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Abstract
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AMS Mathematics Subject Classifications (1991): 46F12
Key words and phrases: Asymptotic behaviour of distributions, quasi-
asymptotics, equivalence at infinity, S—asymptotics.

1. Introduction

In the last twenty years many aspects of asymptotic behaviour of distribu-
tions have been elaborated and applied. Between them are quasi-asymptotics
[2], equivalence at infinity [3] and S—asymptotics (shift asymptotics) [5]. In
the following, for the quasiasymptotics we shall refer to the book [9] and for
the S—asymptotics to the book [6].

The first theorem which gives a relation between the quasi-asymptotics
and the S—asymptotics has been proved in [2]. This theorem asserts: "If
f € &4 and has the S—asymptotics related to A%, @ > —1, h — oo, then
f has the quasiasymptotics of order ¢, as well. Later on, this theorem has
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been improved (see [9], p. 74). In case @ < —1 the situation is a little
different. In [4] one can find precise results for « = —1, but for a < —1
the obtained result includes the quasiasymptotic behaviour when the limit
equels zero, as well.

Our aim in this paper is to give relations between the S—asymptotics
and other two asymptotic behaviour with a unique method based only on
forthcoming relation (6).

2. Notion and definitions

D' is the space of Schwartz distributions. S’; is the space of tempered
distributions with the support in [0,00). The class of distributions f,, a €
R, belonging to &', are defined in the following way:

hm={9mﬁ””®%a>°

(1) 7 (), a<0,at+m>0,

at+m

where 8(t) =1, ¢t > 0; 6(t) =0, t < 0; the derivative is in the distributional
sense. (see [9], pp. 27 and 36).

By f(-™) we denote: f(=™) = f,. % f (+ is the sign of the convolution);

f—~ﬂ —_ 6("’), n Z N; fo =6 and fp * fq = fp+9‘

In the following we shall use the class of slowly varying functions. A
function L € L, is a slowly varying function at infinity if L(z) > 0, z >
a > 0 and if
(2) h]im L(ht)/L(R)=1, t>0.

—00
In a similar way we can define a slowly varying function at zero.

We know ([1], p. 16) that if Ly(z) — oo, £ — oo and L,, L, are slowly
varying, then L;(Lz) is slowly varying, as well. Hence, for z > —o0

(3) h]im L(z + h)/L(h) = Jim L(fnut)/L(fnu) =1, t > 0.

For any slowly varying function L we can construct another slowly vary-
ing function L, such that I, € Clo.0) and

(4) Tim Ly(h)/L() = .



Relation between quasiasymptotics, ... 3

Let w be a positive smooth function with the support in [-b,b}, 6 > 0, -
and [%° w(t)dt = 1. Then L, can be:

oo b
Lyi(z) = / w(z — t)L(t)dt = ./b w(—y)L(y + z)dy.

—00 -

By the property of L given in (3) it follows (4). Hence, if we know that a limit
of the form: klim f(kz)/L(k) exists, then the limit: Limy_, o f(kz)/L1(k)

exists, as well and the two limits are equal.

Definition 1. A distribution f € &'y has the quasiasymptotics in S’ of
order a if for every ¢ € S there exists the limit

Jlim < f(kt)/k*L(k), @(t) >=< Cfas1,9>, C#0.
We shall write in short: f % k*L(k) - C fas1.

One can give a more general definition of the quasiasymptotics in D’.
Definition 1°. A distribution T € D’ has the quasiasymptotics in D' related

to a locally integrable and positive function c(k), k > 0 with the limit U €
D', U #0, if for every ¢ € D there erists

lim < f(kz)/e(k),p(z) >=< U, >.

Definition 2. The distribution T is equivalent at infinity with Az>, A #
0, a € R, if there exist m € No (m + a > 0), a > 1 and a continuous
function F' or R such that T = D™F on [a,00) and F(z) ~ ACymnz™t™,
as z — 0.

A.Takadi in [8] gave a generalization of this definition replacing function
z* by z*L(z), a € (-N). H T is a regular distribution, then a can be
negative integer and T(z) ~ Az™"L(z), £ — oo in R. This generalization
of Definition 2 we shall denote by Definition 2’.

Definition 3. A distribution T € D' has the S—asymptotics related to
c(h) > 0, h > 0, with the limit U #£ 0, U € D' if for every.¢ € D

hLHEO <T(t+ h)/c(h), #(t) >=< U, ¢ > .

We shall write in short: T(z + h) ~ ¢(h)-U in D'.
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3. Relation between the quasiasymptotics and S—
asymptotics

It is not easy to compare the quasiasymptotics and the S—asymptotics be-
cause the §—asymptotics is a local property, while the quasiasymptotics is
in general a global property. We have also to fix the space of distributions
and the class of functions which is used as the measure of the quasiasymp-
totic behaviour. One can give examples of distributions which have the
quasiasymptotics and have no S—asymptotics. Such an one is the regu-
lar distribution #(t) sint (see [6], p. 91). Or, on'the contrary, the regular
distribution #(t)exp(—t) has the S—asymptotics related to exp(—h), but
it has no quasiasymptotics in &’ : for @,(t) = n(t)t"exp(—t) € S, where
(t) € C§°,n(t) = 1, ¢ > 0; ’

< B(kt)exp(—kt), on(t) > = [3 t*exp((—k— 1)t)dt
= (k+ 1) [ tretdt
= (k+ 1)1 < 0(), onlt) > .

We see that the behaviour of this expression depends on ¢,, n € N.

Since the quasiasymptotics is defined and elaborated for distributions
belonging to §’; and the S—asymptotics for D', we have to choose the
space &’y in which we can compare these¢ two asymptotics. The choice of
the space &’} involves the class of functions which measures the asymptotic
behaviour (see [9], p. 66). In fact it is the class of regularly varying functions
[1] which has the form A*L(k), a € R and L is a slowly varying function.

Before we are going on our theorems we have to analyse the operator I :

Li6e(0,00) = C(0,00). If f € Lioe(0,00) and supp f C [a,0), a > 0, then

_ gy d S f@), e >a
(1@ = 1@ = { IO e
For k € N, I* will be the k—times ireteted I, I* = f(-%) = fusf, I°f =
f, where fi is given by (1).
In the following the letter L we shall use only for a slowly varying func-
tion.

Lemma 1. The operator I has the following properties: For f(t) = t*L(t), t >
a; f(1)=0,0<t<a;a>0
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1) DFI*f=§

2) If o > —1, then (I*f)(z) = z°*¥Li o(2), = > a, where Lo is a
slowly varying function and Ly o(z)/L(z) = ((a + 1)...(a+ k)™,  — oo.

3) If —k < a < 1, then (I*f)(z) ~ z*~1/T'(k).

4) If -k < a = =1, then (I* f)(z) ~ z*~1 L(z)/T(k), where L"(z)/L(z) -

00.

Proof. 1)is trivial. 2) By Proposition 1.5.8 in [1] we have I f ~ z*+1 [(z)/(a+
1), £ — oo, and by Theorem 1.4.1. in [1], Ly 4 is a slowly varying function
such that L; o/L(z) — (a + 1)~!. The property of I*, k > 1, follows by
iteration from Ly o(z)/L(z) = Li,o(z)/Lk-1,0(2)...L1,a(z)/L(Z), > a.

3) and 4). By the definition of I*

)kl

rne = 8 Lo

= r(k)z( )( 1)k-1-igi /:t"-l-j*"'L(t)dt.

If -k <a< -1, then

(I*f)(z) ~ 2+ / ” @ L(t)dt/T(k).

If -k < a = -1, then
(I*f)(z) ~ r_(kizk -1 / ()t = I‘(lk) 251 LA (z),

where L(z)/L(z) — o0, £ — 00.

noindentRemark. If t~1L(t) € L(a,00), then LNz) - C, £ — oo0. If
LNz) — 00,2 — 00, then L” is a slowly varying function.

Theorem 1. Suppose that T € §', and that T has the S—asymptotics re-
lated to h*L(k). T has also the quasiasymptotics related to hPL'(k) : If
a> -1, thena =08, L' = L; ifa = -1 and LN(z) - o0, 2 — o0,
then § = -1, L' = L"; if a < -1 or &« = —1 and L"(z) < oo, then
B = —1, L' = const., but the limit can be zero. L"(z) = f: t~1L(t)dt.
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Proof. First we shall prove that a necessary and sufficient condition that a
distribution 7' € &’} has the S--asymptotics related to h*L(h), a € R is
the existence of continuous and bounded functions E; on (a,0), a > 0, i =
0,1,.. msuchthatE(z+h) — C;,when h — 00, z € (a,b), a< b, Co #0
and that TC") = f,, + T is of the form

(5) TE™)(a) = 3 M= LOBD)(E), = a >0,
=0
where m/ > max(m, —a).

By Theorem and its Consequence 3 in [7] a necessary condition that a
distribution T has the S—-asymptotics related to h*L(h), h — oo, is that T
has the form:

(6) T(z) = Y D(z*L(z)Ei(z)), = >a>0

=0

= E Dm’Im"i(t“L(t)Ei(f))(Z),

where F; have the properties we seek. Using the convolution by f,,s, from
(6) it follows (5). By properties of the S—asymptotics we have:

Jim D'(z + h)*L(x + h)Ej(z + h)/R*L(h) =0, i=1,...,m

Now, it is easy to see that a distribution T, of the form (6), has the.
S—asymptotics related to h*L(h) and that Cy # 0.

We can also suppose that L is a continuous function on (a,oc0) without
any restriction of generality (see properties of L in 2.).

If C; # 0, we denote bu @; such a number that C;E;(z) > 0, > a;; we
can now fix @ > 1, a > max(a;, ¢ = 1,...,m). Let M; = sup(|Ei(z)|, z >
a>0).

From relation (6) it follows:

(7 T (z) =3 ™ (L) Ei(t))(2), = > a, Co # 0.

=0
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We shall now find the asymptotic behaviour of T(=™) If C; # 0, then E; is
a slowly varying function for z € [a, 00). If C; = 0, then :

r x
| / L) E()dt| < M; / L), @ > a.

By the properties of the operator I* the asymptotic behaviour of the function
T(="') is predetermined by I™ (t*L(t)Eo(t))(z), ¢ > a. By Lemma 1 it is
easy to establish the asymptotic behaviour of T¢-™') given by (5). We can
come up to the asymptotic behaviour of T using relation (5) and Theorem 2
in [9]. By this Theorem a necessary and sufficient condition that 7 € S8’} has
the quasiasymptotics related to t*L(t) is the existence of an m,m+a > —1,
such that T(-™)(z)/(z™+* [(z)) = C # 0, z — oo.

It is important to remark that relation (7) gives T(-™") only in an interval
(a,00), a > 0.In such a way, we can use directly the mentioned Theorem and
relation (5) only in cases in which the quasiasymptotics is a local property.
That happens if @ > —1, or « = —1 and L"(z) — oo,  — oo, which gives
the first part of our Theorem.

In case @ < =1, 0or @ = =1 and L*(z) < 00, z > @ > 0, the quasi-
asymptotics is no more a local property. Knowing a distribution T only
in a neighbourhood of infinity, we can not give a precise result about the
quasiasymptotic behaviour of T. However something can be said.

Let T € 8§’} and 7 be such a smooth function that n(t) =1, t > a, and
n(t) =0, t < o/, where 0 < @’ < a. Then T' = (1-9)T+9T. The distribution
(1 -n)T € E'.. We know ([6], p. 32) that there exists a 7 € N such that
(1-9)T rga.k_r_l - 8(). The function (nT)(_m') has the same asymptotic
behaviour as 7(-™"). Then the quasiasymptotics of #T can be obtained from
(5) and the mentioned Theorem 2 in [9].

Let us start from the following relation:
<T(kt),¢(t) = < (1-n(kt)T(kt),d(t) >
+ < (k)T (kt), ¢(1).

The asymptotic behaviour of the first addend, when k& — oo, is given by
k=177, For the second adeend, it depends on a. If @ < —1 or @ = —1 and
LN(z) < 00, ¢ > @ > 0, then it behaves as h™!, or the limit in Definition 1
can be zero.

Corollary 1. 1) IfT € 8’y has the quasiasymptotics related to h°L'(h), a
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necessary and sufficient condition that T has the S—asymptotics related to
h*L(h) is that T(~™') has the form given by relation ( 7).

2) If T € 8'y has the quasiasymptotics related to h=1, then T must not
belong to £}.

At the end, as an illustration of the case &« < —1 in Theorem 1 we can
use the distribution T = 6(") 4 (z*L(h))4; The quasiasymptotics depends
not only on a but on r too.

We can compare the quasiasymptotics with the §—asymptotics not only
for elements belonging to &'y but to D’, as well. In this case we shall
use Definition 1’ instead of Definition 1. We know that the general form

of the funcrion ¢, related to which we can measure the S—asymptotics, is
¢(h) = exp(ah)L(exp h),a € R.

Theorem 2. If T € D’ has the S—asymptotics related to c(h) = exp(ah) -
L(exp h) with a # 0, then T can not have the quasiasymptotics.

Proof. By the Structural theorem and consequences of it (see [7]), for the
interval (a, 00) there exist numerical functions E;, ¢ = 0,1,...,m, continuous
and bounded on (a, 00) such that lim,_,, F;(z) = C; and the restriction of
the distribution T on (a,00) has the form:

T(z)= Z D'(exp(az)L(exp z)E;(z)), z Cia # 0,

1=0 =0

= D™ Y I (exp(at) L(exp ) Ei(t))(=),
=0
where
I(exp(at)L(expt)E;i(t))(z) = I(t* ' L(t)Ei(¢nt))(e®), o # 0.
It is easy to see that

I*(exp(at)L(expt))(z) = exp(az)Ly o, 1(€7),

where L} ,_,(z)/L(z) — a~*, = — co. Now, using the same method of
proceeding as in the proof of Theorem 1, we have for z € (a,0):

m .
T(z) = D™[e* Y Lin-i,a-1(€*)Ei(2)] = D™ [**Znl=7),
=0
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where N
Yo(e®) ~a™™ zCia"L(a:) £0, z — oco.
i=0
By Definition 1’ we have

_1\ym b
< T(kz)/c(k), d(z) >= ]Emi()k) / exp(akz)Lo(e®)p"™ () dz.

By the mean value theorem for integrals, there exist d’ and d” such that

)™ e*ka /d' Yo(exp kxz )™ (z)dz,a < 0
< T(kz)/c(k), d(z) >= ’z’ji()ffn) Uy
We"‘ /d" Yo(exp kz)¢™ (z)dz,a > 0.
Or

Ak~m ek L(eF)/e(k) [¥ ™) (z)dz, 0 < 0,A % 0

< T(kz)/e(k), d(x) >~ { Bk—me"‘kbL(ek)/C(k) fd" ¢(m)(g;)dz,a >0,B #0.

The factors exp(aka) or exp(akb) shows that the asymptotical behaviour of
< T(kz)/c(k),d(z) > depends on the support of ¢ and therefore it is not
possible to find a ¢(h) for the quasiasymptotics of 7.

4. Relation between the equivalence at infinity and
S— asymptotics

Equivalence at infinity has been defined for elements of D’ just as the S—
asymptotics. The restriction is in the function z*L(z), ¢ > 0, o € (—N),
which measures the equivalence at infinity. In case regular distributions,
the difference between these two definitions of asymptotic behaviour follows
from the fact that the §— asymptotics preserves the usual asymptotics of
numerical functions (see [6], p. 78), but equivalence at infinity can give
inexpected results. Let us see the next example:

F(z) = 2712 4 ecose® = D(2z'/? + sine®).

By definition, F is equivalent at infinity with z~1/2. This function F has no
S — asymptotics.
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Theorem 3. IfT € D’ and has the S— asymptotics related to h® L(h), h >
0, a > —1 then it is equivalent at infinity with Ah*L(h), h > 0, A # 0.

Proof. By relation (6)

(8) T(z)=D™Y I ((I*LR)Et))(z), > 6> 0, Co#0.

=0

The function F given by the sum in (9) has the property: If a > —1, then

F(z) =Y I™ (@ Lt)E(t))(z) ~ Cz**™ L(z), £ — 00, C £ 0.

i=0
(see Lemma 1 assertion 2)).

We proved that T = D™ F(z), where F(z) ~ Czo+™' (C # 0. By
Definition 2’ there exists A # 0 such that T is equivalent at infinity with
Az*L(z).
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REZIME

VEZA KVAZIASIMPTOTIKE, EKVIVALENCIJE U
BESKONACNOSTIIS - ASIMPTOTIKE

U radu su dokazane tri teoreme. U prvoj je dokazano da ako distribucija
T € 8’ ima §— asimptotiku u odnosu na funkciju h*L(h). Gde je L sporo-
promenljiva funkcija, tada ona ima i kvaziasimptotiku u odnosu na funkciju
hPL'(h) za odredjene 3 i L'.

U drugoj teoremi dokazano je da distribucija koja ima §— asimptotiku
u odnosu na e** L(e*) nema kvaziasimptotiku ako je & # 0.

U treéoj teoremi dokazano je da ako distribucija ima S— asimptotiku
u odnosu na h*L(h), @ > -1, ona je ekvivalentna u beskonatnosti sa
Az L(z). ’

Najzad dat je i potreban i dovoljan uslov da iz kvaziasimptotike ili ek-
vivalencije u beskonaénosti sledi 5— asimptotika. o

Neki od dokazanih rezultata su veé bili poznati, dokazani na razlicite
natine. U ovom radu svi rezultati se dobijaju iz jedne jedine relacije (6).
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