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1. Introduction

Let P, is the set of functions of the propositional algebra, i.e. the union of
all the functions {f:{0,1}" — {0,1}, forn=20,1,2,...}.

A subset F' of P, is said to be closed if it does not yield a function which
is not in F' by means of superposition (e.g. see sec. 2) among functions in F'.

1Work supported by Fund for Science of Serbia.
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306 1. Stojmenovié, Lj. Jerinié

A clone C is subset of P, containing the projection functions z; and closed
with respect to superposition. A subset of functions in H (for H C P,) is
complete in H if every function in A can be represented as a superposition
of the elements of the set.

For closed sets F' and H such that F C H (proper inclusion), F is H-
maximal set if there is no closed set (G such that ¥ C G C H. If the number
m of H-maximal sets is finite then a subset of functions is complete in H if
and only if it is not contained in any one H-maximal set [6].

Finite complete set of functions in H is called base, if none of its subsets
is complete in H. A set of functions {fi,..., fs}, is called pivotal set in
H, if and only if for every function f;, 1 < i < s, there exsists at least
one H-maximal set in which function f; is not included and all the other
function fy,..., fs; are included. From these definition follows that the base
is complete pivotal set of functions. The rank of base, i.e. pivotal set, is the
number of elements of the base - pivotal set.

For f € H, its characteristic vector is a1az...a.;, a; € {0,1}, 1 <7 <
m, where a; = 0if and only if the function is element of the i—th H-maximal
set. All functions of some characteristic vector determine the one class of
functions. Classes of functions for each base determine the class of given
base. Analogously are defined classes of pivotal sets.

We denote each class of functions by its ordinal number, or by /M;,,. ..,
M;,/, where M;, ,..., M, are all maximal sets containing the functions of
the class. Thus set consisting of classes ¢1,...,¢; (especially, class of bases
and pivotal sets) we denote by (¢1,...,¢;).

We obtain the classification of H if we determine all nonempty classes
of functions of the set H corresponding classes of bases and pivotal sets.

We use the notation of functions preserving a relation to describe subsets
of P;. An h—ary relation X on E; = {0,1}, A > 1, is a subset of E} whose
elements are written as columns, i.e.:

ai aiy;
€EX : €eX, foralli, 1<i:<h,
ap (179

where a; € E7 1 <1 < h, and a; = (@i1,...,n). The relation X is written
as a matrix whose columns are elements of the relation X. Then the set of
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functions preserving X, denoted by Pol X is defined by:

a f(a1)
PolX =} f| o leX = o leX

a, f(;lh) a

Intersection of sets X1,..., X% will be denoted by X;...Xx. Let X =
H\X for each X C H.

Theorem 1. [8] There are exactly five Py - maximal sets (clones):

e 1o = Pol(0) = {f|f(0,...,0) = 0}, the set of functions preserving 0,
o 17 = Pol(1) ={f|f(1,...,1) = 1}, the set of functions preserving I,

. :S' = POI((I) é) = {flf(er + 1,...,2, + 1) = f(z1,...,25) +

1, for each z; € {0,1}, 1 < i < n, the set of selfdual functions,

e L ={f]| flz1,...,2n) = a0+ 121 + ... + anzn, for some a; €
{0,1}, 0 < i < n}, the set of linear functions, and
.M:P()l(g ; ?),:{f|ﬂf1§y1/\---/\$n5yn=>

flzr,. . s20) < f(yry---,yn)}, the set of monotone functions.

Classes of functions of bases P, are determined in [7].

2. Some modifications of the propositional algebra

A superposition of functions of the system {fi,..., fs,...} C P is:

a) any function which can be obtained by the change of variables;

b) any function whith can be obtained by change of variables, the equal-
izing of arguments and addition of dummy (fixed) argument from the
function F(Fi (911, s Yimy)s-- s Fp(Yp1y -+ s Upmy)), Where Fyy, ...,
Yp) is a superposition of functions of system and F;(y11,.-.,¥%im,;) is
superposition of functions of system or g;, 1 = 1,...,p.
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If we modify the definition of superposition, then we obtain a modifica-
tion of the propositional algebra. Some of these modifications are important
by reason of their applications. We shall present a certain modifications.

Firstly, we define a modified propositional algebra which uses in con-
sideration of logical structures of computers [1]. Instead of composition
F(Fy(y11s -+ Yimy )s - s Fo(¥p15 - -+, Yy, )) the considered modified propo-
sitional algebra uses the composition &, defined by

(fwg)(ml,...,mm+n_1) = f(g(l'],IL‘z,...,IL‘n),g(ilfz,."L‘;g,...,IBn+1),...,

g(zm’ Ton41y -+ -5 zm-l—n—l))v

where f and g are given m - ary and n - ary functions respectively.

Algebra defined by operation % is called Algebra ®°. In [2] Ceitlin has
solved the problem of functional completeness for the Algebra ®° algebra,
and the most important sets of the Algebra ®° are: '

Ti; = {/1f(0,...,0)=¢, f(1,...,1) =4}, 0<t,5 <1,

M' ={f|fe®° f'e M}, where(' =1 and 1’ =0 and
f/(xla--'vwﬂ) = (f(ilfl,...,il?n)),, OI',

M' = {f|ft € M}, ie. the set of non-incresing or dual monotone
functions,

A = Too U Toy U Ty,
B =To0UT;;ULS,

C':TO()UTllUMUM/, and

D = TOl U T10 U {0, 1}
Theorem 2. [2] There are ezactly four ®°-mazimal sets: A, B, C, and D.

Gindikin described in [3] some modifications of the propositional algebra
and their lattice of closed sets. From the corresponding lattice we can easily
determine the maximal sets of any modification.
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Definition 1. We will say that a function f is obtained from the set F' =
{fi,---s fs,---} C Pa by means of extended superposition if it may be
obtained from F by means of superposition h(zy, ..., Zmyn-1) = flg(z1,...,
Ty )y Ertls - -« Tmpn—1) over the set FU{0,1} = {0,1, f1,..., fs,...}. The
corresponding algebra is called ES-algebra,

Thus a set of functions F' C Py is complete in ES-algebra if and only if
F U {0,1} is complete with constants in algebra of logic.

Theorem 3. [3] There are ezactly two mazimal sets (clones) of the ES-
algebra: L and M.

Definition 2. GS-algebra is an algebra with global superposition over
a set F' C P, obtained by replacing a superposition of functions defined
by Mz, s Tman—1) = F(9(Z1,- 3 T0n)s Trg1s-- s Tmtn—1) with the form
f(fl(yll,---’ylml);“-’fp(ypla- --,ypmp); where f?fl?"'afp €F.

In other words, if an argument of a function f € F is replaced by a
function from F, then all arguments of f must be replaced by functions
from F.

Theorem 4. [3] There are ezactly 6 mazimal sets of the GS-algebra: Ty,
T, S, L, M and K, where K = {f|f(0,...,0} = f(1,...,1)} and the set

K is no clone.

Definition 3. The dual function of the function f is the function f*(z,,
cesZp) = fler+ 1, .2+ 1)+ 1.

Definition 4. The function f is selfdual representable in terms of the
set ' C P if f and [~ may be represented by a superposition defined
by h(z1y . s Zman—-1) = J19(Z1,- -, Zn)s Tntly -« «, Tmgn—1) Of the functions
from F. The corresponding algebra is called the SP-algebra.

Theorem 5. [3] There are ezactly 6 mazimal sets (clones) of the SP-
algebra: L, D, C, §, Ny and Ny, where

D={0,1}u{z;y V...V l{tr,..., 0} C{1,...,n}, n > 1}, the set
of all disjunctions,
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C={0,1}U{z;, ...zy|{51,...,u} C{1,...,n}, n > 1}, the set of all
conjunctions,

Ny :Pol((l) (1) g),:{flf(ala---’an) = f(ﬁlv-"’ﬁn) =0=

a; = 3; =0 for some; 1, 1 <1< n}.

N, = Pol( ol }): (F1f(ar, o) = f(Bryee fa) = 1 =

a; = ;=1 for some; i, 1 <7< n}.

3. Symmetric functions

The symmetry of propositional functions usually simplifies the synthesis of
switching circuits. Moreover, symmetric functions have algebraic properties
which make it desirable to treat them as a separate class. The algebraic
treatment of symmetric function is derived from a general definition of sym-
metric function and a number of theorems, first stated by Shanon [9].

Definition 5. A function f(xq,...,z,) is said to be symmetric if

f(zh""m’n):f(ylv-"vy'n)’

where (Y1,...,Yn) is an arbitrary permutation of (z1,...,2,).
Definition 6. S-basis is a basis which contains only symmetric functions.

Starting from above definitions the following property of symetric func-
tions can be easily proved ([4], p. 178.):

Lemma 1. If the perfect disjunctive normal form (PDNF) of a n-place
symmetric function contains every unit constituent with m, 0 < m < n,
unnegated variables, then that PDNF contains every unit constituent with
the same property.

Definition 7. A propositional function is said to be basic symmetric func-
tion if and only if every unit constituent of its PDNF can be obtained by
some permutation from an arbitrary unit constituent.
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A basic symmetric function is uniquely determined by two numbers - the
number of independent variables n and so called a-number, i.e. number of
unnegated variables k& contained in an arbitrary unit constituent of PDNF
of that function.

Let S} denote n-place basic symmetric function with a-number k. Given
n, there exist exactly n + 1 basic symmetric functions denoted with SZ, ST,

n

Lemma 2. [4] Every symmetric function can be uniquely represented as a
disjunction of basic symmetric functions.

This property enables a suitable way of notation for symmetric functions
writing:

n def
S;Cll v 522 V... ng = I'::Ll,kg,...,kma (n S 1)

The constants 0 and 1 are symmetric functions and we will denote them by
S¢ and 5§y  , respectively.

It can be easily proved that the number of n-place symmetric functions
is 27+,

Let k/X/s(n) denote the number of n-place symmetric functions of the
set or class X, and k/X/,(< n) denote the number of symmetric functions
of the set or class X depending on at most n variables.

By N and NL-(SH) we denote the numbers of S-bases consisting from ¢ n-
place functions and functions depending on at most n variables respectively.
The corresponding numbers of symmetric pivotal incomplete sets we denote
by P* and P{S™,

We obtain the complete classification of symmetric functions of some set
if for every class of functions we determine the number of n-ary symmetric
functions of this class, and calculate the numbers N, Ni(Sn)’ P and Pi(Sn)_

The complete classification of symmetric functions of the propositional
algebra are presented in [12].

In this paper we present the complete classification -of symmetric func-
tions for some modifications of the propositional algebra. '
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4. Classification of the algebra ®°

Theorem 6. [11] There are ezactly nine classes of functions of the algebra
Y, /

Classes are presented in the following table.

L [t]2[3[4][5][6[7[8]9]
AJ1]1[1]0]1]0]0]0]0
Bl1[1]0[1]0]1i]0]0]0
ClI[0[1[ijo]0][1]0]0
D|0/0]0[0[0]0j0]1]0

Theorem 7. [11] There are ezactly eight classes of bases of the algebra ®°:

I - classes of rank 2: (1, 8),

II - classes of rank 3: (7, 2, 8), (4, 2, 8), (3, 2, 8), (6, 3, 8), (4, 3,
8), (5, 4, 8),

III - classes of rank 4: (5, 6, 7, 8).

Theorem 8. [10] The number of pivotal incomplete sets of the algebra ®°
18 27:

I - eight classes of rank 1: (1) - (8),

II - fifteen classes of rank 2: (2, 3), (2, 4), (2, 7), (2, 8), (3, 4), (3,
6); (3’ 8)’ (4, 5), (4, 8), (5: 6)’ (5’ 7)’ (5’ 8)’ (6, 7)! (6’ 8)’ (7’ 8);

III - four classes of rank 3: (5, 6, 7), (5, 6, 8), (5, 7, 8), (6, 7, 8).

The complete classification of symmetric functions of the algebra ®° is
given in [10].
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5. Classification of the ES-algebra

All four possible classes are nonempty. The class /L, M/ contains the
function #, 0 and 1. The class /L/ contains the function §§ = 1 + z,

Tss. =Tttt ...tz,and Sgay =14z 4+ ...+ 2y forn < 2. The
symmetric functions 5§, and Skkt1,..n for 0 <k <mandn>3areof the
class /M/. The others symmetric functions (for example 53, ;) are of the

class /0/.

From this we obtain the following theorem:

Theorem 9. There is only one class of bases of the rank 1: (/0/), and only
two classes of pivotal incomplete sets (/L]), and (/M/[) (rank is 1).

The numbers k/X/s(n) are presented in Table 1., and numbers k/X (<
n) in Table 2.

|| X ]nﬁl[n:?l n > 2 ”
JL,M/ | 2+4+n 2 2
/L/ n 2 2
/M/ 0 1 n
/0] 0 2 |27 —n—4
Table 1.
” X |n§1|n:2| n > 2 “
JL,My/ | 24+ n 3 3
/L/ n 3 2n —1
/M/ 0 1 nletl) _ g
/0/ 0 3 [o2_2m_nl_y

The numbers of §-bases and pivotal incomplete sets of each rank we
determine in the following way:

NP =k/0/s(n),
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NE" = k/0/5(< n),

N} =k/L/s(n) - k/M/(n),

N5™ = k/M/o(< n),

PP =k/L/s(n)+ k/M/(n), and
= = k/L/(< n) + k/M/s(< n).

6. Classification of the GS-algebra

From the definition of the set K we obtain the following lemma:

Lemma 3.
f € TOT1 UT()T] <~ f e K.

The first five sets are maximal sets of the propositional algebra also.
Hence, the classification of the propositional algebra (Krni¢, [7]) can be used.
It follows from above Lemma that each class of functions of the propositional
algebra corresponds to exactly one class of functions of the GS-algebra. All
15 classes of functions of the (G5-algebra we shown in the following table:

I T1J2]3]4[s]6]7]8[9]10]11[12]13[14]15]
To[1JoJ1J1J1JoJoJ1JoJoJoJoJo[1T]o
Ty [1]1]of1]jojt]{ofJof1]JoJoJo]o 1o
Stolt]ifoJrififrft|1ij1]oJolo]1T]o0
Ll1{1]1]ofJoJof1]JoJoj1[1]1]o]1]o0O
M|T]1[1]1J1J1]1{oJoJoJ1Jo[1[1}]0O
Kl1Jofo[t]JofJoJ1JoJoJ1 1 [1f1]1]T1

Hence we obtain the following two theorems:
Theorem 10. There are exactly 67 classes of bases of the GS-algebra:

- one of the rank 1: (14),

- 12 classes of the rank 2: (1, 2), (1, 3), (1, 5), (1, 6), (1, 7), (1, 8),
(1, 9), (1, 10), (2, 4), (3, 4), (4, 7), (4, 10),
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- 52 classes of the rank 3: (2, 3, 7), (2, 3, 10), (2, 3, 11), (2, 3, 12),
(2, 3, 13), (2, 3, 15), (2, 5, 7), (2 5, 10), (2 5, 11), (2, 5, 12), (2,
5, 13), (2, 5, 15), (2, 7, 8), (2 8, 10), (2, 8, 11), (2, 8, 12), (2, 8,
13), (2 8, 15), (3, 6, 7), (3, 6, 10), (3, 6, 11), (3, 6, 12), (3, 6, 13),
(3,6, 15), (3, 7, 9), (3, 9, 10), (3, 9, 11), (3, 9, 12), (3, 9, 13), (3,
9, 15), (4, 5, 11), (4, 5 12), (4, 6, 11), (4, 6, 12), (4, & 11), (4, &,
12), (4, 9, 11), (4, 9, 12), (5, 6, 7), (5, 6, 10), (5, 6, 11), (5, 6, 12),
(5.7,9), (5,9, 10), (5, 9, 11), (5, 9, 12), (6, 7, 8), (6, 8, 10), (6, 8,
11), (6, 8, 12), (7, 8, 9), (8, 9, 11),

- two classes of the rank 4: (8, 9, 10, 13), (8, 9, 12, 13).

Theorem 11. There are 82 classes of pivotal incomplete sets of the GS-
algebra:

- 14 classes of the rank 1: (1) - (15) except the class (14),

- 64 classes of the rank 2: (2, 8), (2, 5), (2, 7), (2, 8), (2, 10), (2, 11),
(2, 12), (2, 13), (2, 15), (3, 6), (3, 7), (3, 9), (3, 10), (3, 11), (3
12); (3) 13); (‘?; 15); (4; 5); (4; 6)) (4; 8); (4; '9)’ (45 11); (4; 12)7 (5;
6), (5, 7), (5, 9), (5, 10), (5, 11), (5, 12), (5, 13), (5, 15), (6, 7), (6,
8), (6, 10), (6, 11), (6, 12), (6, 13), (6, 15), (7, 8), (7, 9), (8 9),
(8, 10), (8, 11), (8, 12), (8, 13), (8, 15), (9, 10), (9, 11), (9, 12), (9,
13), (9, 15), (10, 11), (10, 13), (12, 13),

- 14 classes of the rank 3: (5, 6, 13), (5, 6, 15), (5, 9, 13), (5, 9, 15),
(6, 8, 13), (6, 8, 15), (8, 9, 11), (8, 9, 12), (8, 9, 13), (8, 9, 15), (8,
10, 13), (8, 12, 13), (9, 10, 13), (9, 12, 13).

The complete classification of symmetric functions of the GS-algebra is
obtained in {3], because the classes of the GS-algebra and the classes of the
propositional algebra correspond.

7. Classification of the SP-algebra

We obtain the classification of the S5 P-algebra from the consideration of
some cases.

a) fel
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Function 0 is in the set LDCS_N;NI, and function 1is in set LDC SNy Ny.
Function z is in the set LDCSNoNy. The set LDCSNyN; contains the
functions 14z, ap+ 21 +...4+ Z2m+1, and the set LDCSNoN; contains the
functions ag + z1 + ... + z9,.

b) f € LD

The set LD contains the functions STo.n =71V ...Vx, forn > 2.
It follows from f(0,1,z3,...,2,) = f(1,0,23+ 1,...,7, + 1) = 1 that

feSNC. I f(zy,...,2,) = 0, then z; = ... = z, = 0, therefore we have
f € No.
c) feLDC

The set LDC consists of functions St =12z1...%pn, (n>2), which are in
the set SNoN; (proof is analogous).

d) f e IDCS
Lemma 4. f€SN0:>f€N1,f€SN1:>f€NO

Proof. We shall only prove the first assertion, because the proof of the
second assertion is analogous. Let f(ai,...,a,) = f(B1,-..,08x) = 1. Since
feS, wehave flar+1,...,a,.+1)= f(B1+1,...,8,+ 1) =0 It follows
from f € Ny and that there exist ¢ such that @; + 1 = 8; + 1 = 0, therefore,
we obtain «; = 3; = 1. Hence, f € N;. O

The functions Sf,;fl‘_‘{'lm_'_z .2m+1 are in the set Ng/Ni, and the functions
SZ;"H,C fork; € {¢,2m+1-1}, 1 < ¢ < m (except the function 57271711-,1...,27n+1)
are in the set Ng/N;.

e} fe LDCS

Lemma 5. f € NoN; = f€S.

Proof. Suppose that f € S, then there is a vector a such that f(ag,...,qy)
= fla1+1,...,0,+1)=c. fc=0then f & Ny, and if c =1 then f ¢ N;.
a

The set NoN; contains the symmetric functions S;cll,...,km’ where (0 <
ki < k2 < ...< km < n and 2k; > n (for example 53 5).

Let k& be the minimal number in the set {0,1,...,n} which is not in the
set {k1,...,k;}. The set NoN; contains the symetric functions Sgl,...,kmv
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where 2k < n (for example 53, 4 ).

All the others symmetric functions are in the set NyN; (for example
572)-

From above definitions we obtain the following theorems:

Theorem 12. There are 12 classes of functions of the S P-algebra.

| [r[2[s[4][s]6[7[8[9[10] 1] 12]
L]0J0]0]o0[1|1]1]1]1] 1] L]0
D oo o1[1]7|1] 1|10
Clolo[1{1||o| 1|11 1|10
S|7(1]o(r[i[1|oo|1| 1] 1] 0
No (7|0 1|70\ 1|0[1]0| 1] 10
N o111 1|ojo[1]1|0]1]0

Theorem 13. There are ezactly 27 classes of bases of the SP-algebra:

- one classes of the rank 1: (11),

- 22 classes of the rank 2: (1, 8), (1, 9), (2, 8), (2, 10), (3, 5), (3, 6),
(3, 9), (3, 10), (4, 3), (4, 6), (4, 1), (4, 8), (4, 9), (4, 10), (5, 6), (5,
8), (5, 10), (6, 8), (6, 9), (8, 9), (8, 10), (9, 10),

- & classes of the rank 3: >(], 2,7), (1,8 7), (1,5 7), (2 3, 17), (2 6,
7), .

Theorem 14. There are 20 classes of the pivotal incomplete sets:

- 10 classes of the rank 1: (1) - (10),

- 10 classes of the rank 2: (1, 2), (1, 3), (1, 5), (1, 7), (2, 3), (2, 6),
(2, 7), (3,7, (5, 7), (6, 7).

The numbers k/X/,(n) are given in the following table:
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” |n§1l n=2k>1 } n=2k+1>1 "

1,2 1 1 1

3 n 0 2

4 0 2 0

5.6 | 0 1 1

7 0 0 1

8 0 0 97 1
9,10 0 2% —2 25 — 2

11 0 |ontl — 9™ _o|ontl _3. 0" _ o
12 n 0 0

The numbers k/X/s(< n) are given in the following table:

[ [n<i] By ”
L2 1 1
3 n n—lﬂ;—lﬁ
4 0 n_l__'-%m_l.
5, 6 0 n—1
T — =7
8 0 o] — [2-1] —4
9,10 0 o "F ] 3H+EDT) gy g
11 0 |22+ (= 2AF T _2n—10
12 n 1

From above theorems and data we can easily determine the numbers N,
NEM | proand P
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REZIME
KLASIFIKACIJA NEKIH MODIFIKACIJA ISKAZNE ALGEBRE

U radu je izvrsena klasifikacija funkcija nekih modifikacija iskazne algebre,
kao i potpuna klasifikacija odgovarajuéih simetri¢nih funkcija.
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