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Abstract 

The paper gives some efficiency evaluations of an approximate con­

vex hull algorithm for finite grid point sets proposed by Stojmenovic, 
and gives an algorithm for the determination of function f' which char­

acterizes the efficiency of the proposed algorithm. 
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1. Introduction

The convex hull CH(S) of a point set S is the smallest convex set that con­
tains the set S.The problem of constructing the convex hull of a finite point 
set arises in many applications.But it is still possible that for some special 
applications (for example: a large number of small objects in a picture) 
certain approximations of the convex hull should be preferred to reduce the 
computation time, without any essential loss of efficiency. 

We shall observe an approximate convex hull algorithm for a finite grid 
point set. 

187 



188 J. Zunic

A grid point set G is a finite set of points P = (x1,x2) in the regular
orthogonal grid having integer coordinates: x1, x2. Klete gave an approxi­
mation algorithm for determining the convex hull of a finite grid point set.

For a direction a E [0,211"] and a grid point P = (x1,x2) let g(a,P) be
the straight line passing through point P in the direction a + rr /2. Points
Y = (Y1,Y2) of g(a,P) satisfy the equation:

Zo(Y) : (Y2 -x2) sin a+ (Y1 - x1) cos a= 0

A point P E G is called an extreme point in direction a of the grid point
set G, (PE Ex0(G)) iff Z0 (P) = 0 and Z0 � 0 for all YE G.

By hp( a, P) we denote the half plane defined by g( a, P) and containing
the set G.

Now, let dir(n) = {0,¼2rr,¾2rr, ... , n;1 21r} be the set of n-directions.
Let Hn(G) = noEdir(n) hp(a,G) be the outer approximation of CH(G)

called the n-hull of G,(CH(G) C Hn(G)). 

Let An(G) = CH(UoEdir(n) Ex0(G)) be the inner approximation of CH(G),
called the n-approximation (An(G) C CH(G)).
Let

xdiam(G) = max{lx1 -Y1I I (x1,x2) E G,(Y1,Y2) E G}
ydiam(G) = max{lx2 -y2I I (x1,x2) E G,(Y1,Y2) E G}

diam(G) = max{xdiam(G),ydiam(G)} 

Klette defined functions f(n),g(n) such that f(n) is a maximal integer
m, such that for all the grid points sets G, with diam( G) � m, the n­
approximation An( G) is always equal to CH( G). g( m) is the minimal integer
n such that f(n) � m form> 0. (Note: g(m) is the minimal number of
necessary directions for which CH(G) = An(G) whenever diam(G) � m).

Stojmenovic gave a new approximate convex hull algorithm for a finite
grid point set.

Different from Klette's algorithm Stojmenovic proposes a new set of
directions

di r' ( n) = { arc tan �, arc tan i_, i E { -n � i � n}},
i n 
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so, ��ut the computation of the extreme point in direction a and a+ 1i could 
be done at the same time, that is, point P is the extreme point in direction 
a E dir'(n) of the grid point set G,(P E Ex�(G)) iff 
Z0(P) = 0 and Z0(Y) � 0 for all YE G or 
Z0(P) and Z0(Y) � 0 for all YE G. 
This means: 

P E Ex�( G) ¢? P E Exa( G) or P E Exa+1r( G). 

Other definitions are given analogously 

A�(G) = CH(Uaedir'(n) Ex�(G)) -inner approximation 

II�( G) = naedir'(n) hp( a, G)-outer approximation

f'(n)-is the maximal integer m, such that for all the grid point sets with 
diam(G) � m, the n-a.pproximation A�(G) is always equal to CH(G) 

g'( m)-is the minimal integer n, such that: if diam(G) � m then A�(G) =
CH(G). 

Klette mentioned an open problem whether there is an n such that 
Hn(G) = CH(G) for a given grid point set G. For the algorithm pro­
posed by Stojmenovic for each grid point set G there is an n such that 
H�(G) = A�(G) = CH(G). 

2. Behaviour of functions f' ( n) and g' ( n)

In this section the behaviour of functions f'(n),g'(n) will be evaluated. 

Lemma 1. 

m2 -2m m-1
g'(m) � * 

2 
* where m. = (-

2
-].

Proof. Let g'(m) = t. 
Let us observe grid point setsG0 = { A, B, C} as showninig Fig. 1. for 
a= m., m. -1, m. - 2. Because diam (G0 ) � m and g'(m) = t, it follows 
CH(G0 ) = A�(Ga) for a= m., m. -1, m. -2. 

This means: integers k1, k2, k3, such that: 

k1 1 1 
arctan - E (arctan ---, arctan -] 

t m. + 1 m.
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k2 J 1 
arctan- E (arctan-, arctan--]

t m. m.-1 

k3 1 1 
arctan - E (arctan --, arctan --] 

t m. - l m. -2 
must exist. (Because BE Ex�(G)) 

al 
I 
_I 

From (I) we have: 

,., 

a+1 

I 

I_ 

Fig. 1 

k1 1 1 -E[-- -]
t m. + l' m,. 

k2 E [-1 ' 1
] 

t m,. m,. - l 
k3 1 1 

t E [m,. - 1' m,. - 2 ] 

1 - case: If � -:/= �. then ( since k1 -:/= k2) 

A(i+1,j-a-1) 

1 1 1 2 m; -1 -<-----=--ort>--
t m.-1 m,. +1 m�-1 2 

J. iunic
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2 - case: if� = rr!'. then (since k1 f; h3) 

1 
= 

2 or t > m� - 2m.
m. m� -2m. - 2

This always means g'(m) = t 2: m� -;2m• D 

Corollary 1. f'(n) � 4 + 2v'2n + 1. 

lf )l 

Proof. If f'(n) = m then A�(G) = CH(G), whenever diam(G) � m. We 
have (similarly as in the proof of Lemma 1) n � m�-;2m•

, that is m,. ::; 

1 + y'2n + 1 or m = f(n) � 4+ 2../2n + 1 (where m. = [ m;-1 ]) D 

Lemma 2. f(n) 2: m iff for each of the intervals I = (arctan J, arctan f)
with a � b, c � d, b + d � m there exists direction ai = arc tan * E dir' ( n)
such that O'.i E I.

Proof. 

C =(i-a.j+b) 

b
f 
I 

I 
I 
L __ 

a 

Fig.2 

A=(i+c,j-d)
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Let a S b,c S d,b + � S m (See Fig. 2). If f(n) � m then B E 
Ex�({A,B,C}) But BE Ex�(G) if there exists o E dir'(n) such that 
er E [ arc tan �' arc tan i] 

The other direction: 
Since: 

k c a n b d 
arc tan ; E [ arc tan d, arctan b] {:} arctan k E [ arc tan �, arc tan ; ) 

and 

k c a k a c 

-arctan; E [arctan(-d),arctan(-,;)] {:} arctan; E [arctan,;,arctan
d,

] 

the statement follows. (Otherwise set G with diam(G) S m and An(G) f. 
CH(G) would be easily conctructed (in contradiction with f(n) � m).) D 

Corollary 2. Le.t the family of intervals

C a 

J1 = {[d'b], a Sb, c S d, b+d Sm} be given.

Then J'( n) S m iff for each interval Ii from J1 there exists an integer 
k(li) E {O, ... ,n} such that k(I1)/n E J1.

Proof. 
Directly from the monotonicity of function arctan x. D 

Lemma 3. If n � [m;-1]2 + [m
2

1 ], then A�(G) = CH(G), for all the grid
point sets G with diam( G) S m.

Proof. The minimal width of intervals from J1 is : 

min{l�b - _
d
cl ja Sb, c S d, b+d S m}= 2 

1 (where m. = [
m

2
-1])

m.+ m. 

if l � 2! (by using the corollary of Lemma 2) follows: A�(G) = CH(G) 
n m. m. 

( for the grid point sets G with diam( G) � m) D 

Corollary 3. 

9
, ( m) � [ m ; 1 ]2 + [ m ; 1] 
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Proof. Follows from the definition of function g'. D

Lemma 4. 

f'(n) � v'4n + 1.
Proof. From Lemma 3 for set G with diam(G) � J(n) + 1:
A�(G) = CH(G) whenever t � l¥P + r 1<;)1

On the other hand, there must exist a grid point set G, such that
diam(G) = f(n) + 1 and A�(G) /: CH(G) (from the definition of func­
tion J'). This means:

n < [ f�n)]2 

+ [ f�n)]; or f(n) � v'4n + 1 D

Theorem 1. 

f'(n) = 0( y'n)
and 

g'(m) = 0(m2).

Proof. Lemma 1, Corollary of Lemma 1, Corollary of Lemma 3, and
Lemma 4. D

3. Algorithm for computing values of function f'

Let the family of intervals Ji = {[1, %] E J1 I ad - be< 3} be given.
Lemma 5. If for each interval 12 from J2 there exists integer k(I2) E
{O, ... , n} such that k(h)/n E 12, then form� 17 f(n) � m.
Proof. Consider intervals from Ji

if integers k(I}),k(fi),k(Ii), exist, we have ¼ � m!�
2m (see the proof of

Lemma 1) 
Let interval I = [2", %] E J1 \ h be given. The width of this interval
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l·s a _ c = ad-be > 3 > 3 --- However fior m > 8(m 17 18 ) b II ba - bcl - m?+m. ' • - = ' · · · :
�+

3 � 2 
2
2 � l Thus, for each interval I from J1 \ J2 integer k(I) E 

m. m. m.- m. n 

{O, ... , n} must exist, and using the Corollary of Lemma 2 f (n) � m follows 
form� 17. D 

Let a family of intervals 
C a h = {[d, ,;] E h I ad - be= l}be given.

Lemma 6. If for each interval h from h there exists an integer k(IJ) E 
{O, ... , n} such thah k(I3)/n Eh, then f (n) � m (form� 17). 

Proof. Let us show that for each interval I from J2 \ h, there exists an 
interval h E h such that h C I. Then, using the previous lemma the 
statement follows. Let ( a, b) denote the largest common divisor for integers 
a, b. If (a,b) = 1, then x,y exist so that ay-bx= I and y � b, x �a.Let 
I= rn, {] and (a,b) = (c,d) = 1 
Since b + d � m, then either b � m/2 or d � m/2 

Case 1 b � m/2 then 
ad-be= 2 

} => a( d - y) - b( c - x) = 1 ( x, y exist)
ay - bx= l 

if d � y then 

a c 2 1 a x
---=->-=---b d bd by b y 

This means that /3 = [�, f] C [2, f] = I, clearly h Eh. 
If d > y then c > x, but the inequalites 

a c a x a c a c-x 
---<---ud---<---­
b d b y b d b d-y 

can not be simultaneously true. So, one of the intervals 

I' = [� �] I" = [ 
C - X �

] 3 y 
' b 

or 3 d - y ' b 

from family h is the subinterval of I. 
Case 2 d � m/2 

xd-cy = l 
} => (a-x)d-c(b-y) = l(x � c, y � dexist). 

ad-be= 2 



Approximate convex hulls- efficiency evaluations 

if a ::; x then b::; y, but analogously by the previous, 

if c > x, then b > y, but the one of intervals from J3 
I!{'= [1, �] or I""= [J, 6=;1 is subinterval of/. D 
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Theorem 2. Let m � 17. Then: f ( n) � m iff for each interval /3 from iJ 
there exists an integer k(/3 ) E [O, ... , n] such that k(/3)/n E /J. 

Proof. Lemma. 6 a.nd the Corollary of Lemma. 2. D 

By using Theorem 2, we ca.n give a. simple algorithm for computing the 
values of function f'.

It is clear that: if (b, m - b) = 1 then there exists only one number a and 
only one number c such that: a( m - b) - cb = 1 and c ::; b, a ::; m - b.
Denote: c = c(b, m) and a= a(b, m). 
The numbers c(b, m) and a = a(b, m) can be determined in CJ( lg m) time 
(by using a Eulidean algorithm). 
Let: J(m) = {[m':..6,f], x � m-b, y � b, b = l, ... m-1} form< 17 and 
I(m) = Ht��l, a(bt)], b = 1, ... m-1,(b,m- b) = 1} for m� 17. 

ALGORITHM 1 
m=O 
REPEAT m=m + 1 

UNTIL there exists an interval from I( m) which does not contain a point 
of the form ¾· 
END REPEAT 
f'(n)=m-1. 
END ALGORITHM 1 

For each b we check if (b,m -b) = 1 (in CJ(lgm) time) and if truly the 
numbers a(b,m),c(b,m) can be determined in CJ(lgm) time. Therefore, for 
checking O(m·lgm) is needed form� 17, (for m> 17, 0(1) time is 
needed). 
Algorithm 1 takes O(m2 lgm) time to compute f'(n). Using Theorem 1 we 
derive: 

Lemma 7. By using ALGORITHM 1 f'(n) can be computed in O(n - lgn)
time. 
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REZIME 

APROKSIMACIJE KONVEKSNOG OMOTACA - OCENA 
USPESNOSTI 

Ovaj rad sadrzi neke ocene uspesnosti jednog aproksimativnog algoritma za 
konveksne omotace skupova sa konacno mnogo celobrojnih tacaka koje je 
predlozio Stojmenovic. Takodje je dat algoritam za odredjivanje vrednosti 
funkcije J'( n) koja na prirodan nacin karakterise uspesnost posmatranog 
algoritma. 
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