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Abstract

In [5] and [6] Kovatevi¢ introduced the notions of an a-regular set
and a-almost regular set. The purpose of the present note is to gener-
alize some results from [7) - [11], [13] and [16], using the notions of an
a-regular set and a-almost regular set.
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1. Introduction

The weak continuous multifunctions are defined by us in [9] as generaliza-
tions of univocal weak continuous functions defined by Levine in [7]. Smith-
son also defines weak continuous multifunctions in [17). Some of the ap-
plications of weak continuous multifunctions are given in [1], [2], [10], [13],
[14]. .

In [11] we defined almost continuous multifunctions as a generalization
of univocal almost continuous functions defined by Singal and Singal in [16).
The properties of almost continuous multifunctions are studied in [4], [12]
and [13].

Definition 1. Let X and Y be two topological spaces.
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a) The multifunction F : X — Y is upper weakly continuous (u. w. c.),
respectively, upper almost continuos (u. a. c.), in the point z € X,
if for every open set G C Y with F(z) C G, there exists an open set
V C X containing z, so that F(V) C CI(G), respectively, F(V) C
Int CI(G) ( CI(G) stands for the closure of G). ‘

b) The multifunction F : X — Y is lower weakly continuous (I. w. c.),
respectively, lower almost continuous (I a. c.) in the point z € X,
if far every open set G C Y with F(z) NG # 0, there ezxists an open
set V C Y containing 2, so that F(y) N CI(G), Yy € V, respectively,
F(y)n IntCI(G) £ 0, Yy e V.

¢) The multifunction F : X — Y is weakly continuous (w. c.), respec-
tively, almost continuous (a. c.) in the point z € X, if it is upper and
lower weakly continuous, respectively, upper and lower almost contin-
uous in the point z.

d) The multifunction F : X - Y is weakly continuous (u. w. c., I w.
c.), respectively, almost continuous (u. a. c., L a. c.), if it has this
property in any point z € X [9], [11], [17].

The folloving implication holds:

(1) us.c. = va.c.s ww.c. ‘
(2) Ls.c. = la.c. = Lw.c. [9), [11), {17].

In the present paper using the notions of an a-regular set and a- almost
regular set defined by Kovagevié in [5] and [6] we shall generalize some results
from [7) - [11], [13] and [16].

Definition 2. Let X be a topological space and A a subset of X. The set
A is a- mgular ( a- almost regular) if for any pomt a€A and any open

(regulary open) set U containing a, there e:czsts an open set V such that
acVACVYCU[5), [6).

Definition 3. A subset A of a topological space X is strictly paracompact
[8] ( or a-paracompact [18] ), if for every X -open cover U of A there ezists
on X -open X -locally finite family- V which refines U and -cover A.

Lemma 1. If A is an a-regular a-paracompact subset of a space X, U an
open neighbourhoud of A, then there erists an open neighbourhoud V of A
such that ACV C CY{(V)CU. ([5], Theorem 2.5).
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Lemma 2. If A is an a-almost regular a-paracompact subset of a topological
space X, U a regular open neighbourhood of A, then there erists an open
neighbourhood V of A such that AcV cCl(V)CU.

Proof. 1t is similar to the proof of Theorem 2.5 of [5].

2. Results

Theorem 1. For the multifunction F : X — Y for which F(z) is an a-
regular a-paracompact set of Y the concept of multifunction u. w. c. in
z € X and the concept of multifunction u. s. ¢. inz € X coincide.

Proof. Let us suppose the multifunction F u. w. c. in z. Let G be an open
set such that F(z) C G. As F(z) is a-regular a-paracompact by Lemma 1
there exists an open set V such that F(z) CV C CHV) C G. Since F is u.
w. c. in z and F(z) C V there exists an open set U C X such that z € U
and F(U) C C{V) and thus F(U) C G. The multifunction F is thus u. s.
c.

The reciprocity is obvious.

Corollary 1. For the multifunction F : X — Y where Y is a regular space
and for which F(z) has a finite number of elements, the concept of multi-
function u. w. c. in z coincides with the concept of multifunction u. s. c.
in z ( [9], Theorem 1). o

Corollary 2. For the multifunction F : X — Y with Y T3 space and for
which F(z) is strictly paracompact set, the concept of multifunction u. w.
c. in z coincides with the concept of multifunction u. s. c. inz ( [11],
Theorem 3). .

Lemma 3. If A is an a-regular set of X, then for every open set D which
intersects A, there ezists an open set Dy so that AND s # B and Cl(D4) C
D. ~

Proof. Let A be an a-regular subset of X and D an open set such that
AND #®. Let z € AN D. Then z€(X — D) and (X — D) is a closed set.
By Definition 2.2 of [5] there exist disjoint open neighbourhoods of = and
(X-D). Thusz € U, X—D C V and UNV = @, which implies UNCHV) =
@ and zECHV). Let Dy = X — CI(V). Then z € D4 and thus AN Dy # 0.
On other hand, CI(Dy)=CH(X -C{(V))CCHX -V)=X -V C D.
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Thecrem 2. For the multifunction F : X — Y for which F(z) is an a-
reqular set, the concept of multifunction l. w. c. in z coincides with the
concept of multifunction l. s. c. in z.

Proof. Let us suppose F' 1. w. ¢. in z and G an open set of Y such that
Fz)n G # @. As F(z) is a-regular, by Lemma 3 there exists an open set
D C Y such that F'tz)ﬂD #@and CI(D) C G. As Fisl. w. c. in z, there
exists an open set V C X with z € V and F(y) N CI(D) # 8, Yy € V and
thus F(y) NG # 0, Yy € V as well, and this shows that Fis 1. s. c. in z. -

Reciprocally, if the multifunction F isl. s. c. in z it is obvious by 1. w.
c. in z.

Corollary 3. For the multifunction F : X — Y, where Y is a regular space,
the I. w. ¢. and l. s. c. multifunctions notions coincide. ([9], Theorem 2).

Corcllary 4. For the single valued multifunction F : X — Y, witha Y
regular space, the notions of weak continuity and continuity coincide. ([7],
Theorem 2).

Definition 4. A topological space X is almost regular if for any point z E X
ana each reqular closed A C X with z€A, there exist disjoint open sets U
and V such that z € U and ACV [15].

Theorem 3. For the multifunction F : X - Y, for which F(z) is an a-
almost reqular a-paracomgact subse: of ¥ the concept of multzfunctton u. w.
c. in z and the concept of multifunction u. a. c. in z coincide.

Proof. Let G be a regular open set in Y and z € ¥+(G), namely F(z) C G.
Since F(z) is a-almost regular by Lemma 2 there exists an openset VCY
such that F(z) c ¥V C ClI(V) C G. Since F is u. w. c. and F(z) C V,
there exists an open set U C X such that z € U and F(U) C CI(V) C G.
So, z € U C F*(G). Thus F*(G) is open in X and by Theorem 2:4, the
implication (3) = (1) of [11] F is u. a. c.

Reciprocally, if the multlfunctlon F is u. a. c. in z, it is obvoius u. w.
c. in z, as well.

Corollary §. For the multifunction F : X — Y, where Y is an aimost
regular space, and for which F(z) is a strictly paracompact set, the concept
of multzfunctwn u. w. ¢ in z coincides with the concept of multzfunctzon
u. a. c. in z ([13], Theorem 2.3).
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Lemma 4. If A is an a-almost regular set of X, then for any reqular closed
set F of X and any point £ € A such thatz € X — F, there ezist disjoint
open sels containing r and F, respectively.

Proof. Let £ € A and z€F. Since z€F, then z € X — F. As X - F
is a regular open set and z € X — F there is an open set V such that
eV CC(V)CX —F. Let D=X-Cl(V), then D D F,z € V and
DNV #0.

Lemma 5. If A is an a-almost regular set of X, then for every regular open
set D which intersects A, there ezxists an open set D4, so that ANDs # 0
and Cl(D4) C D. )

Proof. It is similar to the proof of Lemma 3 and follows by Lemma 4 and
Definition 2.

Theorem 4. For the multifunction F : X — Y, for which F(z) is an a-
almost regular set, the concept of multifunction {. w. c. in z coincides with
the concept of multifunction l. a. c. in z.

Proof. Let us suppose that F 1. w. ¢. in z and G is a regular open set
of Y such that F(z) N G # 0. Since F(z) is a-almost regular by Lemma
5 there exists an open set D C Y, as F(z)N D # § and CI(D) C G.
Since F is . w. c. in z, there exists an open set V C X with z € V
and F(y) NClD) # O, Yy € V and thus F(y) NG # @, Vzr € V. So,
z € V C F~(G) which shows that F~(G) is open, and so F is l. a c.
according to Theorem 2.2, implication (3) = (1) of [11].

Corollary 6. For the multifunction F : X — Y, where Y is an almost requ-
lar space, weak continuity coincides with the almost continuity ([8], Theorem

1).

Corollary 7. For univocal applications with values in an almost regular
space, weak continuity coincides with the almost continuity ({8], Theorem

1).

Definition 5. Let X be a topological space and A a subset of X. The set A
s a-semiregular if for any point a € A and any open set U contammg a,
there exists a regular open set V such thatz € V C U.

Lemma 8. If A is an a-semiregular set of X, then for every apen set D
which intersects A, there is a regular open set D4, such that ANDy # 0
and Dy C D.
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Proof. It is similar to the proof of Lemma 3.1 of [11].

Theorem 5. For the multifunction F : X — Y, for which F(z) is an a-
semireqular set of Y, the concept of I. a. c. multifunction in z and the
concept of u. s. c. multifunction in z coincide.

Proof. Let us suppose the multifunction FF: X — Y L. a. c. in z. Let G be
an open set, such that F(z)NG # 9. Since F(z) is a-semiregular by Lemma
6, there exists a regular open set D CY as F(z)ND #@and DCG. As F
isl. a. c. in z, from Theorem 2.1, implication (1) = (4) of [11] results that
there is an open set U C X such that z € U and F(z)ND # 0, Vz € U, s0
F(z)N G #0, Yz € U and thus shows that F is u. s. c. in z.

Reciprocally, if the multifunction F is u. s. c. in z, it is obviously 1. a.
c. in z as well.

Corollary 8. For the multifunction F : X — Y, where Y is a semiregular
space, the notions l. s. ¢. and l. a. c. coincide ([11], Theorem 3.1).

Corollary 8. For single valued mapping f : X — Y with a Y semiregular
space, the notion of almost continuous function and continuous function
cotncide ([16], Theorem 2.4).
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REZIME

PRIMEDBE NA SLABO I SKORO NEPREKIDNE
MULTIFUNKCIJE

U [5]i [6] Kovagevi¢ je uveo pojarm a-regularnih i a-skoro regularnih skupova.

Cilj ove primedbe je da se generalidu rezultati dobijeni u [7]-[11], [13] i [16],
koristeéi pojmove a-regularnih i skoro regularnih skupova.
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