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Abstract

This paper is the continuation of [6]. The notations, and definitions
given there will be used. In [6] the generalized Lagrange and Hamilton
spaces were introduced and the torsion and the connection coefficients
for recurrent spaces were determined. Here the curvature theory and
Ricci and Bianchi equations for thesé spacese will be given.
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1. Ricci identities in generalized Ldgrange spaces

In the tangent space T(E) of the generalized Lagrange space L"*™ =
(E,M,N,G,V,T,)) there are given vector fields

X =X'6;+X%,, Y=Y6+Y%,, Z=2ZF6+ 2%,
i,j,k,h,l =17, a,b,c,d,e = a,m.
The curvature tensor R is defined as usually by |

(L1)R=R(X,Y)Z =VxVyZ - VyVxZ — Vixy|Z = R*6; + R°Q..

Using the linearity of V and Definition 4.1. from [6] we obtain
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Theorem 1.1. The curvature tensor in the generalized Lagrange space has
the form:

(1.2) R*= 27! (RF;Z°+ R{fiZ2°)N(X'Y -Y'X7)+
: (P,%.2° + P55, Z%)(X°Y? - Y2 X7) +
2—1 (Se baze + Sd bazd)(XaYb - Yaxb)
z € {k,c},
where

(13) (@) 27°RS; = 6pFy G+ FRq%
+F, h[_,F]hf.]"‘?—lC:bK;?i
(6) 27'KY =GN+ NNy K5 = 0.N; -

(9 RS =8E5 -0+ KyG
(@) 27155, =3[bC|y|"—a1+Cy WOl ,,]+c Clan

(e) C5; =6C5+Cp Fi5+ C . F¥;
—Cf5 R = CF F b~ C 5 F
and z € {c,k} ye€ {d,l}.
On the other hand starting from

(1.4) VxY = (V) X+ Y X)65 4 (Yo X* +Y*aX)s,
where -
(15) (a) Yo, =6Y"+ F5Y"+FAY°

(B) Y?|a =8Y"+C5YP+CAY?Y z=jor z=b,
we get o

Theorem 1.2. The curvature tensor in the generalized Lagrange space has
the form:

(16) R = A%(X'YI-Y'X¥)+ A%,(X°Y -Y°X%) +
Azba(xayb _ YaXb),
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where
Azja = Zz[j‘ﬂ - Zzlalj + (tha - Fah_'i)zzlh +

(dea + Kadj)zzld
A% = Zflblg+Cpy 2%+ Cp4y2°le
z € {c,k} '

Comparing (1.2) with (1.6) and (1.7) we get:

Theorem 1.8. The Ricci equations for the generalized Lagrange spacea are:

(18) (@) Zfj+ FfqZ% + (Ffy - 27 k%) 2% =
2-Y(R%;2' + R{f;Z°)
(®) Z%la = 2%laj; + (Cis = Fa) 2% + (Cj + Ko 2%)a =
PI?aZI'*'sz}aZd V
(€) Zfhla + Cf 2% + Cp' g Z7la =
271855, 2' + 55, 2%)  z € {k,c}

From (4.4) in [6] and (1.8) follows

Theorem 1.4. The Ricci equations in the torsion free generalized Lagrange
spaces are given by

(1.9) (a) Z% - 2%, = R%.Z' + Rf;:2°
(6) 2%l — Z%|a); = P%.2' + P, 2°
(c) Zz|b|a - Zz|a|b.= Slzl;azl + Siizbazd
z € {k,c}.

It is clear that the connection coefficients which form the.curvature ten-
sors on the right hand side of equations (1.9) are also torsion free.

Theorem 1.5. In the genémlized torsion free Lagrange spaces the relations
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R*; =0 Rf;;=0

R5=0 Bf;i=0
are valid, iff for every vector field Z € T(E) the equations
= 2% 2% = Z%;

are satisfied.

Theorem 1.8. In the generalized torsion free Lagrange spaces the relations

Ri=0  BA=0
‘Pl‘_:ia=0 Pdcja=0

are valid, iff for every vector field Z € T(E) the equations
Zila = 2,5 Z%la = Z°%q);

are satisfied.

Theorem 1.7. In the generalized torsion free Lagrange spaces the relations

5% =0, 5% =0
51% =0, S4%a =0
are valid, iff for every vector field Z € T(E) the equations
Z*)la = Z¥als Z°bla = Z°al»

are satisfied.

The Theorem 1.5.-1.7. are direct consequences of Theorem 1.4.

Theorem 1.8. If in the generalized Lagrange space the connection coeffi-
cients satisfy the conditions
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(1.10) F5=0, Fk=0, ck=0, ¢/ =0,
i.e. when (4.1) from [6] reduces to the form
Vs, b; = F}l‘iﬁk nga,, = Fa°j86
(1.11) :
V3¢6j = Cjka6k Va.ab = Cbcaac,
then the components of the curvature tensor satisfy the following equations
Rf;i=0, | Rlcji =0
(1.12) P, =0, Prc.,,=0
Sdkba =0, m ba = 0

The other components of the curvature tensors can be obtain from (1 3)
if in them we substitute (1.10).

Theorem 1.9. The Ricci equations for the torsion free Lagrange spaces
supplied with Miron’s d-connection (1.11) have the form:

k ko k 7l c c c d
2t = Zhas = RGZ By~ Ty = B2
(1.13) zﬁj|,, ~ Z¥,; = P%, 2! Zila = Z%a); = Psi, 28

2. Ricci identities in generalized Hamilton spaces

In the tangent space T(E) of the generalized Hamilton space H™*™ =
(E,M,N,G,V,T)) are given the vector fields

X=X6:+X,0° Y=Y6;+Y,8® Z=2%, +2.0. *)

. The curvature tensor R is defined as usually by
(2.1) R = R(X,Y)Z=VxVyZ-VyVxZ-Vixy|Z
= Rk, + R.&"

(*)The symbol *, which directs to the Hamilton space is omitted here.
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Theorem 2.1. The curvature tensor in the generalized Hamilton space has
the form:

(2.2) (@) RF= 27Y(R*:Z'+ R*,Z)(X'Y’ -YV'X')+
(P5eZ' + P e Zg)( XY - YaX7) +

2—1(51 kbazl + Sdkba Zd)(XaYb _ YaXb) ,

(4) R.= 27Y(RijiZ' + R%;Za) (XY - YIXT) +
(P2 + P4;°Za) (XYY - Y, XP) +
271(8,. 22 + 89 Z) (X Ys - YaXs),

where

(23) (8) 27'Ry¥ i = 83Fim"y+ (i Pl + Fncli F
+271C ¥ Kjei
(b) 27'R%; = 6P+ FO P+ FU Ry 5+
(€) 27 Bmcji = & Fimels) + FrneliFgg + Faly Fincli) +
+2-’ICmchJ'ﬂ'
-1 pd — d ] {1
(@) 27'R = 6Ffy+ FoFgn + FFna +
. +2—1 CdceK]_ﬂ_
(e) 2_1K.'ej = jNjepg + N,,[,-B“N,,m, Kacj = 9N; — F°,;

J

(2.4) (a) PP = 8°FFf;+ K% Ch—Cla.
(B) Pe = gopdk 4 ko Clke _ ok }
(©) Prnef = 0°Fmej + K4iCni = Cinl);
(@) P4® = 0°F%;+ KoChe - C4e);
(e) CX = 5;Ch +Cr Rk +C2F -
CFF, - Co2 Frne; — C e FS,

(2.5) (a) 2715, ke = glacibl 4 ¢ ":t[bchlkhl] +C, Beleklal
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(b) 2—lsdkba = a[acldklb] +Cdk[bch|k|4] + Cde[bclebla]
(c) 27'8n = dC,A+crbe, )+ c kot
(d) 9-1 Sdcba - a[aCIdlcb +Cdk[bchc¢] +C9 e[bclelca]

On the other hand starting from

(26) - VxY = (YEX'+ Y*°X,)6 + (Yo X' + Y.|°X,)0°,
where
(2.7) (a) Y% =&Y*+ FAY? 4+ Py,

() YH° =0Y* +Ci*Y + Oy,

(¢) Yy =&Y, + F;aY? + FLLY,

(d) Y|* = 8°Y. +C;°Y7 + C'.%Y,
we obtain:

-

Theorem 2.2. The curvature tensor in the génerﬁlized Hamilton space de-
fined by (2.1) has the form: ~

(2.8) R(X,Y)Z = (B%f + B;id®°)X'Y! ~Y'X?)+
(BY%6 + B;*0°)(XoY? — Y, X7) +
(B*¥26, + B »3°)(X,Y, - Y. X3),
where
(29) B*;; =Z{g+ FPZh% + (Fypa + 27 Kis)) 25
Beji = Zesg + Fi'g Zow + (Fyipig + 27" Kjwi) Zel°
Bkja = Zkb_la _ Zklal_j + (tha _ Fa.h.j)zklh + (Kabj + Cjba)ZkI'b
B =Zy;|* - Z|%; + (C;* - F)Z + (K% + Cp*) 2
Bkba = Zkl[bla] + Clblila] Zk'j + C[Z a] AL
Bcba = Zc|[bla] + C[bbla]zcb + C[bdalzcld-

Comparing (2.2) with (2.8) and (2.9) we get
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Theorem 2.3. The Ricci equations for the generalized Hamilton spaces are:

(2.10) (a)

(%)

(c)

(4)

(¢)

(/)

Zfi + By N2+ (g + 27 K) 25)° =
274 (R*;Z' + R*;,2,)
PAd |a _ Zk'lj + (C.ha - Fa};)zklh + (Kabj + Cjba)Zklb —
I)lk aZl +Pdk aZd
Zk|b(al 4 clélslal Z" + C[b a] Zkld
I(Sl kbaZl + Sdkbazd)
Zi0 + B g Zem + (Fpy) + 27 Kjei) Ze|® =
1(RlCJtZ + R c_;:Zd)
Zy;l* — Zc|%; + (C;" = F*)Z + (K%; + Cjyy ) Zc|° =
P2 + P47,
Z |t + C[bljlﬂ]chj + C[:l G]chd -

2748, o2 + 5400 zy)

From (4.4) in [6] and (2.10) follows

Theorem 2.4. The Ricci equtations in the torsion free generalized Hamil-
ton spaces are given by

(2.11)

(a) ZX;; - 2%; = R%:2'+ %z,
) 2y -2 = B2+ Pz,
(C) Zklbla _ Zklal.b,= Sl,kbazl + Sdkbazd
(d) Zeyjj — Zoijj = Ricji ' + R%;i24
(&) Zgil* - z°1; = P;°2' + P%;° 24
(f) Zel'l* = Zofo = Sy b2t + 58t 2,

_ Remark. The connection coefficients which form the curvature tensors
~“on the right hand side of equations (2.11) are also torsion free.

Theorem 2.5. In the genelarized torsion free Hamilton spaces the relations
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R%:i =0, dej.- =0, Ri;i=0, Rdcj,- =0
are valid, iff for every vector field Z € T(E*) the equations
k k
2k = 2 Zajt = Zelil

are satisfied.

Theorem 2.8. In the generalized torsion free Hamilton spaces the relations
B%e=0, P%°=0, P;*=0, P4 =0
are valid iff for every vector field Z € T(E*) the equations
le; [a = Zkla

7 chj'a = chalj

are satisfied.

Theorem 2.7. In the generalized torsion free Hamilton spaces the relations

5% = o, gdkba : 0, Slcsa' =0, Sdcbu =0
are valid iff for every vector field Z € T(E*) the equations
ZHE = 2Pz =z
are satisfied.

The Theorems 2.5.-2.7. are direct consequences of Theorem 2.4.

Theorem 2.8. If in the generalized Hamilton space the connection coeffi-
ctents satisfy the conditions

(2'12) «F:'ics' = 0, Fd’; = 0, Cjca = 0, Cbkd = 0’
i.e. when ({.1) %‘pm [6] reduces to the form
V565 = F;%6, Vs, 0% = F6,;0°

(213) “

V 4abj = C;*26; V 508" = C? 20,



84 . I. Comié, J. Nikié

then the components of the curvature tensor satisfy the following equations:

deji = 0 Rhc_1| = 0
(2.14) pike =g F,.f=0
Sdkba =0 Smfa = 0.

The other components of the curvature tensor can be obtained from
(2.3), (2.4) and (2.5) if in them we substitute (2.12).

Theorem 2.9. The Ricci equations for the torsion free Hamilton spaces
supplied with Miron’s d-connection (2.18) have the form:

k k
2%~ 2R =

A A Zojjt — Zeji = %524
(2.15) VANEPALTED LAV AN AP = Pi;%Z
Zklbla Zklalb S kbazl Z lbla chalb s9 baZd
3. The Bianchi identities in the generalized La-
grange spaces
Let us denote as usually:
(31) (VxT)(Y,2)=Vx(T(Y,2))-T(VxY,Z)-T(Y,VxZ)

(3.2) (VxR)Y,Z,U)= Vx(R(Y;Z,U))- R(VxY,Z,U)-
—R(Y VxZ, U) - R(Y,Z,VxU),
where X, Y, Z, U are vector fields in T(E), then form (1.1) a.nd

(3.3) T(X,Y)= VxY - VyX - [X,Y]

we obtain

Theorem 3.1. The Bianchi tdentttzes for the generalized Lagrange spaces
have the form:
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(3.4) xvz {(VxR)Y,2,U)+ R(T(X,Y),Z)U} =0
(3.5) xzy {(VxT)Y,Z) - R(X,Y)Z -T(T(X,Y),Z2)} =0

The proof is obtained from (3.1)-(3.3).

Theorem 3.2. The ezplicit from of Bianchi identities for the generalized
Lagrange spaces are:

(3.6)(a) 2-1(R, %2+ REZ ) m = Ay :
(4) M RGZ + REGZY + 27 (Pi5a 2+ P20 - (w)]
= A%la + 27 (A% — A%)5)
(©) 27M(Si%Z' + 5552 m — 27 H(Pi a2’ + Py'maZ°)ls — (a,b)]
= A%pgim = 27 (A% malb — A%mpla)
d) 27Y(S1%aZ' + 5% 2% e = A%ale
where the tensor A is defined by (1.7) and = € {c,k}.

Theorem 3.3. The ezplicit form of Bianchi identities for the torsion free
generalized Lagrange spaces are:

(3.7) (6) (R%Z'+ REZ)m = (2% — Z%;)im

(0) (B%Z'RF;Z%)a + (P %2 + P5, 2%, -
—(R %2 + P2t =
= [(Z%laps + Zﬂa|.‘|j + Z%5la) = (4,5))

() (515a2" + 55 Z%m — (Pi'maZ' + Pi"ma 2 +
P2 + P2 =
[(Z%blapm + Z%|apm b + Z%mlsla) = (a,8)]

(@) (5%2' + 5,7 bazd)le = Z’Iblale Z%\alble
z € {c,k}

The Bianchi identity (3.5) for tensor R,%; in the generalized Lagrange
space has the form

(38)  H{R%-T% - ChK}+ FAGNE - F 6Ny =0
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If the distribution N in the generalized Lagrange space is integrable,
then we obtain

o {RS: - T%: - Gk %) = 0.
From Bianchi identity (3.5) for the tensor S.% in (1.3) relation

(39) £ {Sha+ Tila + CAT Y =0
holds good.
* From (1.3) and using [6] for the tensor P!, we obtain:

(3.10) Pklja - leka - Tkljla + CilaTkij - CkiaTJ’ l"—

—Cjlak + C o — K55Gy + KA Gyl = 0.

J

4. Bianchi identites in generalized Hamilton spaces

Since relations (3.1)-(3.3) are valid for every vector field X,Y, Z,U € T(E)
it follows that the formulae (3.4) and (3 5) are also satisfied in generalized
Hamilton spaces.

Theorem 4.1. The ezplicit from of Bianchs identites for the generalized
Hamilton spaces are:

(4’1) (a) —l(th”Zh + Rd’fnzd)lm = ’fjt'|m
(b) 2-1(Rhc.1'z + Rdcpzd)lm = c_nlm
(e) 27M (R 2%+ R%;Za)1" +
+27 (P2 2R + P% 02y, - (i,5)] =
. _Bkjla+2_l(BJ|c Bsb)
(d) 27 (RpeijZ" + R;;2Z0)1° +
27 (Puei® 2 + P%;°Za) — (i, )] =
= CJ'la + 2—1(Bc_1 i~ Béi“|j)
(e) 271(SKe 2t 4 5¥hbez,); -
27 (P52 2% + P Zy)|* - (a,b)) =
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()

(9)
(h)

B~ 27 (B4 - B
2—1(Shcbuzh + Sdcbazd)h' _

27 (Phei®Z™ + P Za) - (a,0)] =
B> - 27(B*I' - B4'|)
2-fl(ShkbaZh + Sdkbczd)'e = Bkbnle
2—1(Shcbazh + SdcbaZd)le = .Bcba'e.

where the components of the tensor B are determined by (2.9).

Theorem 4.2. In the torsion free generalized Hamilton spaces supplied with
Miron’s d-connection (2.13) the Bianchi identitites have the form:

(42) (a)
(b)
(c)
(d)
()
(f)

(9)
(h)

(RK 52w = Zhjpm — Zhitjim
(R*jiZaYm = Zeljtitm — Zefiljim
(RiEGZM)® + (BKeZh), — (PR 2h); =
[(Z5;1% + Z%,1° + ZF1y) - Gh )]
(R%;:Za)® + (P%;° Za)ys — (PA Za)); =
(Zil% + Zesl® + ZePy;) = (5, 5)]
(55%2 2z — (PRS2 2h))P + (P50 2N =
(Z*P1% + 258" + Z5%1°) - (a,b))
(5%%Za); ~ (P42 Za)* + (P *Za)° =
(Zel1% + Zel%il* + Zil*1®) - (a,B)]

(S, ZM)[E = ZHbje — ZHpeppe

(5452 Za)l° = ZLP1ol - Zelo e

The proof follows from (4.1) and (4.4) in [6].

Using the comparative characterisations of generalized Lagrange and
generalized Hamilton spaces the corresponding equations to (3.8), (3.9),
(3.10) for the generalized Hamilton spaces have the forms as in (4.3), (4.4)

and (4.5):
(4.3)

RS - T Y - G K
+Fk§N,; — FX6;N ) = 0.
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If the distribution N in the generalized Lagrange space is integrable, then
we obtain

W {RY - T, ';1.’ -C*Ku} = 0.

(4.4) S0 {55 + T CL 2T = 0

(4.5) Bl - PlLe-T) i+ Clom -
Ckia,zs_ zi _ lealk _ thalj _ Kabjcklb + Kabkcjzb -0

and for P,,.¢ we have on the analogous way:

J

Py = Py = Taijla — Cy ° T -
—Cy®*Tjti — Cjy 5 + Cklalj - Kabjcklb xCi® = 0.
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REZIME

KOMPARATIVNA KARAKTERIZACIJA GENERALISANIH
LAGRANGEOVIH I GENERALISANIH HAMILTONOVIH
PROSTORA

Ovaj rad je nastavak rada [6]). Koristi¢e se oznake i definicije date u njoj.
U [6] su uvedeni generalisani Lagrangeovi i Hamiltonovi prostori i odredjeni
su koeficijenti koneksije i torzije za rekurentne prostore. Qvde ée za ove
prostore biti data teorija krivina kao i Riccieve i Bianchieve jednatine.
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