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Abstract

In this note we introduce and analyze an analog of new tempered
generalized functions (see [1], part IT), which corresponds to the spaces
of K'{M,} type from [2]. In particular, we prove that if the sequence of
functions (M,), eNg meets some usual conditions, then the introduced

space allows an inner multiplication.
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1. Introduction

The spaces of K'{M,} type were introduced in the fifties by Gel’fand and
Shilov (see [2]). Their approach gave a new view and deeper understanding
of (up to then used) most important subspaces of distributions, and at the
same time, enabled the introduction of some other spaces, which in general,
cannot be imbedded in the space of distributions D’. Such examples can be
found, for instance, in [3], [7] or [6]. Moreover, several spaces defined by A.
H. Zemanian and his collaborators are of this kind (see [6]).

Some deeper properties of K'{M,} spaces were analyzed in many papers.
For instance, in [4], the conditions for the existence of the convolution in
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K'{M,} spaces were given via the properties of the sequence of functions
(Mp)pENO type. However, the problem of multiplication in K’{M,} spaces
was not so widely observed. This is not strange, since, as proved long time
ago by L. Schwartz, the multiplication of distributions can not be solved in
a "satisfactory” way. In fact, he proved that there is no associative algebra
containing the space of distributions, which would retain the multiplication
of continuous functions with its good properties, like commutativity and
associativity.

In his book [1], J. F. Colombeau introduced the space of new generalized
functions, denoted by G[R™], in which the introduced multiplication turned
out to be an inner operation. Colombeau’s multiplication in G[R"] exactly
generalizes the multiplication of infinitely differentiable functions, but, as
could have been suspected, not that of continuous functions. Let us remark
here that this ”defect” was repaired with the notion of ”association” between
elements from G[R"] (see [1], p. 64).

In the "classical” case of distributions, the space of tempered distri-
butions played a central role when the Fourier transformation was to be
introduced. In the case of new generalized functions, their analogue were
the ”tempered new generalized functions ”, introduced in {1] and denoted
there by G.[R"].

4

In this paper, in a similar manner we introduce the "X’{M,} new gen-
eralized functions”. Firstly, we give an outline of K'{M,} spaces and some
elements of the theory of new generalized functions. Secondly, we define
the announced space Gas,)[R"], and compare it to the spaces G[R"], and
K'{M,}. Finally, assuming a condition from [2], we show that it is an algebra
with the multiplication defined as in [1].

2. Preliminaries

Throughout the paper we shall assume that a = (ay,..,a,) € No™ is a
multiindex and |a| := a3 + ..+ a,. As usual, 9” f(z) is the partial derivative
of order |a|, in either classical or generalized sense, depending on the context.
Further on, D will stand for any linear differential operator with constant
coefficients (shortly: a derivation operator).
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2.1. The space K'{M,}
Let M := (Mp)pENO be a sequence of continuous functions
M,:R" - [1,0),

such that
1= Mo(zx) < Mi(z) < Ma(z)< ..., z€R™

Additionally, we shall suppose that the following three conditions on M
from [2] hold:

(M) for every p € N there exists a constant Cp; such that

lzi| < |zi] = Mp(z1, ., @5y ey 80) < CpiMp(21, 275 s T0);

(P) for every ¢ and every p € N there exists a natural number p’ > p, such
that for some sufficiently large K it holds
|z > & = Mp(z) < eMy(z);
(N) for every p € N there exists a natural number p’ > p, such that the

function
My(z)

mPP'(z) = Mp/(z)

tends to zero as ||  ||— oo and it is-an integrable function on R™.

By definition, X{M,} denotes the locally convex space of infinitely differ-
entiable functions on R™, endowed with the family of seminorms (7P)pEN07
where

Tp() = sup{My(2)|0°¢(z)|, = € R", |a| < p},

for an infinitely differentiable function ¢. Clearly, such a ¢ is in K{M,} iff
for every p € N it holds 7,(¢) < co. (In the terminology of [6], {M,} is a
countable multinormed space.) '

The space of continuous linear functionals on K{M,} is denoted by
K'{M,}, and we shall endow it with the weak topology. In order to ob-
tain convenient representation for the elements of K'{M,}, we shall use a
condition from [4]:
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(N’) for every p € N and every i € {1,2,..,n} there exist a natural number
p; > p and a constant B,; > 0 such that the function

z
Sup{/ IJ( d(l!,, xt -— (-771, 3 Ti—1,Ti41;-, T ) Rn l}<sz

In fact, the condition (N) follows from (N’), while (N)=(N") if n = 1. It
was proved in [4] that if the conditions (M), (P) and (N’) hold, then a
linear functional 7 on K{M,} is also continuous iff there exist a multiindex
o € Np™ and a bounded continuous function f on R”™ such that

(1) T = 0%(f(z)Mjq(2))
in the sense of K'{M,}.

Probably the most ithportant case of the sequence M one gets if the
functions M, are given by

2 My(llz ) = (1+ 1l 2 [P, p € No.

Then, the space K{M,} and its dual K'{M,} become the space of rapidly
decreasing functions S(R?) and the space of tempered distributions S’(R?).
From the many other cases of interest, let us mention here the so called
exponential distributions analyzed, for instance, in [3], [7] and [5].

2.2. New generalized functions

Colombeau’s new generalized functions are the elements of the space G[R"],
obtained as the equivalence classes in the space &p[R"], modulo the space
N[R™). In order to define these spaces, J. F. Colombeau defined the sets
Ap, p € N, as follows:

A, ={peD] / H(z)dz =1, / z%P(z)dz =0, 1 < |a| < p}.
Rn n
For ¢ > 0 and a function ¢ on R”, put ¢.(x) := e "@(Z). Then let

Em[R™ = {R: A, xR* » C| (Yo A)) R(¢,-) € C°(R™),

(VK, K compact in R™) (VD, D a derivation operator )
(3N € N) such that (V¢ € A1) (Fe,n>0):
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IDR(¢e,z)| <c-eN, ze K, 0<e <)

Let now I' denote the set of monotonically increasing sequences of positive
numbers diverging to infinity. Then put

NR"] = {R € Ey[R"]| (VK, K compact in R")
(VD, D a derivation operator ) (3N € N) (3a € T
such that V¢ € A;, ¢ > N, (3¢, > 0):
|IDR(¢e,z)| < c-e*@DN ze K, 0<e<n).

One can easily check that £a[R™] is an algebra (with the usual multiplica-
tion of functions), while ATR"] is an ideal in it. The equivalence relation in
Em[R"™] defined by

R] ~ R2<:>R1—R2€N[Rn],
leads to the space of equivalence classes G[R"™]. In other words,
G[R"] = Em([R*]/N[R"].

This space, whose elements will be called new generalized functions”, is an
algebra if the multiplication of two elements, say Gy and (G, is defined as the
class of the product R; - Ry, where R;, i = 1,2, is any representative of G;.
This multiplication is coherent with that of infinitely differentiable functions;
however, it is not coherent with the multiplication of just continuous ones. In
fact, C([R"]) is not a subalgebra of G[R"]. Furthermore, if D is a derivation
operator, then the derivative of G € G[R"| is the class of DR, where R is
any representative of G. One easily checks that D maps G[R"] into itself
and that the Leibniz formula holds.

Here we have to add some notions from the so—called generalized analysis,
in fact, to rewrite the definition from [1] of the algebra of generalized complex
numbers C. Just like the space of new generalized functions, the last is
obtained as the set of equivalence classes of the elements from the set £y
over its ideal 7. Here

Ev = {R: Ay — C| such that (AN € N) such that (V¢ € An)(Fe,n > 0):

|R(¢)| <c-e™, 0<e<n},

and

Z={R:A; — C| such that (3N € N) (da €T)
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such that (Vg > N) (V¢ € Ay) (Fe,n > 0):
|R(¢e)| < e DN 0<e<q}
Then
C=tn/I.

Of course, the set of complex numbers C can be injectively imbedded into
C via the maps

R.(¢):==z
for every z ¢ C.

3. K'{M,} new generalized functions

In [1], Chapters 4-6, a theory of ”tempered new generalized functions” was
given; as can be suspected, they correspond to tempered distributions. In an
analogous way we introduce the “K’{M,} new generalized functions”, which
as we shall see, will correspond to to the elements of the K'{M,} space. To
that end, let us start with the spaces £(3s,)[R™] and Nps,)[R"] :

Eny[R"] = {R: A1 x R* - C| (V€ Ay) (R(¢--) € C*(R™),

(VD, D a derivation operator ) (Ip € N) such that (V¢ € A,) (I¢,n > 0):
|DR(¢pe,z)| <c-My(z) 7P, ze R*.0<e < n}}

Nom,)[R"] = {R € Em,[R"]| (YD, D a derivation operator )
(3p € N) (Ja € T') such that if p’ > p then (V¢ € Ap) (e, > 0):
|DR($e, )| < ¢ My(z) - e*P)™P, z € R", 0 <& <n}.
Since we want £,)[R"] to be an algebra, we suppose additionally that

the sequence (M), satisfies the following condition, denoted by (A) (com-
pare to [2], p.102, rel. (3)).

(A) For every pair (p1,p2) € NZ? there exists an integer p3 > maz(py, p2)
and a constant Cp, p, > 0 such that

Mpl(x) : Mpz(x) < Cpl,pz ) Mps(x) for |z| > P3-
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Clearly this condition holds for tempered distributions (see (2)), but also in
the space of exponential distributions, obtained by the sequence

M,(z) = exp(p-|z|*), p€ Ny, for fixed k € N.

The condition (A) easily implies that A/(sr,)[R"] is an ideal in £(37,)[R"]. So,
as in the case of new generalized functions, we can introduce the following
equivalence relation in £y,)[R"] :

Ri~Ryg <= R;1-— R € MMP)[Rn]
The corresponding set of equivalence classes we denote by G(»r,)[R"], i-e.,

Gm,)[R"] = €,y [R™]/E(m,) [RT]

and its elements we call new generalized functions of the K'{M,} type”.
Again, in view of the condition (A), G(p,)[R"] is an algebra, with the multi-
plication defined as in G[R"]. Moreover, in view of (M) and (P), the deriva-
tion is an inner operation in G(pr,)[R™], and the Leibniz formula holds. Of
course, the derivative DG of a new generalized function G of the K'{ M}
type is defined as the class of DR, where R is any representative of GG.

We shall analyze next the relation between the space g(Mp)[R"] and the
whole space G[R"]. A canonical map M from Gys,)[R"] into G[R"] is given
by: ,
3) M(R + N, [R™]) := R + Nag,, [R”].

Analogously to Proposition 4.1.6 and Remark 4.1.9 in [1], it holds
Theorem 1. The map from (3) is neither injective nor surjective.

Proof. The proof of the non-surjectivity of M is the same as in [1]. For
the non—injectivity, we shall only outline the necessary modifications for our
case.

The goal is to construct an element from the intersection of Em,)[R"]
and NM[R"], which, however, does not belong to Ap,)[R"]. To that end,
put first

L Mo(.'l)), 0 S z < 1,
M(z)._{ M,(z), p<z<p+1l,peN
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which we evenly continue to the whole R. Let then w be an infinitely differ-
entiable non - negative function on R such that

supp w C [0,1], / w(z)dz = 1.
R
The function N defined as the convolution of the functions M and w
N{z) =M *w(z) = / M(t)w(z —t)dt, z € R,
R

is then infinitely differentiable on R, but does not belong to K'{M,, {More
precisely, it does not define a regular element of KX'{M,}.)

Let us define now a mapping Cp : Ao, — C by
Cold) = / (V@ — eNOYs(z) de.
R

It is easy to show that Cy belongs to Z; we omit the details. Then we put
for ¢ € A; whose support’s diameter is not greater than 1:

7n(¢5) — E—n_100(¢6)7 n E N.
Putting finally

o 7n(¢6) for '}'n((ﬁs) < 1;
Cn(¢€) - { 1 for 7n(¢e) > 17

we obtain a sequence from Z such that
[Cn(@)] <1 for every ¢ € Ay.

Moreover, for every n € N there exists a ¢ from A, such that C,(¢) does
not tend to0 as e — 0+ .

Put now for ¢ € A

(4) R(¢) =) Culde)w(z — n).

n=1

Then clearly R € &y and R € N[R"™]. However, we shall show that
R ¢ &arp). Namely, if the last statement were false, then there would exist
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a natural number p and a sequence o € I' such that when ¢ > pand ¢ € A,,
then there exist positive numbers ¢ and 7 such that

|R(¢(,I)l S c- Mp(x)ga(q)—p’ T € R, 0<e < .
Take now zo € [0, 1] such that w(=zg) # 0. Then
|R(¢e w0+ n)| < ¢+ My(wg + n)e™@~7,

which means that R(®czo4-) tends to 0 as n — oo. This is contradiction
with the definition of R from (4), once we put there n = ¢ O

If G[R"] denotes the subspace of G[R™] consisting of new generalized
functions with compact support, then it holds:

Theorem 2. The map M from G.[R™] into G(ar,)[R"] given by
M;1(G) := M1(R + N[R"]) = R+ Ny, [R"]
s injective.

Proof. 1If a new generalized function G has compact support, then by
definition it has a representative R in G[R"] such that if p is an infinitely
differentiable function on R with compact support, then My(G) depends
neither on R nor on the function p. Since pR — R € N[R"], it follows that
that the map

MM, : G.[R"] = G[R"]

is injective. Hence, My is also injective. O

We relate now the space Gy, )[R™] with the space K'{ M, }. As before, we
suppose that the conditions (M), (P), (A) and, additionally, the condition
(N’) hold. The representation (1) suggests the following definition.

Definition 1. A new generalized function T from Gar)[R™] is a K{{M,}
distribution if there erists a continuous function f on R™ such that

(5) /(@) < C - My(z), =€ R,

for some C > 0 and p € Ng with the property T = 0*f for some multiidnez
«, in the sense of new generalized functions.
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It is clear that Ki{M,} is a subset of G(ps,)[R"] and contains the space
E'(R™) of distributions with compact support. In view of the representation
(1), the sets K'{M,} and K{{M,} are equal, so it is convenient to denote
the latter also by K'{M,}. Our goal is to prove that though the mapping M
from (3) is not injective, its restriction to K'{M,} still is. For that goal, we
need the forthcoming theorem, which might be of some self interest, too. In
the statement and its proof we use the so-called generalized integrals; this
notion was developed in [1], Chapter 2.

Theorem 3. IfT € K'{M,} and 68 € K{M,}, then the generalized integral
/ T(z)0(z)dz
R»
is a (classical) complez number.

Proof. Let f,a and p be as in (5) from Definition 1. Then in C (the set of
generalized complex numbers), we have

/ T(z)6(z) dz = (—1)! / f(z) 9*6(z) dz,
Rn Rn

where |a| is the order of the operator . The last integral is in the class of
Ryt e s (—1) /R  J(o+ c9) 00(z) d(ex) (y) da, 6 € D.

Then, as in Theorem 4.2.2 from [1], one proves that the map Ry : Ay — C
defined by

Ry e s (=1) A f(z) 8%6(z) d(ex) dz, b € D,

is also in the same class. Namely, let p’ be the integer corresponding to p,
whose existence follows from (N’). Then, we use the following inequality

(6) ‘ /R [(z)8°0(z) ds

Now the integral on the left hand side of (6) converges, in the classical
sense. This means that the generalized integral on the left hand side and
the classical one on the right hand side of the following relation are equal:

) /R T(z)8(z) dz = (_1)|°'I/Rn /() 8°6(z) dz,

< C'./Rn M, M7 (z)dz.
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and this is what we had to prove. O

Using the representation of continuous functions in G[R"], from relation
(7) it follows that the map

R: A xR"—-C
given by
(8) R(d,z) = / T(y) ly — ) dy
Rn

is a representative of 7. Finally, we have come to

Theorem 4. The restriction of the map M, given by (3), lo the space
K'{M,} is injective.

Proof. If T € K'{M,} satisfies M(T) = 0, then the integral (7) is zero for
every § € D. But in view of Theorem 3, it follows that the mapping R(-,-)
from (8) is zero. Hence T = 0, as claimed.

References

[1] Colombeau, J. F., Elementary Introduction to New Generalized Func-
tions, North Holland, Mathematics Studies Vol.113, Amsterdam, New
York, Oxford 1985.

[2] Gel’fand, I. M., Shilov, G. E., Generalized Functions, Vol.II, Academic
Press, New York 1968.

[3] Hasumi, M., Note on the n—dimensional tempered distributions, To-
hoku Math. J., 13(1961), 499-508.

[4] Kaminski, A., Remark on K'{M,} Spaces, Studia Mathematica,
57(1984), 499-508.

(5] Pilipovié, S., Takaci, A., The Space H'{M,} and the Convolutors, in
Proc. of the Moscow Conference on Generalized Functions, Moscow
1981, 415427. :

[6] Zemanian, A. H., Generalized Integral Transformations, Interscience
Publishers, 1968.



140 A. Takaci

[7] Zielezny, Z., Hypoelliptic and entire elliptic convolution equations in
subspaces of the space of distributions, Studia Mathematica, 28(1967),
317-332 (Part 1), 32(1969), 47-59 (Part IT).

REZIME
PROSTORI NOVIH UOPSTENIH FUNKCIJA K'{M,} TIPA
U radu se uvodi prostor novih uopstenih (Kolomboovih) funkcija K'{M,}

tipa, koji uz odredjene uslove o nizu (Mp)peNo tini algebru. Pokazuje se da

se prostor tipa Geljfand-Silov moze injektivno smestiti u taj prostor.
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