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Abstract

In this paper the necessary and sufficient condition for Boolean ma-
trix to belong to an anti-iverse Boolean semigroup is given.
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An n x n matrix A = [a;;] is a Boolean matrix if its elements are Boolean
trems from the Boolean algebra (B,U,-,—), B = {0,1}. M, is the set of

Boolean matrices of the same dimension n x n. Let a binary operation 7 o”
defined on M,

‘AOB:[U aik - besl, 4,7=1, ...,n
k=1

(M,,,0)is a semigroup. Let S, C M,, (Sp,0) be a subsemigroup of (M, o).

A semigroup S5, is anti-inverse if for each A € 5, there exists such
XeS,tht A=XoAoX and X = Ao Xo A lLe.:

(1) (VA€ S)AX €S)(A=X0AoX and X = AoXo A).

This problem is considered in [1].
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Theorem 1. The statement (1) is equivalent to
(2) (VA€ S5,)3X € 5,)(X-(AoX o0 A)UX (Ao X o A)

UZ‘(XOAOX)UA~(XOAOX):O),

where

A- B = [a; - byj]
A=lag], 4,j=1, ..,n

Proof. It is known (see [2]) that Boolean equations f = gand f-gUf-g=0
are eqivalent. If we use this property in (1), it becomes (2)

(3) (VAES)(AX €S ) (A-(X0AoX)UA-(X0AoX)=0,
X-(AoXoA)UX-(AoXoA)=0)

So (1) and (3) are equivalent statements. Further, (see [2]) the statement
(3) becomes (2) applying the property that a system of Boolean equations
gi =0, t=1, ..., mis equivalent to the single Boolean equation

m

U g; = 0.
=1

So Theorem 1 has been proved.O

Taking A = [a;;], X = [z;] in (2) statement (1) becomes equivalent to
the Boolean equation:

(4) UZ =1 las(TTh=1 (ITk=, (@k U Tkn) U @hj) U
Uz (Uh=1 (Uj=1 zikarn)zr;] = 0

This has been the proof of the following theorem:

Theorem 2. Statements (1) and (4) are equivalent.

The left side of (4) is f(z), where

T = (mlla vy TIn s T2y «oe 3 L2ny «oe y Tply --- 7wnn)-
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It is known that each Boolean function f can be written in the canonical
disjunctive form

(5)  f@)= | fa-eiP oafino a2 2k,
acBn?
where @ = (011, ... Q1n, @21, .. Q2n, oo Qply oo Qg ).

Equation (5) has a solution if and only if

II f(@=0

aeBn?
So the following theorem is proved.

Theorem 3. A Boolean matriz A is the element of the antiinverse semi-
group S, if and only if the elements of A satisfy the condition:

(6) Haepn {Ui 21 1ai(IThz (@ U @) Uang) U

U@ (Un=y (Ukzy @ivarn)an; U e (TTh—, (IT—, (@ U@R) Uag;) U
Ua;(Up= (Uk=1 @ikarn)an;]} = 0,

where @ = (11, ... A1n, 021, o Q2ny oo A1y .. Cpp ).

Example. Let n = 2, the Boolean matrices in 53 are

A = [au a12J’X= [mu $12]7aij€{0,1}

a1 Q22 T21 T22

Statement (1) in the anti-inverse semigroup .S is equivalent to the system
of Boolean equations (VA € S3)(3X € S2)

(7) 11711 U @21211712 U @12212221 U 022T21T92 = a1
11711212 U a21Z12 U ¢12211%22 U @22211%12 = a12
11211221 U @21211%22 U a12221 U epz21222 = ax
11211212 U a21%12%22 U @12221T12 U @222 = a2
a11z11 U anaziz Uananziz Uazazecs =
11012211 U @12%21 U a11@22T12 U @12a22%22 = T12
a11a21211 U @11@22%21 U a21212 U @z1022222 = 221

21012211 U 41202221 U 21722213 U a2T22 = g2
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Corollary 1. System (7) has a solution X for a given matriz A from S, if
and only if

(8) (a11 U a1z U ag Uag )@ Uaiz Uay Uag,)-

(a11 U arp U ag U dgz (17 UGz U ag U ags):

)@

)(@

(@11 V@ Uazr U ag)(@q U aiz U ag U agg)-

(a11 U@z Utgr U ayg)(ayy Udrz U agr U agy)-
az)(ar

(a11 U a12 U @1 Uazz) (a1 U a1z U @31 U @33)-

(G VanVan UaglanVUaz Uaa Uay) =0
Proof. Taking a Boolean matrix
A = [ aip 412 ]
a1 A

in (6) we get (8). Condition (8) is the necessary and sufficient one for a 2 x 2
Boolean matrix A to be an element of the anti-inverse semigroup S;.

If we define a binary operation ” ¢ ” on M,
n
A B[Z aixbi;], 1,5 =1,

where a + b = @b U ab, then (M,,,d) is a semugroup, S C M,,.

Theorem 4. A Boolean matriz A is an element of the anti-inverse semi-
group S¥ if and only if the elements of A satisfy the condition:

ke n

H { U a;; Z(Z a,kakh apj UaUZ(Z (1214793 ah]

a€Bn? i,7=1 h=1 k=1 h=1 k=1
n n i n
Ua; E (E aikakh)ahj Uaijg ( E aikakh)ahj]} = 0,
h=1 k=1 k=1 k=1
where

Z:{;i =z 4+ o F T F TR T+ e F T, k=1, 0.

1=1

The proofs for Theorem 4 and Theorem 3 are similar.
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REZIME

BULOVE ANTI-INVERZNE SEMIGRUPE

U ovom radu dat je potreban i dovojan uslov za Bulovu matricu da pripada
Bulovoj anti-inverznoj semigrupi.
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