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Abstract

In this paper a generalization of S. Itoh’s fixed point theorem in
probabilistic metric spaces is proved.
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1. Introduction and Preliminaries

In [3] Sh. Itoh proved the following fixed point theorem.

Theorem A. Let (X,d) be a complete metric space, A a condensing map-
ping of X into C B(X). Suppose that there is a nonempty bounded subset K
of X such that A(K) is bounded and inf ,cx d(z, Az) = 0. Then there ezxists
a fized point z € K of A.

In this paper a generalization of Theorem A in probabilistic metric spaces
is proved.

First, we shall give some definitions and notations.

By A we shall denote the set of all distribution functions # such that
F(0) = 0 (F' is a nondecreasing, leftcontinuous mapping from R into [0, 1]
so that sup_cgr F(z) = 1).
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The ordered pair (S5,F) is a probabilistic metric space [5] if S is a
nonempty set and F : § x S — A(F(p,q) is denoted by F,,, for every
(p,q) € S x 9) satisfies the following conditions:

1. Fyu(z) =1, forevery z > 0= u = v(u,v € 5).

2. Fyu(z)=1and F,,(y)=1= F,,(z+y) =1for u,v,w € § and
z,y € RT.

A Menger space is a triple (S, F, T), where (.9, F) is a probabilistic metric
space and T is a {— norm [5].

The (e, A)— topology in 5 is introduced by the family of neighbourhoods
given by

U = {Uy(€,A) }u,e,\)esxR+x(0,1), Where
Up(e,A) = {u; Fyo(e) > 1 - A}

If t— norm T is continuous then § is, in.the (¢, A) topology, a metrizable
topological space.

Let (S, F) be a probabilistic metric space. In [1] the notions of proba-
bilistic diameter and the Kuratowski function is given.

Definition 1. Let A be a nonempty subset of S. The function D 4(-), defined
on R by

D4(u) =sup inf F,4(s), ue R,
s<u P9€

is called the probabilistic diameter of the set A and the set A is probabilistic
bounded if and only if

sup Da(u) = 1.
veR+

Definition 2. Let A be a probabilistic bounded subset of S. The Kuratowsk:
function ay : RY — [0,1] is defined by aa(u) = sup{e; € > 0, there is a
finite family {A;}jes in S such that A = |J;c; A; and Da,(u) > ¢, for every
JjeJ}.

The Kuratowski function has the following properties:
1) g € A

2) as(u) > Da(u), for every u € RY.

3)0 £ AC BCS = as(u)> ap(u), for every u € RY.
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4) agup(u) = min{aa(u), ap(u)}, for every u € R*.
5) aa(u) = az(u)(u € R*), where A is the closure of A.

6) aa = H <= A is precompact, where

0, z<0
H(z):{l z > 0.

The function 84 : Rt — [0,1] is defined by
_ Ba(n) = sup{g € > 0, there exists a finite subset Ay of § such that
Fp a,(u) > €} where

F4.p(u) = sup inf sup Fz (),
s<u TEA y¢

for probabilistic bounded subsets A, B C S.

Let (S,F) be a probabilistic metric space, K a probabilistic bounded
subset of S and A: K — 25\ 0. If A(K) is probabilistic bounded subset of
S and for every B C K :

YaB)(®) < vB(u), for every u > 0 = B is precompact,
where yg is ap or g for B C S then we say that A is densifyng on the set
K in respect to the function -~y.

If A:S — 25\ 0 by Fiz(A) we shall denote the set {z; z € S, z € Az}.

By M we shall denote the set of all functios m : Rt — R*, which are
continuous and m(0) = 0. If m € M satisfies the condition m(t + s) >
m(t) + m(s)(t,s € Rt) we say that m € M'.

V. Radu proved the following result.
Theorem B. Ift— norm T is such that T > Ty, where Ty is an Archimedean

t— norm with the additive generator f, then by

dimy ma (P, 9) = sup{u; u > 0, my(u) < f o F, o(ma(u))}

(p,g € §; mq,my € M') a metric on Menger space (S, F,T) is defined and
dny ;m, mduces the (€, A\)— topology on S.

Theorem 1. Let (5,F,T) be a complete Menger space with a continuous
t— norm T,A: S — CB(S) a closed mapping and there ezists a nonempty
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probabilistic bounded subset K of S such that A(K) is probabilistic bounded
and the following conditions are satisfied:

a) There exist mq,my € M and a decreasing function f : [0,1] —
[0,0] (b > 0) such that

i 1 : > > =
xlgg ylEn):z sup{u; u >0, fo Fy,(my(u)) > mq(u)} = 0.

b) The mapping A is densifyng on K in respect to vy, where v € {e, 8}
Then Fiz(A) # 0.

Proof. From a) it follows that for every n € N there exists z,, € K and

Yo € Az, so that

(1) sup{u; u > 0, f o Fy_ . (ma(u)) > mi(u)} < 27"

From (1) it follows that

(2) foFy, 4u(ma(27™)) < my(277).

We shall prove that (2) implies that for every € > 0, lim, o0 Fr,, 4. (€) =
1, which means that for every € > 0 and A € (0,1) there exists ng(e,A) € N
so that 1%, ,.(¢) > 1 — A, for every n > ng(¢, A). Since m; is continuous and
m1(0) = 0 there exists ng(b) € N so that mq(27") < b, for every n > ng(b).
Then, for n > ng(b), from (2) it follows that

Fopya(ma(27)) > £ [ma(27)].

Let n1(¢, A) € N be such that
m1(27") < f(1 = A), ma(27") < ¢, for n > ny(e, A).
Then

Fopyn(€) 2 Fopgu(ma(27)) > f71ma(27%)] > 1A

for every n > ny(e, A, b) = max{ng(b), n1(e, )} which means that limp_o0 Fy,, 4. (€) =
1.

We shall prove that

V{znneN} = V{ynineN}-



A generalization of S.Itoh’s . .. ) ‘ 5

In fact, we shall prove that

Y{ynin€N} < V{znneN}

which means that for every u > 0 :
3) VonineN)(®) < ViznmeN)(1)-

First, we shall suppose that 7y = . Inequality (3) holds if for every
O<e<u:

(4) ﬂ{yn;nEN}(u - €) < ﬂ{xn;nEN}(u)’

since f is leftcontinuous. If By, neNy(u—€) = 0 then (4) holds and we shall
suppose that B¢, ..eNy(z —€) > 0.
Let r < ﬂ{yn;néN}(“— €). Then there exists a finite set Ay C .S such that

sup inf max F,, .(s) > .
s<u—en€N z€A; Yn z( )

which implies that inf, N max,ec4 P Fy, :(u —€) > r and so for every n €
N, max,ea, Fy, (2 —€) > 7.

Let z, € Ay be such that Fy, , (v —¢€) > r, for every n € N. Let
6 € (0,7). From the continuity of T' and relation T'(1,7) = r it follows that
there exists § € (0, 1) such that

1>s>1-8=T(s,r)>r—6.

Since imy, o0 Fr, 4, (5) = 1 there exists ng(e, &) € N so that Fy,, ,, (%) >
1 — &, for every n > ng(e,d). From this it follows that

€ €
Fl‘nyzn(u - 5) Z T(Fxn|yn(§)’ Fynxzn(u - €)) Z
T(Fapn(3),7) > 7 = 6
for every n > ng(¢,d). This implies that
=8 < Blgpinzng () (W) =

ﬂ{xn;nEN}(u) .
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Since 6 is an arbitrary number from (0,r) it follows that B¢, ..eNy > T
Hence (4) holds.

Similarly, 8, .neN} %) < BiynineN}(u), for every u > 0 and so
ﬂ{y";nEN}(u) = ﬂ{z";nGN}(u)a u > 0.
Since {yn;n € N} C U, eN AZx it follows that
. ﬂU"GN A:L‘n(u) S ﬂ{yn;nEN}(u) = ﬂ{l‘nQ"‘EN}(u)

for every u > 0. From b) it follows that {z,;n € N} is compact i.e.
there exists a convergent subsequence {z,, };cN. If z = limg—o 2, then
limg 00 Yn, = 2z and since y,, € Az, (k € N) and A is closed we conclude
that z € Az. Let ¥ = a. We shall prove that for every u > 0 :

(5) Yz, meN}¥) = Ay, meN}(¥).
Let € € (0,u) and ayy, ..eNy(u — €) > 0. We shall prove that
ynineNH ¥ — €) < oz neNy ()
Let 7 < é‘{y,,;neN}(u — €). Then there exists Ay, Ag, ..., A, C S so that:

{yn;n € N} = Uj_, Aj, Da;(u —€) > r, for every j € {1,2,...,n}. Then
infryea, Foy(u—€) > 1 and so Fyy(u—€) > r, for every z,y € Aj.

Let & be an arbitrary number from the interval (0,7) and § € (0,1) such
that B
1>2u,w>1-6=T(u,T(r,w)) >r— 4.

Since the mapping (u, w) = T(u, T(r,w))is continuous and T'(1,T(r,1') =
r such a number § exists. Let for every j € {1,2,...,n}:

B; ={z Fl’y(i) >1—§, for somey € A;}.
If ny(e,6) € N is such that
Fxn,yn(i) > 1—4§, forevery n > ny(e,d)

then .
{znin > ma(e,8)} € | B;.
=1
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We shall prove that

sup inf Fp,(s)>r—4.
S<Ex7y€B y( )

If z € B; and y € Bj, then there exists Z € A; and § € A; so that:
€ < € -
Fx’i(Z) >1-4, Fy’g(z) >1-4.
Since Fzz(u — €) > r we have that
€ € €
F"”:‘y(u - 5) 2 T(F(E,(E(Z)') T(Ff":g(u - 6)7 ngy(Z))) 2

€ €
> T(Foal(5), T(r, Fyg(5)) > 7 = 8
which implies

sup inf F, (s)>r—§6
s<u x7y€BJ

and so
a{l‘n;nan((,g}(u) >r—4.

Since oz, eN}(u) = a{znm>n1(6‘5)}(u) we obtain that
a{a:n,nGN}(u) 2 T.

Hence
0y meN ) < 0 neNy(2)
for every u > 0 and similarly
a{zn;nGN}(u) < a{yn;nEN}(u)'
So, we proved that
a{zn;ﬂGN}(u) = a{yn;nGN}(u)
for every u > 0. The rest of the proof is as in the case v = (.
Corollary 1. Let (S,F,T), T, A and K be as in the Theorem so that in-

stead of a) we have that

(6) Jgﬂyg‘fz sup{u;u>0,1—u> F, y(u)} =0.

If b) holds then Fiz(A) # 0.
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Proof. The Corollary follows from the Theorem if we take that mq(s) =
ma(s) = s, for every s > 0 and f(s) = 1 — s, for every s >-0.

We can prove Theorem A using Corollary 1. It is well known that (X, d)
may be considered as the Menger space (X, F, min), where F is defined by

0, d(zvy) >u

_ +.
Fz,y(u)—{ 1. d(z.y)<u (ueR7;z,y€ X)

and the (¢, A) topology is the same as the topology induced by the metric
d. From the condition inf ¢k d(z, Az) = 0 it follows the existence of two
sequences {Z,}neN and {Yn}nen(zn € K, yn € Az,, n € N) such that
im0 d(Zn,¥n) = 0. Then for every u > 0 there exists no(u) € N such
that Fy, ,.(u) = 1 for every n > no(u).
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REZIME

GENERALIZACLJA TEOREME O NEPOKRETNOJ TACKI S.
ITOHA U VEROVATNOSNIM METRICKIM PROSTORIMA

U ovom radu je dokazana generalizacija teoreme o nepokretnoj tacki S. Itoha
u verovatnosnim metrickim prostorima.
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