, and
in [8] this scheme is used by numerical solution of singular perturbation
problem. Our approximation (3) is, in general, second order, i.e.

(6) — u(2;) = B2 (aiuicy + biwg + civigr + diuigs) + O(R?),
if u(z) € C*4([0,1]). More precisely
—u"(z;) = AT (@guiy + biug + ciuigy + dittigg) —

h‘Z
(7) 1 (=kikir1 + (kigr — k) (kg1 + kip2)) u®(2:) + O (1),



404 D. Herceg

for u(z) € C'3([0,1]). It is obviously the approximation (3) is of order 3 if

1 1 1
8 — = + 1=1,2,...,n — 2.
® ki kivr o ki + ki’

The solution of (8) is, for some real constant ¢,
ki=ceVv27l,  i=1,2...n.
It is obvious that k,—; # k,. To be able use our scheme we define
k=271, i=1,2,..n—1, ke = k.

So, in this case our approximation (3) is of order 3 for ¢ = 1,2,...,n — 2,
and of second order for ¢ = n — 1. But, using the method from [2], third
order convergence of our scheme can be proven. In equidistant case, i.e. if
ki =1,2=1,2,...,n, our approximation becomes well known form

(9) —u"(2;) = K% (—uj1 + 2u; — wig1) + O(RP).

The purpose of this paper is to obtain explicite inverse of teh matrix A
under assumptions

(10) 1< ki <kipy,  Si=120n—1, ky_q=kn,

and derive some properties of A~!. More about adventuage if the explicite
inverse is known, can be found in [4], [9], [10].

2. Explicite inverse of A

Let us consider the matrix A assuming (10). It is easy to see that

A=MN,
where
1T &
Ty S2

Tn—2 $Sn-2
Tn-1
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By Cy
Ay By, C,
N =2h~
A'n.~2
and
. 2kit1 + kig2
kit kipr 4 kigo”
ki — k;
S = : d 3 2:15
ki4 kiy1 + kigo
A -1 i=23 2 B
1 = 24,9, .., T — 4, 2
ki(ki + kiy1)
-1 .
Ci=——-—-, t=1,...

kiyi(kipr + ki)’

Theorem 1. Matriz P = M ™! is given by P =

07
ki + kjv1 + Kjgo
2kjy1 +kjz
kj+ ki + Kjgo 71 Fma1 —
Pij = 2k1+1 + kJ+2 nH 2kmit + ka

H m+1
+ 2kmy1 + km+2

\ ’

Proof. We have to prove equalities

Tipi; + Sipiy1,; = 65, t=1,...

, M= 2,
[pij],

1>

1=3<n—1
1<j<n—1,
i<n—1, 7=n-1,

i=j=n—1.
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with
_) L e=g
‘5“‘{0, i # .

Since p;; = 1/7r; and for ¢ < j

o Kk s
Pij ki + kigo Ty v
we have
(MgMz_l)i’i = 7‘;7‘1-_1 +s:0=1,
and

Tipij + $iPit1,; = 0.

Theorem 2. Matriz Q = [g;;] = N~ is given by

_ 1{ (Tj41 — zj—1)(1 —zj)zi, 1<,

%72\ (w41 — zjo)(1~ zi)zj, i
Proof. With
h; = hk;, 1=1,2,...,n,

and h 2h 1

i+1 i

G = 3 T T L = )

h; ﬂ h,‘+1 + h; 7i 2hih,‘+1

we have

2

Ci = —-Bivi, Bi=Bi—,
B 3.7

A; = —fioiyi.
If we denote and

Ny = 2h™%diag(y1, 72, -y Yr-1)s

and

D. Herceg
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_an—Z/Bn—Z 2 —ﬂn—Z
_an—lﬂn—Z 2

we obtain N = NNy and N~! = N;'N['. Using result from [9] one can
find

h; h;
&(1 z)zi, i< ],
=1y, _ 2h’.7+1
(N3)is = J+1+fi L
2h +1h_7 mz)xja t22
or L )
L_*_J(l —z;)ei, i<,
-1 _ 1 2kJ+1
(N3 )is = 3 +1+IZJ(1 s
9k, 41k; zi)T E2 0,
Since
N[ = diag(hihg, hahs, .oy hu_1hy) = W diag(kikz, koks, ... kn_1kn),
it folloWs

(N1 = h { (kjt1+ k5)(1 = z5)z:, @ <7,
" (kjp1 + k)1 ~ 2z, i
We end the proof with note &1 — z;_1 = h{k;41 + &;).

As the corollary of Theorem1 and Theorem 2 we have

Theorem 3. Matriz A = [Ai;] is given by

1 J m km - ;
(Zk) Z(kp+1+k Z ks H m LS

. h'3 s=1 s=p+1 m=
Aij = % n ; P P N .
(Z ks)Z(kp+l+k Zk Hm v 27,
s=1+1 1 m=p m m
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where for p = j the product is to read as 1.

Proof. 1t is enough to remark that

1 0, 1>
Pa= D\ T, ==, i<

m=i rg

assuming for i = 3

7—1

[1==:
. Tm

m=i

O

One can see that both of matrices M and N are L-matrices. Because
of M1 = P >0and N7! = Q > 0 we conclude A™! = QP > 0. Let
§ =[1,1,...,1]7, then

Ps=6  A76=QPs6=Q6,

and

1A oo = 147 8lloo = 1Q6]lo0 = [|Qlco-

After simple calculation we find

1
- = - (1 —
1@l = 1<< ZQ,J 21<Ifl<a';lew( Ti).

Since z; € [0, 1], it follows

19l < 5.
In equdistant case,ieif k; =1, ¢=1,2,...,n, the matrix M is identity
matrix and 4 = N. So,

_ 1
A7 oo < 3
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REZIME

O JEDNOM DISKRETNOM ANALOGONU ZA KONTURNI
PROBLEM

Posmatra se linearni deo diskretnog anologona konturnog problema do-
bijen pomocu cetvorotackaste diferencne aproksimacije drugog izvoda na
proizvoljnoj neekvidistanoj mrezi. Za dobijenu matricu odredjena je ek-
splicitno inverzna matrica i date su neke njene osobine.
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