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Abstract

In the paper the set of all words of length n is constructed and enu-
merated, over any alphabet A with a forbidden fixed subword ajas...a;
which is a good word i.e. a1as...a5 # Qg_,418k—s42...0; for each nat-
ural number s < k. This number of words is counted in two different
ways, which gives new combinatorial identities.
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1. Definitions and notation

The set of first m natural numbers is denoted by N,,. Hence N,,, = {1,2, ...,
m}. The set A = {a, 2, ..., } is called an alphabet if for all i € N, «; is
an arbitrary symbols. The elements of A are then the letters of the alphabet
and A is a k—letter alphabet.

Ifz € A" ie. ifz = (2, 22,...2,) is an ordered n—tuple with components
from A, we say that z is a word of length n over the alphabet A. For the
sake of brevity we shall write (z1,z2,...2,) as Z122...2p.
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A subword of length £ of the word z;2;...2,, is any word ;& s41...254k—1
where 8 € N,,_r41 and k € N,

A subword (word) y1y2...yk is good iff y1y2...Ys # Yk—s+1Yk—s42---Yx fOT
each natural number s < k.

The only element of X? is the empty string i.e. the string of length 0.

The set of all the words of finite length over the alphabet A will be
denoted by A* i.e.
A= X

>0

The number of ways in which a subword y occurs in a word z € A*
is denoted by /,(z). In particular, the number of ways in which the letter
« € A occurs in the word z € A* is [,(z).

If S is a set, then |S| is the cardinality of 5. By [z] and |z| we denote
the smallest integer > z and the greatest integer < z, respectively and

o lz) if ||z] -2/ <0,5
A={F flE508

2. Results and discussion

Theorem 1.
LE] n—kitz
_ _ (_1\" 1\ - n—kit
L.(k,m,n) = A.(k,m,n) = (-1) Z:( 1) ( ; ) m
where A,-(k,m,n) = {IL"IL‘ = TI1T2...T4 EbAn, Vi € Nn—k+1 TiTi41---Tigk—1 75
P, Ip(z) > r} and p = a1ay ... ax 15 a fized good subword of length k of the
word .

Proof. The set Ar(k\, m,n) is the set of all the words of length n over the
alphabet A = {a1, @2, ... @, } in which the number of appearances of the
good subword p of length =, is at least r.

n

We shall give the proof by induction on r = ¢,q—1, ... 1 where ¢ = [}].
We shall first prove that the theorem is valid for r = ¢ i.e.

(A (k)] = ( n—l;q+q )mn—kq-
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Since the subword p is good and ¢ = [%| where k is the length of the
subword p, we can write only ¢ subwords p into the n empty places of the
word z. It can be done in

W—kq+®!_(n—kq+q)
(n — kq)lq! q

different wayé, because we permute these ¢ subwords and n — kg empty
places. Now we can write the letters from alphabet A on n — kq empty
places in an arbitrary way, that is, we can make variations of m elements of
class n — kq. There are m™~*¢ such variations, and now it is obvious that

Ly(k,m,n) = |A4(k, m,n)| :-( " ]Zq +a ) mke
because all of the words obtained in this way are different. Notice, that
all the words obtained in the same way for r = ¢ — | are not different and
because of that

Ly_i(k,myn) = ( ""“(qq‘_li”‘l )mn—k<q—1)_

3 ( n—kg+gq ) ik
q

Let us assume that the assertion is valid for r. We shall prove, then,
that it is also valid for » — 1. Now,we begin constructing an arbitrary word
from the set A,_;(k, m,n). First we write 7 — 1 subwords p into the n empty
places of the word x. It can be done in

(n—k&;}i+r—l)

different ways, because we permute these 7 — 1 subwords p and n — k(r — 1)
empty places. Then there still remains to write n — k(r — 1) letters from the
m -letter alphabet. It can be done in m*~*(*=1) different ways. In this way

( n-—- k(T - 1) +r—-1 ) ,,nn—k:('r—l)

r—1

we obtain

words, but not all of them are different. It is easy to see that some words
are repeated and there are L,.(k,m,n) repeated ones and because of that
and on the basis of the inductive hypothesis it follows that

n—k(r—1)+7r—-1

r—1

Lo_1(k,m,n) = ( ) m R L.(k,m,n)=
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_ ( n — k('r — 1)+ r—1 ) mn—k('l‘—l)_

r—1
%J
r i(n_‘kz'i'z)mn—ki
53 S
= S (T e o
1=r—1

Theorem 2.
o mkiti -
L(k,m,n) = |A(k,m,n)| = ;(—1)’ ( ; ) mmk
where A(k,m,n) = {z|z = z129...x, € A", Vi € Np_k11 TiTig1---Tith-1 7

p} and p is a fized good subword of the word z.

Proof. The set A(k,m,n) is the set of all the words of length n over the
alphabet A = {a1, g, ...c;, } in which the forbidden good subword is p of
length k.

It is easy to see that
L(k,m,n) =m" — Ly(k,m,n).

Now, using Theorem 1 we have

L(k,m,n) = m" — (=1)! Z *’("‘k’“)mn—’ﬂ' ie.

L(k,m,n) Z( 1)* ( k2+l)m"_ki. a

On the other hand, we can make recursive relations for L(k, m,n) for some
k and m and find its explicit formula. For example:

L(1,m,n) = i(—l)i( " ) m* = (m - 1)

€ (3
1=0
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3]
L(2,2,n) = Z(_l)i ( n l—’ )2n %yl
1=0
L%J I P n
L(‘2,3,n)— (—1)1( n;—l)gn % _ [‘)+f’(;/ﬁ (3+2<5\/5) ]
=0

LY _
L(2747n)22(—1)i( ni_l )4n—2i: |:3+2\/‘(2 f) :|
1=0

13 .
L(2,m,n) =Y (~1) ( nt ) m* 2 = O XD O XD

€ ?
=0

2__ . “ ege .
where 1y 5 = " 4 and €, Cy are determined from the initial condi-
tions.

13 N | i
L(3,2,n) = E(—l)"( neo >2n—3i s {5+2\/5 (1+\/5) }

=0 5 2
" %] if n—2t ne—3i 92 —a -3 ,
L((g, 3, ’IL) = E(—l) 2 3 = —m—a
1=0

1 + 2 cos ~
= COS —
9
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REZIME

SKUP SVIH RECI DUZINE n NAD PROIZVOLJNOM AZBUKOM
SA ZABRANJENOM DOBROM PODRECI

U radu je konstruisan i1 prebrojan skup svih reéi duzine n» nad azbukom
A sa zabranjenom fiksnom podreéi ajas...a, koja je "dobra podrec” tj.
@10y .. .05 # Af_s41@k_st2 - - - Ak Za sve prirodne brojeve s manje od k. Ovaj
skup reéi je prebrojan na dva razli¢ita naéina, 5to daje nove kombinatorne
identitete.
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