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Abstract

A numerical solution of a semilinear singularly perturbed boundary
value problem is considered. After some transformation the problem
is solved by a standard difference scheme on a equidistant mesh in
combination with the solution of the corresponding reduced problem.
Some numerical results are given to demonstrate the efficiency of the
method.
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1. Introduction

In this paper we shall consider the following singularly perturbed boundary
value problem:

(1) " +e(z,u) =0, zel=10,1],

u(0) = u(1) =0,

1This work was supported in part by the U.S.-Yugoslav Joint Found. for Scientific and
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where € € (0,¢0),¢0 < 1, is a small perturbation parameter. We assume
that the following conditions are satisfied:

(2) c€ CXI x R),

0<v? <cy(z,u)<T, (z,u)elxR.
The function ¢(z,u) and real numbers ¢, v, ' are given.

Numerical treatment of problem (1) was considered among the oth-
ers, in Bakhvalov [1], Boglaev 2], Herceg [6], (7], Herceg and Petrovié [8],
Herceg and Vulanovié [9], Herceg, Vulanovi¢ and Petrovi¢ [10], Pearson [15],
Petrovié [16], [17], Vulanovi¢ [18], [19] and Vulanovi¢, Herceg and Petrovié
[20]. This problem occurs in the study of chemical catalisys, fluid mechanics
(boundary value problems), elasticity, quantum mechanics and fluid dynam-
ics.

It is well known that under given conmditions there exists a unique
solution u, € C*(I) to (1) which in general displays boundary layers at
z = 0 and z = 1 for small ¢, [1], [2], [5], [10], [12]. The corresponding
reduced problem c¢(z,u) = 0 has also a unique solution ug € C'*(I) which in
general does not satisfy the boundary conditions. For the solution . of (1)
it holds:

M(1+ et exp(—yz/e)), 0<2<05,
| uld(z) |< i=0,1,...4.
M1+ e texp(—y(1 —z)/e)), 05<z<1.
(3)

Here and throughout the paper M denotes any positive constant that
may take a different values in different formulas, but that are always inde-
pendent of ¢ and of discterization mesh.

In this paper we shall talk about a numerical solution of problem (1)
which consists of ug(z) for € [s,1— ], s € (0,0.5) and numerical solutions
to problems

(1) — 0"+ e(z,0) =0, z€][0,s],
v(0) =0, v(s) = ug(s),

(5) —Ew” 4+ e(z,w)=0, z €[l -s,1],
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w(l—s)=up(l—3s), w(l)=0.

A choice of s is deseribed in the section 2.

From now on we consider a numerical solution to (1) on [0,0.5]. A nu-
merical solution on [0.5, 1] can be constructed in a similar way.

Let z = A(t), p(t) = 1/M(t) and w(t) = e/ p(t)v(A(t)). After simple
calculations we reduce (4) to

Qpp’ — p'? 1 w
6 —w" + w+ c(A(t),—
®) w0 e,

w(0) =0, w(a)=ey/p(a)v(s),

where a is taken so that s = A(«). If we define

)=07

M= 2, 0<t<a,
qg-t
with ¢ = 0.5, o = ¢ — ¥a¢, we have
ac
= A = w0 - 2 .
s (a) = 5 — (0.5 — /ae)

Here a is an parameter chosen so that s € (0,0.5), i.e. ae < 1/8.

It is easy to calculate that

V@)= g

acqu(t) = (¢ - 1)%, aequ'(t) = —2(q — 1), aequ(t) = 2,
2u"(t)p(t) - p'(t)* = 0.

Now, from (6) we obtain

(7) —w" 4 ?qq‘_/'z_g)’; (M%), ?%) =0,

w(0) =0, w(a)= e/ p(a)uo(s).

Let I, = {t; = th : i = 0,1,...,n} be the discretazition mesh with
n € N, h = af/n. On I, we solve (7) numerically using a second order
difference scheme. If we denote this solution by w* = [wp, wy, ..., w,]T, than

| w(t;) —w; |< MR, i=0,1,..,n,
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where w(t) is exact solution of (7).

Since w(t) = €4/u(t)v(A(t)) we define the numerical solution »* =
[v0, V1, - 0] T to (4) as

1
e/ p(ts)

So, we obtain v; as the numerical solution of the problem (1) at points
A(th), © = 0,1,...,n. The existence of v(t) and the following estimate

v; = wy, 1= 0, 1,...,71,.

(6) | ue(z) — v(z) |< M(exp(—7s/e)+€*), z€[0,s],

follow from the inverse monotonicity of (4) under assumption (2), see [12],
[18]. For s < z < 0.5 we approximate u.(z) by ug(z) and it holds

(7) | 1e(2) — u0(2) |< M(exp(—s7/6) + &), 2 € [5,0.5].
Using (9) and (10) we prove
| ue(z) —u(z) |< M(R?4+¢*), z€l,U[s0.5],

where

(8)

u(z) = v; for z =z; €1y,
~ | ue(z) for z €{s,0.5],

where
I, ={A(zh):i=0,1,..,n}.

Our numerical results are obtained by solving boundary value problems

which were considered in many papers: [3], [5], [19], [20]. These results show
that the theoretical order of convergence is also established numerically.

2. The numerical method

We use the discretization mech from the previous section, i.e. on the interval
[0, a] we place the uniform mesh

. . !
t;=th, 1=0,1,...,n, h=—.
n
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To approximate w(t) on this mesh we define a mesh function
wh = [wg, wy, ..., w,)T as the solution of a system of finite - difference equa-
tions

(12) —h" 2 (wjpr — 2wj + wip) + f(t,w;) =0, 5=1,2,..,n—1,

wo =0, w, = ey/p(a)ug(s),

) = L0,/ 4 ).

The resulting difference equations (12) are in general nonlinear and we
shall emplay iterative methods to solve them. Since

2 0y = VT By L [

where

Oz C(g-1)3 e’
we have
of
< = < O
0< Q* >~ 6$(t’x)— Q 3
where

aZ~? . agPy?
Q* - q2 ’ - (a€)3/4

Now, in order to solve (12), we can apply the functional iteration scheme or
Newton’s method from [11].

Theorem 1. Suppose that conditions (2) and (3) are satisfied. Then the
numerical solution w" of the difference equations (12) and the solution w(t)
of the boundary value problem (7) satisfy

| w(t;) — w; < Mhz, i=0,1,...,mn

Proof. In the same way as in [11] we can prove that

i) — < i | =
| w(t]) w] | M1<I{1<a'72{ 1 I TJ(w) |3 J Oala s

where
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To end of dur proof we need prove

| w™(t) < M, tel0,a].

From
w(t) = ev/uDo(A(Y)
we obtain
. 3a2q? ale?q?
w*(t) = \/%quz) VW) + —F OO+ Lo )

Since for: =0,1,2,3,4
|09(t) < M(1+ € ezp(D)), t € 0,05,

we have

8aeq alelq?

w® € _a2dq? 12
S (t)lsM\/ﬁ q[(q—t)5+(q—t’)6+(q-t)7

+

}2(12250) + 8aqzs(t) + a®q*z(t))],

with
exp(—2%)

= <o keN

zi(t) =
It is easy to show

z(t) € z42(t), t€[0,a], k€N,

2} (t) = 0 if and only if k(¢ — t) = agy. So, we have for t € [0, «
k

0 < z(t) < zi(q — —"'l - (e_;; k€N,
i.e.
(14) - zk(t) < M, tel0,a], ke N.
From

g—t>q—a=Jae
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it follows
1 K3,
(15) G=1F S < (ae)” k € N,
and
1 ae

< .
G- 0F = (g-ppr EN

Using this we conclude

| w(t) |< M\/ga 2[12 4 8¢ + ¢* )( t)5
+(12 4 8aq + a*q*)z:(1)],
. c ¢2
(16) | w(t) [< M\/%(@'_—t)? + 272(1)),
| w(t) |< M\/g(e‘/3 +M)< M.

Theorem 2. Let us suppose the conditions (2) and (3) are satisfied. Then
the numerical solution v* = [vy, vy, ..., v,]T, with

and ezact solution v(t) of the boundary value problem (4) satisfy

| v(A(t)) — v |< MR2

Proof. As in proof of Theorem 1 we have

fw(t;) —wj |< A? m[a,x]|w Y(t)| -
0

Using (14) (15) and (16) we obtain

a_q_wLKth
€ q—t;

| v(A(t;)) —v; |< MA%. O

i.e.
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Theorem 3. Suppose the conditions (2) and (3) are satisfied. Let u, be the
solution to problem (1) and let u be defined by (11). Then holds

| ue(t) — u(t) |[< M(h® + %), te I\ U[s,05),

where
In={A(¢h):i=0,1,...,n}.

Proof.  From (9) it follows that (10) is valid for t € s,0.5). For t = A(¢h) we
have

| ie(8) = w(t) (<] welt) = o8) | + [ o(t) - vi [
Since, (8),

| ue(t) ~ v(t) |< M(exp(=s7/€) +€7), te€0,s],

and
s = 0.5a¢/ ¥ae — ae,
it can be shown s
exp(-1) < M&,
| ue(t) — v(t) |< M€,

From this and Theorem 2 it follows our statement. O

3. The numerical example

In this section we present the results of numerical experiments using the
scheme described in previous section. Qur example

—Eu" + u+ cos?(rz) + 2(er)? cos(27z) = 0,
u(0) = w(1) =0,

is often used in the literature to compare different codes. We also give the
numerical validation of the theoretical order of convergence for the scheme
discused in section 2. '

The solution of our problem is

exp(—z/€) + exp(—(1 — z)/¢€)

1+ exp(—1/¢) ~ cos’(wa),

u(z) =
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withy=1and T = 1.
We denote by E, the maximum of | u.(z) — u(z) |, z € I, i.e.

E, = max{] u(z) —u(z)|: ¢=0,1,..,n}.

Also, we define in the usual way the order of convergence Ord for two succ-
sessive values of n with respective errors E, and Fs, :

_log E, —log Ey,

Ord Tog 2

We expect that Ord = 2 for small €. In our calculation ¢ = 1. Table 1
contains E, and Ord for n = 2%, k = 2,3,...,10. For ¢ we take 27™,m =
9,10, ...,20. In the Table 2 we present a for different values of «.

Table 1.
n\€ o-10 9-12 9-14 9-16 9-18 2—2'0
4 [ 17760 (-2) | 1.301 (-2) | 1.934 (-2) | 2.255 (-2) | 2.396 (:2) | 2.455 (-2)
8 | 1.760 (-2) | 3.150 (-3) | 2.942 (-3) | 3.426 (-3) | 3.771 (-3) | 3.987 (:3)
0 2.046 2.717 2.719 2.668 2.622
16 | 1.760 (-2) | 9.119 (-4) | 7.209 (-4) | 7.636 (-4) | 8.086 (-4) | 8.315 (-4)
0 1.788 2.029 2.166 2.221 2.262
32 [ 1.760 (-2) | 9.119 (-4) | 1.702 (-4) | 1.798 (-4) | 1.886 (-4) | 1.924 (-4)
0 0 2.083 2.087 2.100 2.111
64 | 1.760 (-2) | 9.119 (4) | 4.120 (-5) | 4.381 (-5) | 4.554 (-5) | 4.664 (-5)
0 0 2.047 2.037 2.050 2.045
128 | 1.760 (-2) | 9.119 (-4) | 1.014 (-5) | 1.079 (-5) | 1.121 (-6) | 1.148 (-5)
0 0 2.023 2.022 2.023 2.023
956 | 1.760 (-2) | 9.119 (-4) | 8.300 (-6) | 2.676 (-6) | 2.780 (-6) | 2.847 (-6)
0 0 0.288 2.011 2.011 2.011
512 | 1.760 (-2) | 9.119 (-4) | 8.300 (-6) | 6.663 (-7) | 6.923 (-7) | 7.089 (-7)
0 0 0 2.006 2.006 2.006
1024 | 1.760 (-2) | 9.119 (-4) | 8.300 (-6) | 1.662 (-7) | 1.727 (-7) | 1.769 (-7)
0 0 0 2.003 2.003 2.003
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Table 2.

c 9=T0 9-12 o—11 9—16 9-18 9—10
a | 0.407870 | 0.437500 | 0.46627 | 0.475197 | 0.484375 | 0.490157
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REZIME

O NUMERICKOM RESAVANJU SINGULARNO
PERTURBOVANOG
KONTURNOG PROBLEMA 111

Nuimnericki se reava semilinearni singularno perturbovani konturni problem. Posle
odredjenih transformacija problem se reSava primenom standardne diferencne $eme
na ekvidistantnoj mrezi u kombinaciji sa redukovanim reSenjem. Numeri€ki primeri
ilustruju efikasnost predlozenog postupka i potvrdjuju teoretske rezultate.
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