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Abstract

Coincidence theorems generalizing the coincidence theorems of [11,
9, 6, 3] and extending fixed point theorems for multivalued mappings of
[7, 4, 1] and single-valued mappings of [5] are established. Moreover a
generalization of the famous Kakutani-Ky Fan’s theorem is given too.
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1. Introduction

Recently, some coincidence theorems have been considered by several au-
thors (cf.[11, 9, 12, 6, 8, 3]). The purpose of this paper is to give some
new coincidence theorems for multivalued or single valued mappings. These
results generalize some of the main results of [11, 9, 6, 3, 7, 4, 1, 5]. More-
over, in §4 we give a coincidence theorem for multivalued mapping in lo-
cally convex Hausdorff linear topological space which generalizes the famous
Kakutani-Ky Fan theorem.
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2. Coincidence Theorems for Multivalued Map-
pings

In this section we shall always assume that X is an aribitrary nonempty
set, (M,d) a metric space, Ips the identity on M, CB(M) the family off all
nonempty closed and bounded subsets of M, and H the Hausdorff metric on
CB(M) induced by the metric d. Moreover, in this section we assume that
the function ® : [ 0,00)° — [0,00) satisfies the following conditions ( ®; )
and ( ®; ) (or ( ®; ) and ( ®3)):

(®,) & is upper semi-continuous and nondecreasing for each variable.
(®2) max{®(¢,t,t,at,bt), a,b = 0,1,2, a+b= 2} < ¢(t), V>0,
where (1) : [0,00) — [0,00), (0) =0, ¢(t) <t, Vt > 0.

(®3) (1t ¢ at,bt) < 7t,

where v € (0,1) is a constant , a¢,b6=0,1,2,and a + b = 2.

In what follows we need the following

Lemma. (Nadler [7]). Let A, B € C B(M), then for arbitrarily given a € A
and 3 > 1 there ezsists point b € B such that

d(aab) <p 'H(AaB)'

Theorem 1. Let P,,P; : X - CB(M) and T : X — M be such that
T(X) is a comlete subspace of M and P;(X) C T(X), i =1,2. Let us then
assume that the following conditions are satisfied

(1) Foreachu e T(X)
(2.1) Pi(z)=P(y), Yz,y € T, i=1,2

(i) Foranyz,ye X
(2.2) H(Py(z), Pa(y)) <

< ®(d(Tz,Ty),d(Tz, Pi(<)),d(Ty, Pa(y)), d(Tz, Po(y)), d(Ty, P1(<))),
where the function ® satisfies the conditions (®1) and (®2).

(iii) Let B > Lyug € T(x),uy € Pi(T tug), and let {t;} be a sequence of
nonnegative real numbers which is defined by

tg = 0, t1 > d(ug,ul), }

2.
(2:3) bk = te+ 9(B(tk — te-1)), k=1,2...
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where ¢ is the function which appears in the condition (®3). If ti —
t. < oo (k— ), then T, P, and P, have a coincidence point, that
18, there ezxsists ¢, € X such that

Tz, € Pi(z.) N Py(z4)-

Proof. First we define the mapping F;,: = 1,2 as follows:
Fi : T(X) — CB(T(X)),u — P{(T 'u).

By condition (i) we have

(2.4) Fi(u) = P(T'w) = P(z), Vz € T 'u.

By condition (ii) and (2.4), for any u,v € T(X) and any z € T 'u, y €
T~1v we have
H(Fi(u), F3(v)) = H(Pi(2), Pa(y)) <

(2'5) < Q(d(u, ’U), d(u, Fl(u)), d(vv F2(v), d("’, F2(v)), d(v, Fl(u)))

Therefore by using condition (iii) and Lemma, for the given 8 > 1, ug €
T(X), w1 € Py(T'u) = Fi(uo) there exsists ug € F(u;) such that

d(u1,uz) < B+ H(F1(uo), Fy(w1))-
By using Lemma again there exsists ug € Fi(ug) such that
d(uz, ua) < - H(F3(w1), Fi(uz))-

Continuing in this way we can produce a sequence {u,}32, C T(X) such
that

(2.6) d(u2n+Al, u2'n-) S ﬂ ° H(F](’UQ-,,,), FZ("’?n—l)), n= 1, 2, [
d(Uont2, Uant1) < B+ H(Fo(ugntr), Fi(uzs)), n=0,1,2,..

Now we prove that the following inequalities are true:

d("ZnaFl(u2n)) S d(u2n—1,u2n)7n = 1,2,"" }
d(uont1, Fo(tont1)) < d(ugn, uany1,n =0,1,2...

Uon+1 € Fl(u2n), Uony2 € F2(u2n+l), n = 0, 1,2, }

(2.7)

In fact, it follows from (2.5) and (2.6) that

d(tgn, F1(ugn)) < H(Fy(u2n-1), Fi(uan))
S Q(d(’u'?n, u2‘n.—l)7 d(U2n, Fl(u2‘n.))7 d(U2n_1, u2'n.)7 07
d(u2n—1,%2n) + d(u2n, F1(u2,)))-
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If d(uan, Fi(uzs)) > d(tu2n—1,u2,) then we have
d(ti2n, F1(uzn)) < @(d(uzn, Fi(uzn)) < d(uzn, Fi(uz,)),
this is a contradiction. Therefore we have
d(u2n, Fi(uzm)) < d(ugn—1,u2,), n : 1,2,....

In the same way we can prove that the second inequality in (2.7) is true.

Next we show by induction that

(28) d(uJ’ u.‘i—l) <pg- (tj - tj—l)’ 7=12,...
In fact, by assumptions it is obvious that (2.8) is true for j = 1. Suppose
that (2.8) is true for 7 = k, and now we prove it remains true for j = k4 1.
If k£ is even, from condition (2.3), and (2.5), (2.6) we have
d(ukt1, uk) < B - H(Fi(uk), Fa(uk—1))

< B - ®(d(uk, uk—1), d(uk, uk-1), d(vr—1, 4k ), 0, 2d(ur—1, ux))
< B-w(d(uk, up—1)) < B-p(B(tk —th-1)) = B - (trs1 — &)

If £ is odd we can prove that the same inequality remains true. This
comletes the proof of (2.8).

Since ¢ — t, < 0o , hence for any positive integers k, m we have

k4m-1 k+m—1
Aupmsue) < Y dwjpn,u) <6 Y (tie1 — ;)
j=k i=k
= B (tkgm — k)

This implies that {u,} is a Cauchy sequence of T(X). By the completeness
of T(X) we can suppose that u, — u, € T(X).

Now we prove that u, is the common fixed point of F; and F3. In fact,
we have

d(u*, Fl(u*)) d(u*y u2n) + d("Zna Fl(u*))
d(u*, 'U'Z'n,) + H(FZ(UZn——l), Fl(u*))
d(tx, Un) + P(d(ts, U2n—1), d(Us, F1(24)), d(U2n—1, U2n),

d(tx, Uzn) + d(tu2n, Fauzn-1)), d(tan—1, ) + d(ts, Fi(u)))

IN N CIA
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Letting n — oo on the right side and nothing the upper semi-continuity of
" ® we have

d(t, Fi(wa)) < 9(0,d(t, Fi()),0,0,d(1,, Fi(14)))
< o(d(us, Fi(u.))).

Hence we have d(u., F1(u.)) = 0. That is u. € Fj(u.).
Similarly, we can prove that u, € Fy(u.) i.e.
s € Fy(us) N Fouy).
By virtue of (2.4), for any z, € T'u, we have
Tz, = us € Fi(u,) N Fo(us) = Pr(ze) N Pa(z.)

This implies that each z, € T 'u, is the coincidence point of T, P, and P;.
This completes the proof of Theorem 1. O

Theorem 2. Let Py, P,: X — CB(M) and T : X — M be such that T(X)
is a complete subspace of M and Pi(X) C T(X),i = 1,2. Let us further
assume that the conditions (i) and (ii) of Theorem I are satisfied, where the
function ® satisfies the conditions (®,) and (®3). Then the conclusion of
Theorem 1 still holds.

" Proof. Taking to = 0,up € T(X),u; € Pi(Tuo),t; > d(uo, u1) we define a
sequence of nonnegative real numbers {t;} as follows:

(2.9) tep1 =t +7- I} (tk - tk—l), k=1,2,..,

where 7 is a constant which appears in condition (®3),7y € (0,1), and 8 >
1,7 - B < 1. It follows from (2.9) that

g1 —te = 7Btk — thy) = -+ = (v - B)*tq,
and
k f
Iim . = It t; —t; )= ———— ]
i b= fim D (b~ tir) = g < o0

This shows that condition (iii) of Theorem 1 is true. Hence the conclusion
of Theorem 2 follows from Theorem 1 immediately.O
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Corollary 1. Let P, P, : X - CB(M), T : X — M be such that T(X) s
complete subspace of M, P;(X) C T(X), ¢ = 1,2. Let us further assume that
the condition (i) of Theorem 1 and the following condition (iv) are satisfied:

(iv) For anyz,y€ X

H(Pi(z), P2(y)) < q-max{d(Tz,Ty),d(Tz, Pi(z)),d(Ty, P2(y)),
2.

where q € (0,1). Then the cunclusion of Theorem 2 still holds.
Proof. Taking
1
®(t1,19,t3,t4,t5) = ¢ - max{ty, 2, 13, §(t4 +t5)},

we have
®(t,t,t,at,bt) =q-t,

where a,b = 0,1,2, and a+ b = 2. Therefore it satisfies conditions (1) and
(®3), and the conclusion of Corollary 1 follows from Theorem 2. O

Corollary 2. Let P: X - CB(M), T : X — M be such that T(X) is a
complete subspace of M, P(X) C T(X). Let us further assume that there
exists g, 0 < g < 1, such that the following holds

(v) H(P(),P(y)) < q-d(Ta,Ty), Yo,y € X.

Then T and P have a coincidence point in X.

Proof. Taking P = P, = P, in Corollary 1. and using condition (v) we
see the condition (iv) is satisfied. Moreover, for any u € T(X) and any
z,y € T~'(u) it follows condition (v) that

H(Pz,Py) < q-d(Tz,Ty) = q-d(u,u) = 0.

This yields P(z) = P(y), Vz,y € T-lu. Therefore the condition (i) of
Theorem 1 is satisfied. Hence the conclusion of Corollary 2 follows from
Corollary 1.
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Remark 1. Theorem 1, Theorem 2 and Corollary 1 can be extended to the

case that {P;} is a sequence of mapings. For the sake of saving space we
omit the statement here.

Remark 2. Theorem 1 improves the results of [11] and [4]. Theorem 2 is
an improvement and generalization of some of the main results of [6, 3, 7, 1].

Remark 3. Corollary 2 is first proved in [6]. Here we obtain it as an
immediate consequence of Corollary 1. Even in such a simple case it still
generalizes the results of [7] and [1].

3. Coincidence Theorems for Single Valued Map-
pings

Theorem 3. Let X be an arbitrary nonempty set, (M,d) a metric space.
Let P: X - M and T : X — M be such that T(X) is a complete subspace
of M, P(X) C T(X). Let us further assume that the following conditions are
satisfied

(i)  for each u € T(X)
(3.1) P(z) = P(y), Vz,y € T '(u);
(i) for a given € > 0 there exsists §(¢) > 0 such that for T,y € X

1
¢ < maz{d(Tz,Ty),d(Tz, Pz),d(Ty, Py), —2—[d(T:c, Py) + d(Ty, Pz)]) -
< €+6

implies d( P(z), P(y)) < ¢.

Then there exists an z, € X such that Tz, = P(z.) and for all u €
T(X),(PT7V)"(u) — Tz,

Proof. Define a mapping F as follows:
T(X) = T(X), u— (PT™")(u).

In view of condition (i), for each u € T(X) we have
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(3.2) F(u) = (PT7")(u) = P(z),¥z € T} (u).

Now we prove that for given ¢ > 0, there exsists a é§(¢) > 0 such that for
any u,v € T(X)

1

e < max{d(u,v),d(u, F(u)),d(v, F(v)), 3

(33) < €+

[d(u, F(v)) + d(v, F(u))]} <

implies d(F(u), F(V)) < €
In fact, for any u,v € T(X) and any z € T~ !(u),y € T~(v), from (3.3)
and (3.2) we have

e < wax{d(Ts,Ty),d(Tz, P(z)),d(Ty, P(y)), }|d(Tz, P(y)) + d(Ty, P(2))]}
< £+46.

By condition (ii) we have
d(P(z), P(y)) = d(¥(u), F(v)) <e.

Therefore the conclusion is true. By using Theorem 4 of [10] there exsists a
unique u, € T(X) such that u, = F(u,), and for any u € T(X) the iterative
sequence F"(u) — u, (n — 00). Hence for any z, € T lu,, it gets

Tz, = e = F(u,) = (PT Y)(u,) = P(z.),

and
(PTY)"(u) = F*(u) — Tz*,n — 00.
This completes the proof of Theorem 3. O

Remark 4. Theorem 3 generalizes the main results of Park [9]. By virtue
of Theorem 3 we can obtain the following results.

Theorem 4. Let (M,d) be a metric space, [ a self-mapping on M and
a,3,| a|#| B | two arbitrary real numbers. Denote

T =aly+pf,P=pIm+af,

where Ips is the identity on M, and assume that P(M) C T(M) and T(M)
is a complete subspace of M. Then assume the following condilions are sat-

isfied:



On the coincidence theorems and a generalization of . .. 19

(i) For each u € T(M)

P(z) = P(y), Vz,y € T (u)

(i1) For a given € > 0, there exsists 6(¢) > 0 such that for x,y € M
1
e < max{d(Tz,Ty), d(Te, P(z)),d(Ty, PW)). 5[d(Tz, P() + d(Ty, Pa)]}
< €446

implies d(P(z), P(y)) < €.

Then there exists a unique fized point =, of f in M , and for u €¢ M the
iterative sequence f*"(u) >z, , m— 00 .

Proof. Taking a =1, =0 wehaveT = Iy, P+ f, and f(M) C M.
By Theorem 3 there exists z, € M such that z, = f(z.), and for any
veM, ff(u)—z., n—o00 .0O '

Remark 5. Theorem 3 extends the results of Park [9] and Meir-Keeler [5].

4. Coincidence Theorem on Locally Convex Lin-
ear Topological Spaces A Generalization of Ka-
kutani-Ku Fan’s Theorem

Theorem 5. Let X be an arbitrary nonempty set M a locally conver Haus-
doff linear topological space . Let P : X — CL(M) ( the family of all
nonempty closed sets of M) and T : X — M be such that P(X) C T(X)
and T(X) is a nonempty compact convex set of M. Next assume the follow-
ing conditions are salisfied.

(i) For allu e T(X)

P(z) = P(y), Vz,y € T_l(u).

(i1) For each z € X, P(z) is a nonempty closed convex set of T(X).
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(111) The set
U {(wy), ye P(T™'v)}

u € T(X)
is closed set of M x M.

Then there exsists z, € X such that Tz, € P(z.).

Proof. We first define a mapping F as follows:

F:T(X)—- CL(T(X)), uv— P(T ).
By condition (i) we have .
41 F(u) = P(T"'u) = P(z), ¥z € T~\(u).

By condition (ii) for each u € T(X), F(u) is a nonempty compact convex
subset of T'(X).
By condition (iii) the graph of F

Graph F = |J {(,9), y € F(u) = P(T"'u)}
ueT(X)

is a closed set of M x M. It follows from Ky Fan’s theorem (cf.[2]) that there
exsists a u, € T(X) such that u. € F(u,). Therefore for each z, € T 'u,,
from (4.1) we have

Tz, = uy € F(u,) = P(z.).

This completes the proof of Theorem 5. O
Remark 6. Take X = M, T = Ip; in Theorem 5 and asssume that M

is a nonempty compact convex Hausdorff linear topological space, then the
famous Kakutani-Ky Fan’s theorem is obtained.
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REZIME

O NEKIM TEOREMAMA KOINCIDENCLJE I UOPSTENJE
KAKUTANI-KI FANOVE TEOREME

Dokazane su teoreme koincidencije koje nopstavaju teoreme koincidencije
[11, 9, 6, 3] i prosiruju teoreme o nepokretnoj tacki za viseznatna preslika-
vanja iz [7, 4, 1] i jednoznaéna preslikavanja iz [5]. Takodje je dokazano
jedno uopstenje poznate Kakutani-Ki Fanove teoreme.
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