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Abstract

We present a simple O(nlog?n) tlme algonthm for pairing points
in the plane.
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1. Ilitroduction

Suppose we are given 2n distinct points in the plane, no three of which
are collinear, n of which are colored blue and the remaining n are colored
red. The problem we consider is that of finding one to one correspondence
between red and blue points such that if we join every pair of corresponding
points by a straight line segment, then no two of the resultmg n segments
intersect.

Atallah in [1) gave an O(nlog?n) time a.lgonthm for ﬁndmg the desired
n straight line segments.

We present another solution to the same problem and with the same
running time. We believe that our algorithm is simpler to implement.
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2. Atallah’s solution

In [1] it is assumed that the red points are stored in an augmented tree
structure (call it TR) according to their z coordinate. Structure TR also
contains a description of the convex hull (call it HR) of the red points, and
it supports insertion and deletion operations in time O(log?n) [4]. A similar -
structure is available for the blue points (call it TB) and we call the convex
hull of the blue points HB). Creating TR and TB takes O(n * fog(n)) time
[4]. Atallah’s algorithin runs as follows:

Step 1: Test whether HR and HB are d]SjOlIlt Case 1: HR and HB are
disjoint. Then repeat the following until no more points remain: Find a line
PQ tangent to both HR and HB, which is one of the desired n segments and
delete P from TR and Q from TB. ' ' '

Case 2: HR and HB are not disjoint. Then let a and b be respectively
the smallest and largest z coordinates among the red points, and let v and
w be respectively the smallest and largest z— coordinate among the blue
points. If none of the intervalss [a,b] and [v, w] contains the other than use
the algorithm described in [1])'to find a common tangent PQ to HR and HB
such thatHR and HB are on the same side of this tangent, join P and Q by
a straight line segment, delete P_from TR, Q from TB and go to Step 1.
Otherwise one of the intervals [a,b] and [v,w] contains the other and there
must exist a vertical line (call it L) with the property that there are points
both to its left and to its right, with as many red points as blue ones to 1ts
left, and similarly to its right. Do the following: '

(1) Find the line L by performmg two ”scans” of the remaining points
(both red and blue). ‘We alternate between one scan which starts at the
leftmost point and moves rightward, and the other which starts at the right-
most point and moves leftwa.rd Both scans ”look” for hne L untll one of
them finds it.

(ii) Find TR(1), TR(2), TB(1), TB(2), where TR(1) and TB(1) are the
augmented tree structures of the (respectively) red and blue points to the
left of L, and TR(2) and TB(2) are analogously defined for points-to the
right of L. TR(1) and TR(2) (TB(1) and TB(2)) are obtained by sphttlong
TR (TB) about the z component of the vertical line L.-

(iii) Recursively ‘solve each of the two subproblems consisting of the
points to the left of L (using TR(1) and TB(1)) and of the points to the
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right of L (using TR(2) and TB(2)), then stop.
Atallah (1] has showed that the algorithm runs in time O(nlog?n).

3. New technique for pairiﬁg points

We describe new technique for pairing points which runs with the same
efficiency as Atallah’s one and is simpler to expose and implement.

Initial step 1. Create an augmented tree structure T [4] according to the
z coordinates of both red and blue points, whlch contains also a description
of the convex hull H of all points.

Let pred(X) and succ(X) be the predecessor and successor of a point X
on H in coupﬁerdockWise order. Let P be a point on H and let R = P.

Do the followihg stepé until no more points remain. -

Step 1. Examine points R and succ(R). If they are colored by different
colors then join them by straight line segment, do P « pred(P)if R = P, R
— pred(R), delete examined points from T, find new H and go to step 1. If
" R and succ(R) are colored by the same color then let R « succ(R). If scan
is finished (i.e. P = succ (R)) then go to step 2. Otherwise go to Step 1.

Step 2. (i) Find a vertical line L' with the property that there are points
both to its left and to its right, with as many red points as blue ones to its
left, and similarly to its right. This can be done in the same way as in [1].

(ii) Find T(1) and T(2), the augmented tree structures of the (respec-
tively) points to the left and to the right of L. This can be done by splitting
T about the z— component of the vertical line L. '

(iii) Recursively solve each of the two subproblems consisting of the
points to the left of L (using T(1)) and of the points to the right of L (usmg
T(2)), then stop.

Correctness of the aalgorithm is obvxous We show that it runs in time
O(nlog®n). Cost of Initial step is O(nlogn) [4). The total number of exam-
ined pairs (R, succ(R)) in Step 1 is not greater than the number of points on
H (where H is taken at the end of Step 1) plus the number of straight line
segments obtained in the "walk”. The total cost (including recursive calls) .
of deleting straight line segments in Step 1 is O(nlog?n). The total cost of
Step 2 is the same as Steps (i) - (iii) in Atallah’s algorithm, i.e. O(nlog?n).
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4. Conclusion

Both Atallah’s and ours algorithms could improve their running time to
O(nlog®n) by designing a O(log’n) time technique for splitting an aug-
mented tree structure (describing also the convex hull) into two parts sepa-
rated by a vertical line.
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REZIME
O SPAJANJU TACAKA U RAVNI

U radu je izloZen jedan algoritam za sparivanje tataka u ravai. Algoritam
ima vremensku slozenost O(nlog?n) i jednostavan je za implementaciju.
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