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Abstract

The combinatory completeness of the typed theory of combinators
and the equality in expressive power of the typed theory of combinators
and typed A-calculus are proved.
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1. Introduction

Schonfinkel and Church introduced, in the 20’s and 30’s, two different formal
systems: the theory of combinators and the A-calculus, respectively. The
basic notion of both of these systems is the notion of function. Although
they dealt with the syntax of untyped theories, almost all of their work is
in accordance with the indroduction of types in these theories.

In this paper we shall introduce the formal system of typed combina-
tors and typed A-terms. The formalization of the untyped theories can be
found in [1], [2] and [3]. Then, we shall prove some results similar to the
already known results in untyped theories: the combinatory completeness
of the typed theory of combinators and the equality in expressive power of
the two typed systems.
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2. Typed )-terms

Let P be the language of implicational propositional logic. The formulae of
P will be called types.
The alphabet to the typed theory is determined by:

- for every a a denumerable set of variables of type a

Vary = {za, Yo, za,xa...},

- for every type a a denumerable set of constants of type a

1
Consty = {Caydas€nsCq---}

the operation of application,

the operation of A-abstraction,

- the left and right parenthesis.
Now, we ca;n be give a recursive definition of typed A — terms.
Definition 1.
1. Each variable z,,yg, ... and each constant c,,dg, ... is a term of type

a,f,..

2. If ta—p and s, are terms of type a — [ and o, respectively, then (ts)g
s a term of type 3.

3. If tp is a term of type B, then (Azy.t)amp is a term of type a — B.

We use t,, 83, ... as schematic letters for typed A-terms. The type of a A-term
will be denoted by its subscript as in ¢4, or by tp(t) = a.

Substitution and equality of typed A-terms are defined in [2]. There is
not much difference between the equality of typed and untyped A-terms.
The consequence of type introduction is: if t = s, then tp(t) = tp(s).
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3. Typed combinators

The alphabet of the typed theory of combinators does not have the opera-
tion of A-abstraction, but instead:

— for every type, a, and « there is a set of basic combinators

Oa,,B,'y = {Ia—ra; Ka—»([j—;q)a Sa—»(ﬁ—)y)—»(a—»ﬁ—;(a—vy)); Ba—»ﬁ—»('y—»a—r(’)'—’ﬁ))’
Coms (=)= (B (a~1) Warsps (ams(amst)) Wa(amp) (@) }-
Now, we can give a recursive definition of typed combinatory terms (c-
terms).

Definition 2.

1. Fvery variable z,,yg,... and every constant c4,dg,... is a c-term of
type a, 3, ...

2. FEvery basic combinator Iy, vors Wi (ns8)— (n—8) is a c-term of type
a—a,.,n—(n—0)—-(np—90).

3. If Xoup is a c-term of type a — B and Y, is a c-term of type a, then
(XY)g is a c-term of type S.

We use Xq, Yo, Zo, X1, ... as schematic letters for typed c-terms. The type
of a c-term will be denoted like the type of a A-term. A combinator is a
c-term formed only by the application of basic combinators.

The language of typed c-terms differs from the language of typed A-
terms because the last one has in its formalism the operation of function-
construction (abstraction). What is lacking in this definition ? We did
not get the ”instruction” how to construct a new c-term (function) from a
given one. This happened because the operation of function- construction
(abstraction) is lacking in the alphabet of c- term. This is the main difference
between the language of typed A-terms and the language of typed c-terms:
the A-abstraction, Az is a part of the formalism, while nothing similar, exists
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in Definition 2. So, the first thing to do is to define an abstraction | z, |
in terms of the existing language (not adding anything to the primitive
alphabet).

Definition 3. For a c-term Xz and a variable z, the c-term | z, | X3 of
the type a — [ is defined inductively:

(i) | 2o | Ta = Iasas
1) | 2o | Xa = Kg(aop)Xp tf To does not occur in Xg;
B—(a—B)2B 8
(iii) | 2o | Xamp = Xa—np if To does not occur in X,_;

() | 2o | Xposy¥5 = Sacs(pmrm)—ampr(amm)(| Ta | Xoory)(| 2a | Y5)
if we cannot apply (ii) or (iii).

To complete the introduction of this typed formal system we need the notion
of equality, so-called weak equality.

Definition 4. The weak equality is given with the following aziom-schemes:
(11) Ia—»aXa = Xou

(2k) Ka_,(ﬁ_,a)XaYﬁ = Xa,

(35) Sa—y(ﬁ—»q)—»(a—yﬁ—p(a—vy))Xa—»(ﬁ—vy)ya—»ﬁz = Xa—»(ﬁaq)za(yaﬂﬁZa)y '
(4B) Bg—»ﬁ—»(q—»a—»(—y—»ﬁ))xa—vﬁyy—»aZ’Y = Xa—»ﬁ(Ky—vaZ'y)v

(5C)  Cos(posy)—(B—(a—m)) Xam (=1 Y8 2o = Xa—(5—1) ZaYp;

o—r

- -1 —
(7W) Wa—»(a—»ﬁ)—»(a—»ﬁ)xa—»(a—vﬁ)ya = Xa_.(a_.ﬁ)YaYa,
(8) Xo=Xa,

and deductive rules:

(9) 7253



A note on typed combinators and typed lambda terms 323

(10) Xo=Ya Za:Za

Xa=Za ’

a—»ﬁ:X;_,p Yo=Y}

X
(1) —x = va=x1_v]

It is obvious that if the equality of ¢-terms X and Y, X =Y is deduced from
Definition 4, then tp(X) = tp(Y). The combinatory completeness proved for
the untyped theory in [3] can be proved for the typed theory also.

Theorem 1. The basic combinators
Ia—»aa Ba—»ﬁ——»(q—»a—»(w—»ﬁ))?

-1
Ca—»(ﬁ—vy)—»(ﬁ—»(a—vy)), Wa—»ﬁ—*(a—»(a—»ﬁ)) and Wa—»(a—»ﬁ)—»(a—»ﬁ)

can be expressed by the application of the combinators K and S of appropri-
ate types.

Proof.

I:1, ., X4= 7Xa
= KX (K?X)
tn(K') = a = (B o) = a), (k) =a = (8- a)
= SlKleX
(51) = a— (8~ &)~ a) » (a = (8~ @) = (a — a))

I..o = S'K'K? (in [Ste] I = SKK).

B : Ba—»ﬁ—»((»y—»a)—»(fy-yﬁ))Xa—%Y'y—raZ'y = Xa—»ﬁ(Y'y—mZ'y)
= K3XZ(YZ)

tp(K*) =a— 8- (y—(a—p))
= SYK3X)YZ

p(8?) =7 (a-B) (v )= (1—8)
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= K4S?X(K3X)Y Z

p(K*) =1-(a=B) = (=)= (r—=8)— (e > B)—> (v = (a—
B)=((v—=a)—=(r—8))

= S} K4SHK3XYZ

p(8%) =(a=B) > (1~ (a=B) - (1—oa)>(v—B8) > (a— B
(r—=(e=8)—={(a=ph)=((v—=a)=(v—8)

Ba—>ﬂ—>(‘y—>a—>(‘y—>ﬂ))) = 53(K452)K3 (in [Ste] B= S(KS)K)

C : Cas(pom~(—la—m) Kams(p-m Yo Za = X ZY
= XZ(K®Y Z)
tp(K®) =8 - (a — B)
= S4X(K°Y)Z
p(8*) =a->(B-7)—-(a=B—(a>7)
= BU(S*X)K°Y Z
tpBY) =a—fo(a—7)> B (a—=B)—(B—(x—17))
= BB'S4XK°Y Z

tp(B?) =a—-f - (a—>7)-> B (a->f) > (- (a—7)) > (a—
B-o9)—2(a=B—-(a—=y)m(a->B-o7)—> B - (a—
B)— (B (ax—17)))
= B?B'S4X(KSK°X)YZ

tp(K®) =B - (=)~ (a=(B—7)—> (B~ (a—h))
= 55(323154)(K6K5)XYZ

tp(8°) =a— (B—7) > (B - (a—=B) = (- (a>7) > (a— (8-
N->B-(a=pB)—(e=>B-7)—=B-(a>7)

C ans(Bov)=(f—=(asy)) = S5(B*B'S*)(K®K?®) (in [Ste] C = S(BBS)(K K)).



A note on typed combinators and typed lambda terms

W W aanp) Xa—pYaZa = XaospYe
= K'(XY)Z

tp(K7) = 8 — (a = )
= B’K'XYZ

tp(B%) = > (a—> )= (a— - (a—(a—§))
Wi (amampy) = BT

x—r

W : Wars(a—p)—(amp)Xams(a—p)Ya = XYY
= XY(I'Y)
tp(I}) = a— a
= SSXI'Y
tp(5%) =a—(a—f) = (a—>a—(a—f))
= SSXK®['XY
tp(K?) = a— a—(a—(a— f) - (a—a))

= STSS(KBIY)XY

325

p(8) =a—-(a-p) > (a>a>(a—f) (e (a—f) - (a—

a) = (a = (a— ) - (a - §)))
Wa_,(a_,ﬂ)_,(a_,ﬂ) = S7SG(K8I1).L—.I

4. The equivalence of the typed A-calculus with

the typed theory of combinators

We shall introduce two transformations. If ¢ is a typed A-term, then ¢°is a

typed c-term such that:

i) z==z
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(ii) (su)® = s«u°

(i) (Azq.8)° =| 24 lbsc.

Conversely, if X is a typed c-term, then X* is a typed A-term such that:

R >

i) =z To
(i) I2_, = Aoy

(iii) Ké_)(ﬂ_)a) = A\T,Y5.T
(iv) Séé(ﬁ—vy)*(a—»ﬁ*(a—vy)) = /\za_,(ﬁ_,,y)ya_,ﬁza.zz(yz)
(V) By pymamymp)) = ATamplymay-2(y2)
() € (mm)— (B (am)) = ALams(fmry)Up P27

(vii) Wa__lyﬁ_'(a_'(a_}ﬁ)) = AZomfYaZa-TY

(viii) Wo’}_'(a_)ﬁ)_'(a_'m = /\a:;,_,(a_,ﬁ)ya.zyy

(ix) (YZ)=Y*zZ\

Now, we can prove the equality in expressive power of these two typed
systems. This statement is similar to the one for the untyped theories in [3].

Theorem 2.

(i) For c-terms X, (X*)° =X and (| 7o | X)* = Azo. X
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(it) For X -terms t, (1°)* = t.
(iii) Forc-terms X andY, X =Y iff X =Y.

(iv) For A-termst and s, t = s iff t° = s°.

Proof. We emphasize that part of the proof which deals with the combina-
tors B,C,W~! and W, because it differs from the elementary proof with
I, K and S. For the basic combinators I, K and S we have, by Definition 3:

I:(I2_.)° = (Az20.2)° =| 24 | T = Inesq

K : (K(/:—b(ﬁ—ba))c = (Azayﬁ'z) EI Ia ” yﬁ l T
=|lzo | K2

tpK = a — (f - a)
= Koo (p-a)

5 1 (52 (py) s (ams)—(amsm) = (ATams(poy)Yampza-22(y2))°
El La—(B—) ” 2o | zz(yz)

E' Lo (B—9) || Ya—p | S(l ?a | :EZ)(I 2a l yz)
=| La—(B—) ” Ya—p | Szy
=S.

For the proof with other combinators, besides Definition 3, we use Theorem
1.

B: (Bé—vﬁ—v('yqa—Vy—»ﬁ)))c = (AZa_.ﬁy'y_,aZ'y.Z(yZ))c
= Samp | e 1| 2 1 2(52)

=| Tamp || Yy—a || Yy—a | S2(| zy | 2)(| 24 | y2)
=| 2aep || Yy—a | Sz(Ksz)y
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=| zonp | SU(K32)

= 5%(1 2ap | S?)(| 2as | K*5)
= S3(K4S?)K?

= B.

C: (C;\—%ﬁ—w)—»(ﬂ—»(a—w)))c = (/\:l:o,_,(g_,h,)ygzo,.a:zy)C
=| Zar(poy) 1| Y || 2o | T2y

| 2oy 1198 | S50 70 | 22)(] 2 | 9)

=| Tams (g 1l Y8 | S42(K5y)

=| zq (g || Y5 | BY(S*2) Ky

=| Zoo(gy) s | B?B'S4x K5y

=| Tos (g | B2B1§4zK°®

55(| Tams(g—m | B*BS*2)(| 2ams(poy) | K*)
= $5(B?B1SY)(KSK®)

=C.

W (WL o ampy)” = (ATamspYaza-2y)*

=| zap || Yo |l 2 [ 2y

=| 2amp || Yo | K (zy)

=| 2amp || Yo | B2 K 2y

=|zqwp | B3K "2

= B3K”

=w-L

W (W()’}_}(a_bﬁ)_b(m_bﬁ))c = (Aas(anp)Ya-TYY)°
=| Sacs(anp) || Va | 209

El Ta—a(a—p) | 56(' Yo I :cy)(l Yo | y)
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=| Toms(amg) | SCI!

= 57(] Tams(amp) | 5%2)(| Zams(ampy | 1)

= §7SS(KI) (iii) and (if)
=W.

Types of §%,53,54,55, 585,87 K3 K% K% K6 K7 K8 and I' are given in
the proof of Theorem 1. '
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REZIME

O KOMBINATORIMA SA TIPOVIMA I TIPIZIRANIM LAMBDA
TERMIMA

U radu je dokazana funkcionalna potpunost teorije kombinatora sa tipovima.
Pokazano je kako se funkcionalna apstrakcija moze definisati u formalizmu
kombinatora sa tipovima.

Uspostavljanjem dve transformacije izmedju klase tipiziranih A-terma i klase
kombinatora sa tipovima dokazano je da su dva sistema iste izraZajne modi.
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