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Abstract

The paper deals with an n-th order linear differential equation and
gives conditions under which its linear perturbation preserves the same
LP-affiliation.
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1. Introduction

In this paper we will find the conditions implying that all the j-th derivatives
- (0 € 7 € m—1) of the solutions of a perturbed linear differential equation
belong to LP[0,00) for some p > 1, provided that all the j-th derivates of
solutions of the unperturbed equation possess the same property.

Such kind of results are originated by Weyl’s investigation of singular
boundary value problems for a second order equation

(1) v +p(t)y=0,1t>0,

and are given in the well known
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Theorem 1. (Weyl [1],/2]). Consider the equation (1) along with the per-
turbed linear equation

(2) ¥+ (p(t) + ¢(t))y =0, >0,

where both p and q are locally integrable on [0,00). Then the following
Weyl alternative holds: if all the solutions of (1) are (not) in L%[0,00) and
g(t) € L°°[0, 00), then all solutions of (2) are (not) in L2[0,00).

Weyl’s alternative result was, in some sense, extended by Patula and
Wong [3], to include an arbitrary LP[0, co)-perturbation ¢(¢). Wong [4] ob-
tained related results to the theorem for a special case of general self-adjoint
equation of the 2n-th order, while Zettl [5] gave some generalizations for the
general n-th order linear equation. All this was improved or generalized in
our paper [6].

Recently, Butler and Rao ([7], theorem 4.1) improved the result of Patula
and Wong. Using a technique similar to this in paper [6], we are able to
generalize and modify this result to a case of the general n-th order linear
differential equation

(3) Dy=y"™ 4 po (v D+ -+ po(t)y =0, >0
and corresponding linear perturbation

(4) Dry=Dy+ gy D+ 4 po(t)y=0,t>0.

2. Preliminaries

In this section we introduce some notations and list well-known results which
will be used in a sequel. Let D be any of the differential operators D or Dy,.
Then we define

S*(D) = {y¥) . Dy=0}fork=0,...,n—1.
Our first result is a form of the variation of parameters formula.

Lemma 1. (See Golderg [8] p. 140). Suppose f is a locally LP, p > 1,
function and y is the solution of Dy = f(t). Then

) n . t 57 )
v =3 + [ 5(Glo,)F(s)ds, forj=0,1,....n=1,
=1
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where
yi(s) oo yals)
y" ) L ()
Gy = L0 - yn (1)

and W,(s) = exp(— J§ Pn-1(u)du) is a Wronskian of y1,. .., Yn-
Our next result is of a technical nature.

Lemma 2. (See Beckenbach and Bellman [9] p.170). If u € L?, u(® ¢ L"
for por > 1 and n > 1 then w®) € L™ for m > max {p,7} and k =
0,1,...,n— 1.

The next result is a Bibari-type inequality.

Lemma 3. (See Lakshmikantham, Leela and Martynyuk [10] p.17). Let
u(t), v(t) be two non-negative functions, locally integrable on [0,00). Then
the following inequalities

u(t) <c+ /Ot v(s)[u(s)Pds, ¢ > 0 for p €(0,1),

: .
u(t) < c+/ v(s)u(s)ds, ¢ >0, p=1,
0
mply that
t 1
u(t) <[CTP +(1 —p)/ v(s)ds]T», for p € [0;1)
0

and

u(t) < cexp(/otv(s)ds), forp=1,

respectively.

An elementary inequality which will be used in the sequal is given in



116 M_.R.S. Kulenovié, M.Budinéevié

Lemma 4. (See Hardy, Littlewood and Polya [11],p.26). Let a; > 0 for .
t=1,...,m. Then

m m
Y a <Y @), for0<p<1,
i=1 :

=1
and

m m
Y al >m' (Y ), forp> 1.
=1 =1

3. Results

We are now able to give our main result:

Theorem 2. Let S(D)U S™1(D) C LP N L*°[0,00) for 1 < p < oo and
g € L¥[0,00) for k > 1 and p < 25 Ifpt_,(t) € L[0,00), then S(Dy)U
§%1(Dy) € L? N L[0, 00), where pt_;(t) = max{0, p_1(0)} .

Proof. Starting with the representation given by Lemma 1 and using the
fact that G(t,t) = 0, we get

(5) yB(t) = icayfk)(t) + iy?"(t) / Coymw
i=1 i=1 Y
xp( [ pao(w)dw)(5)ds,

fork=0,...,n—1,
where W;(s) is the Wronskian, and

n—1
f(s) = = 3 ai(s)y(s).
1=0
Lemma 2 implies that Up_gS¥(D) € NX,LP[0,00), and we get
Wis)| <K 3 () < KD lyi(s)l,
1=1

i=1
i#i
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for every : = 1,...,n and some K > 0. So, by (5) we get

©) P01 o+ [ wo(s)exp( [ pao(widnlflds)

t>0, k=0,...,n—1,

where we denote ®x(t) = max{yzgk)(t)| : 1 =1,...,n} which by pf_(¢) €
L[0, 00) immediately implies

(7 0 < @+ [ @o(s)a(e) 3 1o s)ids)

t>0, k=0,...,n—1,

where ¢(s) = max{|¢:(s)|: 1 =0,...,n —1}.

We shall put

to =t =1

1
K

"d\]p—n
x| =

=

and differ the next cases:
a)l1 <k <p.
Relation (7) and S(D)uU S™ (D) C L*[0,00) imply

> WOl < Calt + [ 2uo(s) X vO(ldsl, ¢ 20
k=0 =0

As ®(t) € L? N L™[0,00) implies ®¢(t) € L¥[0,00) and because of
q(t) € L¥[0,00), ®o(t)g(t) € L[0,00). Now, by Lemma 3, it follows that

n—1
ST 1R € L0, 00), ¢ > 0.
k=0

Using again relation (7), we obtain
1
1) < CLEx(B)[L + Cs /0 Bo(s)g(s)ds] < Cadi(t)

t>0, k=0,...,n—1,
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which implies that y{¥)(¢) € L?[0,00), k = 0,...,n — 1.

b)1<p<2<p <k
Define the sets A; and B, as follow:B; = [0,¢]\ A;, A, = {s € [0,1] : g(s) <
1}.Using Hoélder’s inequality, we get

/Ot ¢o(s)q(s)§|y(t’)(s)|ds = /1;: +/Bt <

n—1

s(/At(i;)Iy(i)(s)l)vds)%(/m(«po(s)q(s))p'ds)#+/Bt <

tn1l Lt .
<Os([ Y 1WO(s)Pds)( [ 88 (5)ds)+

=0

tn—1 ] t 1 tn—1 ]
+Os([ 3 s pds)b([ o (s)as)? < Col [ 3 Iy )Pds)s.

0 i=o 0 0 -0

Putting the last inequality in relation (7), we obtain
. t n—1 ) 1
®) 990 < 1ol + Col [ Y 18O()Pds))
1=0
t>0, k=0,...,n—1,

which, according to Lemma 4., implies

n—1 n—1 tn—l1 .
> WP < 00 800+ Co [ 3 yO)Ps], ¢ 0.
k=0 k=0 0 o

Using the fact that ®£(¢t) € L[0,00) for £ =0,...,n — 1 and integrating
the last inequality from 0 to t we get, applying Lemma 3, that S(Dg)U
5™1(Dg) € LP|0,00) which, according to relation (8), leads to §(Dy) U
S™1(Dy) € L]0, o0).

c)l<p’<2<p,p'<k§ﬁ.

Now,

[/;1‘(%(3)“8))”'(15] v < (/At 1 s)ds)i(//;t(q(s))ﬁ%ds)% <
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<( / 2(s)ds) / F()ds) 5 < Cs, 1> 0,
(Because k < -IB = >E5) and the proof follows the same line as in case b).

Conditions a),b) and c) cover the whole domain p,k > 1, p < % and
the proof is complete.

O

In the case u=2 our theorem is an improvement of (theorem 4,[1}). In the
same peper was proved that it is the best possible result in the sense that
for every couple (p,k), k > 1, p > k2k there exists an equation of the
form(1) such that all the solutlons are in LP N L*°[0, 00) and the function

q(t) € L¥[0, 00) such that some solution of (2) is not in L?[, c0).
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REZIME
PERTURBACIJE LINEARNE DIFERENCIJALNE JEDNACINE

U radu se posmatra linearna diferencijalna jednacina n— tog reda i daju
uslovi pod kojima njena linearna perturbacija zadrZava istu LP pripadnost.
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