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Abstract

An n-quasigroup (@, f) is reducible if it can be represented by two
quasigroups of smaller arities, and it is completely reducible if it can
be represented by n — 1 binary quasigroups. It is proved that if an A,,-
commutative n-quasigroup is completely reducible, where A, is the
alternating subgroup of the symmetrtic group S, of degree n, then
there exists an abelian group to which all component binary quasi-
groups are isotopic. It is also proved that for every subgroup H C 5,
there exists a nonreducible exactly H-commutative n-quasigroup of
every composite order mp, where m > 2, p>n > 3.
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1. Definitions and Notations

First we give some basic definitions and notations. Other notions from the
theory of n-quasigroups can be found in [1].

The sequence &, Zm+1,---,L, we shall denote by 2% or {z;}~,, . If
m > n, then z? will be considered empty. The sequence z,z,...,z (m
times) will be denoted by Z. If m <0, then = will be considered empty.
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An n-ary groupoid (n-groupoid) (@, f) is called an n-quasigroup if the
equation f(a™',z,a? ) = b has a unique solution z for every a?,b € ) and
1 1+1 y ar,
every i € {1,...,n} = N,.

An n-quasigroup (@, f) is isotopic to an n-quasigroup (Q,g) if there

exists a sequence T = (a}™!) of permutations of Q such that the following
identity

9(z1) = appy f({euwidiny)
holds.

By 5, we denote the symmetric group of degree n, by A, its alternating
subgroup.

An n-quasigroup (@, f) such that

(1) f(27) = T = f({xa(i)}?:l) = Lo(n+1)

for all o € 5,41 is called totally symmetric (TS). If (1) is valid for all
0 € An+1, then f is alternating symmetric (AS).

An n-quasigroup (@, f) is called o-commutative if for all z7 € Q

f(=1) = f{zo Hz)s

where ¢ is a permutation from 5,,. If f is o-commutative for every 0 € H C
S,., then we say that f is H-commutative. The set of all permutations o
such that (@, f) is o-commutative is a group.

If H C S, is the set of all permutations ¢ such that f is o-commutative,
then f is called exactly H-commutative.

2. Reducible A,-commutative n-quasigroups

Definition 1. An n-quasigroup (@, f), n > 3, is called reducible if there
exist a p-quasigroup (Q,g) and a g-quasigroup (Q,h) such that for some
1€ N, and all 2} € Q

f(a}) = gy Al 7h), 2l )

We shall introduce the following notation. For example, if g> are binary
operations on a set () and if
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(2) w = g1(g2(27), g3(94(3, g5(2%)), 26))
then (2) we shall write as

2 6
W = 1927193943957 4,

or

_1.1.33 46
W= 0192939495%1;

where each of the upper indices of operations ¢; denotes the index of the
first free variable which comes after g;.

Definition 2. An n-quasigroup (Q, f), n > 3, is completely reducible if
there exist binary quasigroups (Q,¢1),...,(Q,gn—1) such that for some
k{‘_l € Nyqand all 2} € Q

f(=1) = {gfyiglet,

where k; denotes the index of the first free variable which comes after g;.

The numbers k7" from the preceding definition obviously satisfy k; =
1, ki < kiy1, ki <i. Besides the numbers k?_l we also define the se-
quence l{”’l, where [; is the index of the last free variable inside the brackets
which delimit the operation g;. So, in our example (k3) = (1,1,3,3,4),
(15) = (6,2,6,5,5).

Theorem 1. If an A,-commutative n-quasigroup (Q, f), n > 3, is com-
pletely reducible,

: n kiyn—1_n

(3) f(ey) = Ag; };‘2113717

then there exists an abelian group (Q,+) such that each of the quasigroups
gi, t € Ny, is isotopic to (+).

Proof. If we choose any t € {2,...,n—1},a € @, and if k; # 1, then we put
in (3) z; = a for all i € N, \ {1, k,l;} and get

ki—2 le—ke—1 n—l
(4) f(zla ta s Thyy at > T, @ ):gl(agt(ﬂ$1a7$k:)75$l:)

or
ke—2 le—ke—1 -1 '
(5) f(xla ‘a s Lky s “d azlmna t) - gl(a/‘rlaﬂ/gt(‘)’/zkwél‘zl:))
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where a, 3,7,4,¢', 4,7, 8’ are permutations of the set Q.

If k; = 1, then we fix in (3) all elements z; except z1, 2,2, and get an
equation similar to (4). We shall consider equation (4), the other case (5) is
analogous.

We introduce two isotopes of the quasigroups ¢; and g; by
ha(z,y) = g1(az, 6y),
ha(z,y) = 9Bz, vy).

To simplify the notation we shall write z; = 2z, z¢, = y, =z, =
z, ki=p, li=gq,andso (4) becomes

~2 —p—1 n—
(6) F(,7ay, T2, 0" = h(ha(z, ), 2).

Since f is A,-commutative,

1 -1 n-—q

p—2 g—p— n—q p=2 q-p
f(x,a,y, a 727a):f(y7a’a27 a >x’a’)a

hence for all z,y,2 € @

(7) hi(ha(z,y),2) = hi(ha(y, 2), ).

If we put = 2 = a in (7), we have
(8) RyLyy = RiRay,

where the permutations R;, L;, ¢ = 1,2 of the set () are defined by R;z =
hi(z,a), L;z = hi(a,z), i=1,2. From (8) it follows that Ly = R for
every a, hence hy is commutative.

Now by substitution z = a in (7) we get
hl(LZy’ Z) = thZ(y’ Z),

that is, hy(y, 2) = Riha(L; 'y, 2).
Let A be an isotope of hy defined by

(9) hi(z,y) = Ri1A(z, Ray).



Reducibility of H-commutative n-quasigroups 267

Then
(10) ha(z,y) = A(Raz, Ray).
From (10) since h, is commutative, it follows that A is commutative.
Substituting k) and hy by A in (7), we get
RIA(A(R2:E7 ng), RZZ) = RIA(A(R2y7 R22)7 Rgil?),
that is
A(A(z,y),2) = A(A(y, 2),z),
and by the commutativity of A

A(A(z,y),2) = A, A(y, 2)),
s0 A is associative, hence A is an abelian group.

Since isotopy is an equivalence relation on the set of all quasigroups
defined on (), we get that A, g, and g; are isotopic.

Choosing another g # ¢, we get analogously that g, and g, are isotopic,
n—1

which implies that all quasigroups g~ are isotopic to the abelian group A.
O

The preceding theorem can be applied to two important classes of n-
quasigroups — TS and AS n-quasigroups ([5],[6]).

Corollary 1. If TS (AS) n-quasigroup (Q,f) is completely reducible
f(z}) = {gf‘}fz_llx'f, then there exists an abelian group (Q,+) such that

n—1

each of the quasigroups g7~ s isotopic to (+).

Remark. In [4] (Lemma 4, p.181) it was erroneously stated that if a TS
n-quasigroup (Q, f) is completely reducible, f(z7) = {gF}*=!z?, then g; =

=1
... = gn_1- A counter example for this statement was given in [7].

3. The existence of nonreducible exactly H-com-
mutative n-quasigroups

Now we shall prove that for every H C .S, there exist nonreducible exactly
H-commutative n-quasigroups of composit orders. In order to prove this
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we shall use a theorem of Belousov and Sandik [2] which states that an
n-quasigroup is reducible iff it satisfies the condition D;; for some i,5 € N,,.
An n-quasigroup (Q), f) satisfies the condition D;;, where 1 <4 < j < n,
if the equality _
f(le_l ’ ’Ulf, (It?+1) = f(l"zl_l ) ’U;?, :E;-L+1)
i—1

for some ,uf,x;LH,vg €Q, (uf) # (vf), implies that

f(yi_l,uf, 3/?+1) = f(i‘/i_la v, 3/?+1)

for all yi_l, Y1 €Q.

Theorem 2. For all positive integers m,n,p such thatn >3, p>n, m >
2, and every subgroup H C 5, there exists nonreducible exactly H-commu-
tative n-quasigroup of order mp.

Proof. The construction used in this proofis based on the modified w-wreath
product from [3].

Let Z; be the ring of integers modulo k. We define a mapping ¢ :
Zp X Zm - Zm by

1, ze€{0,1},
=y) = { v =g {01}

Then we define an n-quasigroup (Z,, f) by
n
fel) =D zk +s,
k=1
where s is a fixed element from Z,, and a mapping 6 : Z3 — Z,, by
n
8(z3) = I #(zx, a),
k=1

where ¢ # 1 is a fixed invertible element from Z,,. Further, for every
(27) € Zp we define a mapping w(gn) : Zy, — Zm by

wiepy(¥1) = 0TI Yk + c@n))s

k=1
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where ¢(; ny is an element from Z,,, which depends on (z%).

Let H be any subgroup of 5, and choose n distinct elements af € Z,,
two distinct elements b, ¢ € Z,, and define an n- quasigroup (Z, X Z,,, F) by

F({(zi, 9)}in) = (f(27),0

where ¢(yny = b if for some 0 € H (27) = (@5(1),---+@o(n)) a0d ¢(zny) = €
otherwise. It is not difficult to see that F' is an exactly H-commutative
n-quasigroup.

We shall prove that F' does not satisfy the conditions D; ;, that is, that
F is not reducible.

Let
zr=(1,0), k=2,...,i-1,7+2,...,n,
ur = (0,0), k=1,...,7,

v = (0,0), k=1+2,...,7,
- (LO)a Vit1 = (p_ 170)’
zy = (1,-¢), z;41 = (1,0), if ¢ > 1,
.'E]'+1 = (1,—0), lf 1=1.
Then it is easy to check that
-1

7”{71:?-{—1)7 (u:);é(@f)

Assume now that for all yi_l, 1 € Zp X

F($;—1,u1]~,$?+1) = F(IL‘;

(11) F(yi™hul,yhg) = Py v, v

If x € Z, X Zy,, then by () and z(?) we denote the components of z, that
is, z = (z(1), 2(?). (11) is equivalent to the next two equalities

-1 J
Zy,ﬁ‘)+2u(’+ Z y1)+s—2y +ka + Z g+ s
k=1 k= k=j+1 k=j+1
which is obviously true, and

(12)  6(A® (Zy(z +Zu(2)+ > y,(f)+cA(1)> =
k=1

k=1 k=3+1

i—1 7 n
B(B(l)) (Z ’y,(cz) + Zv,(cz) + Z Z/;(cz) + CB(I))

k=1 k=1 k=7+1
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where A = (y; =t f,y;‘H), B = (y{_l,vf,yﬁl) and cy1) = ¢guy) = ¢ since
U = Uiy]- Frorn

J J

S0 =3 g

— —
and (12) which is valid for all {yk }k - {ykl)} ;1 it follows that #(A()) =
A(B(M), that is,

H¢> v a Hfb(u(” ) TT ¢(v,a) =

k=7+1
T oo TT o) T sis0)
k=1 k=i k=j+1
consequently '
J J
[T é(uf",a) =TT 6(o(", ).
k=1 k=12
But

J
H &( 'u,/,c ,a) =1, H(b('u,(cl),a) = a,
k=1

which is a contradiction.

So, the exactly H-commutative n-quasigroup F does not satisfy the con-
ditious D;;, which means that F is not reducible. a
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REZIME
SVODLJIVOST H-KOMUTATIVNIH n-KVAZIGRUPA

n-kvazigrupa je svodljiva ako se moze prikazati pomocu dve kvazigrupe man-
jih arnosti, a potpuno je svodljiva ako se moze prikazati pomocu n—1 binarne
kvazigrupe. Ako je A,-komutativna n-kvazigrupa potpuno svodljiva, gde je
A, alternativna podgrupa simetri¢ne grupe .5, stepena n, onda je dokazano
da postoji abelova grupa koja je izotopna svim komponentnim binarnim
kvazigrupama. Takodje je dokazano da za svaku podgrupu H C S, postoji
nesvodljiva ta¢no H-komutativna n-kvazigrupa reda mp, gde jem > 2, p >
n > 3.
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