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Abstract

The spline difference schemes for the problem: —ey” + p(z)y =
Ff(=),y(0) = ag,y(l) = a;, are considered. The error estimates have
the optimal form O(h*/(e + h?)). The different ways for derivation of
the schemes and different possibilities for the global approximations
are presented.
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Let us consider the following singularly perturbed problem

Ly=—ey" +p(z)y = f(z), zel=][0,1],
(1)
y(0) = ao, y(1) =

It is known that the solution of the problem exibits boundary layers
near to 0 and near to 1 and that the classical cubic spline methods do not
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converge. Because of that some modiffications are necessary. Namely, we
seak the solution in the form of the cubic spline e(z) on equidistant mesh
z;=txh,t=01)n+1,h=1/(n+1),

@) e(z)= 3 biBi()

1=-3

where
1+4 i+4

B; (:l:) 42 I( "E))+ wi(t) = H(t -z

Spline e(z) is a polynomlal of degree three on [z;,z,41]. The collocation
conditions we modify by using free parameter ¢ which we determine in
order to come nearer to the exact solution:

(3) Uje"(:v)-f—p_e(a:):f_, T=2;T=2Tj-1,

(4) a]-e”(a:) +p+e(:1:) =ft z= ;T =Tj41,

where p~ and f~ are constant aproximations to p(z) and f(z) for z €
[zj-1,2;] and similarly p* and f* are constant aproximations to p(z) and
f(z) on the interval [z;,z;41] for fixed j. The choice of approximations
to p(z) and f(z) determines the particular scheme. The parameter o we
determine according to the following theorem.

Theorem 1. ([1]) Let p(z) and f(z) € C%[0,1] and p'(0) = p'(1) =
Then y(z) = gu(z) + qw(z) + c(z) where |g|,|q| < M,

(@) = exp(—a/p(0)/2), w(z) = eap(—(1 — 2)y/p(1)/e),
le@(2)] < M1+ '7?), i=1,2,3,4.

M denotes different constants independent of ¢ and A.

The fitting factor ¢ we determine so as the truncation errors for the
functions v(z) and w(z) will be zero in the case p(z) = p = const.

In [7] it has been is shown that in the case pt = p~ = p; = p(z;) we
obtain the scheme from [1]:

(5) oi(ujm1 — 2uj + ujpr)/B* + pjuj = fj

Ug = Og, Unyy = 0.
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When we use piecewise linear approximations to p(z) and f(z) we obtain
the scheme which can be derived from the consistency relation
(6) _,/6+ 26"/3 + eJ L = (&5-1 — 2e; + €j41)/R?
by replacing the second derivatives from the collocation conditions:
(7) ej = (pje; — fi)/o;.
The corresponding spline belongs to C%[0, 1] and
o; = h®p;/6(1 + 3/(2sinh?(h/24/p; /).

The error estimate O(h?) is obtained. In [2] the analyzed cubic spline Q(z)
was of the form:

Q)= Y wP(e/h—i+1/2),

where

z—t for 2>t
(x—t)"'—{O for z < t.

The spline is a polynomial of degree three on [(¢ — 1/2)h,(i+ 1/2)h] and the
consistency relations

1/24(Q7_, +22Q% + QY,,) = R*(Q;-1 — 2Q; + Qj+1)

was derived. Using the collocation conditions
Q” (piQ; — fi)/ ;-

we obtain the scheme

(8) RQ; = Gf;,7 = 1(1)n; uo = ag, uUn41 = .
where
L Pj—a 111)] ] Pi+1 I Y
Ru; = (240.j_1 )uJ 1+ ( + 2)“] + (240'j+1 pz /it
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fi-1 +11fj fi+1

Gf; = .
fJ 240']'_1 120’1 240'j+1

The fitting factor for this scheme in the case p(z) = p = const. has the form
h?(ex ex
o(p) = p24§exg§£;+§itxp?( p;’))), p = hy/p/e. When p(z) # const we define

o; = o(p;) with p; = h,/pje. By using technique from [7] or [8] we can
prove that, under the conditions of Theorem 1,

1Q; — y(z;)| < MhZ,j = 1(1)n.
Taking into account that ([3] and [8]):
y'(z;) — e = 1/120%\Y 1+ O(h?),

y'(z;) - ~1/24h%y 1+ O(n*),

y'_1—2y'+y-_1 4
y;_/_ J hzj J — —1/12h2y§ )+O(h4),
and using linear combinations of schemes (5), (6)(7) and (8) we obtain the
schemes having the higher order of the classical convergence.

The linear combination of two first schemes was considered in [8] and the
error estimate O(h*/(¢+h?) was proved. Now, we form a linear combination
of the scheme (5) and scheme (8). Namely, if we multiply scheme (8) by two
and then subtract scheme (5) we obtain a new scheme:

(9) Au; = Bfj,

Pi+1 1
—— — — u'
12(Tj+l h2 ) 7+1

o P11 i ) IOPJ ,
Au] - (120_]_1 h2 )uJ—l + ( + h2) + (

fim1 n 10fj+ fit1

Bf, = .
k 120;_1  120; 12041

The fitting factor, determined in the mentioned way, has the form

ph?(exp(p) + 10 + exp(—p)) _ 7
Ta(exple) 2+ exp(op)) = VP

and o; = o(p;), = hy/p;/e.

a(p) =
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This is the same scheme as the one derived in [8]. Thus the convergence
is given by

ly; — uj] < Mh4/(5 + h2)

in the case y € ("9[0, 1]. An analogus linear combination of schemes (6), (7)
and (8) leads to the same schemes. Although the schemes have the same
nodal form they have the different global extensions, and we can choose
cither the first or the second form according to our purpose. In the first
case the corresponding collocation function is the spline from C€'{0,1] with
the knots z;,j = 0(1)n 4 1. In the second case the spline belongs to C'2[0,1]
and it has the knots at the points z;,7 = 0(1)n + 1 and T;_1/2,7 = 0(1)n.
The numerical results supporting the given estimates have been presented

in [8].
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REZIME

SPLAJN KOLOKACIONE METODE U RESAVANJU GRANICNIH
PROBLEMA

U [8] izvedena je splajn diferencna sema za problem —cy”+p(z)y = f(z),y(0) =
g,

y(1) = «;. Ocena gregke je data izrazom O(h*/(c+h?)). U ovom radu, sema
je izvedena na vise razlic¢itih nacina, ¢ime su omogudene razlitite globalne
aproksimacije.
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