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' Abstract

A numerical method for.a singularly perturbed linear nonlocal prob- -
lem is considered. A classical difference. scheme .on a special non-
equidistant mesh, which is dense in the boundary layers, is applied.
The second order convergence uniform in the: perturbat.mn parameter.
is proved. A numencal example is given. :
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1. Introduction

Let us consider the following singularly perturbed nonlocal problem
v’ + b(z)u = f(z), z € I =(0,1],
u(0) = 0,

u(l) = Zc,u(s,)+d 0<31<32< . < 8m < 1,

i=1
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m

2 l 4] l< la

=1
where ¢ € (0,€p),¢0 € 1, is a small perturbation parameter. The functions
b and f are given and we assume

b feCHI), bz)=2p*>0, zel

with some k € N.

Problem (1)-(2) can be met as a model equation for some physical phe-
nomene, see [2], [8] for instance. The numerical treatment of problem (1) -
(2) was consider in [3], where finite elements method on an equidistant mesh
was applied and second order uniform convergence was obta.med The same
problem with m = 1 was studied in [6], also.

Our aim is to solve (1)-(2) numerically by using a classical difference scheme
on a special non-equidistant mesh, which is dense in the layers of the solution
to (1)-(2), located at z = 0 and z = 1. The same approach applied to the
numerical solution of the two-point boundary value problem can be found
in (1], (8], (7], [9], [10], [11]). In this paper we shall use a mesh generating
function from [11] and give a scheme which has the second order convergence
uniform in €. Numerical examples which demonstrate the effectiveness of the
method are presented.

Throughout the paper M denotes any positive constant that may take dif-
ferent values in different formulas, which are always independent of ¢ and of
the discretization mesh.

- 2. The numerical method

Let I), be the discretization mesh with the points:
. . 1
z; = Mt;), t;=th, i=0,1,..,n, b= o

n=2ng, noEN, no22,

where

A(t) ={ W—:ﬁ, t € [0,0.5],
1-M1-1), tel05,1].

Here a > 0 and p > 0 are some constants, independent of ¢. We have
A('.)(t) >0,+=1,2,t€[0,0.5) and A(t) = O(e) as long as 0.5 — ¢ > §, some
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6 > 0. The density is increased when a is decreased. The same is true for
p as long as a2P¢ > 1. More details about these mesh generating functions
can be found in [10], [11].

Since A(t) is a monotone increasing function, for each s; € (0,1),¢ = 1,2,...,m,
we obtain a unique ¢,; € (0, 1), such that s; = A(¢,;). Now, we shall discretize
the problem (1)-2) on the mesh I, = IU{sy,..., 3, }. Let us denote the points
of the mesh I, by 2;, i = 0,1,..., N, n < N < n+ m, in such a way that

O=2<5<..<z2ny1<2vy=1.
By using the same scheme as in [11], we obtain
Wg = 0,

a1(wi-1 + ao(f)w; + az(wigr + biw; = f(z), i=1,..,N -1,
N-1
wy = Y Ciw; +d,

=1
where wy, = [wo, wy,...,wN]T € RN, (w; = wy;), is a mesh function on I,,

) —2¢2 ) —2¢ ) 2¢2
01(3) - h,‘(h,‘ + h,‘+1)’ ‘12(’)4‘ hi+1(h,’ + hi+l)’ aO(z) -

5y if zi=3;
Ci={8’ ifz;=s

else

hi=zi -z, and b = b(z), t=1,2,..,N.

Theorem 1. Let (8) hold with k = 2 and let the discrete problem ({) be
given on the mesh I,. Then the problem (1)-(2) has a unique solution u,
problem ({) has a unique solution wy,, and it holds that

flwn = unlleo < MA2,
where u;, = [u(2g),u(21), ...,u(ZN)]T € RN, and constant M is independent

of € and n.

Proof. The existence of u and the following estimates

MQ+¢€ éxp(—ﬂz/e)),(l <z <05,

[4%e) 1< { M1+ e exp(=B(1 - z)/e)), 0.5 < z <1, PEOLk
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follows from the inverse monotonicity of (1)-(2) under assumptions (3) see

[3]. Let us write the discretization in the matrix norm:
Awy = fp,

where fr = [f(20), s f(2N)]T € RV, and matrix A has the form

1
ai(1) ao(1) +b; az(1)

al(‘s) ao(s) + b, az(s)
0 . .

01(N - 1) ao(N - 1) +bn_1
0 C Ca . Cn-2 Cn-1

It is easy to see that
ao(Z) +6; >0, a1(i) < 0, a2(d) <0, i=1,2,...,.N—1,

and

| ao(i) + bi | - | aa(3) | = | @2(3) 2 B2, i=1,2,..,N - 1.

In the last row we have

N-1 m '
S ICiI=Y lalk,
=1 =1

and the matrix A is strictly diagonally dominant. Let

b= mingB%,1,1- 3" & [},

1';1
then !
(2.1) A7l < 7

Now, we shall be concerned with the consistency error 7}, :

(2.2) Th = Auh - Awh.

az(N - 1)
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Under the assumptions of Theorem 1, for the consistency error in [11], it is

proved that .
Irallo < Mh2.

Now, from (5) and (6) we have

- 1.
lfun — walloo = 1A Talloo < ;Ilfhlloo <MK, O

3. Numerical example -

We shall use the following test example

—2u 4 u+ cos’ 1z + 2er)cos2rz =0, z €1,

m
u(0) = 0, w(1) = ¥ ciui(s;) + d,

i=1
where for. given ¢;, i = 1,2, ...,m, the number d is determined so that u(1) =
0. This is possible because the exact solution of our problem in this case is
known: : o
exp(—z/(¢)) + exp((z — 1)/¢)

1+ exp(—1/e¢)

In the tables we present the error

u(zr) = — cosTZ.

En = |lup — whlfoos

(where wy, is the same as in Theorem 1), and the experimental order of
convergence
log Eny —log En,

log N —log Ny ’
where N7 depends on 2n and m in the same way as N does on n and m.
Different values of € and n are considered with m = 5.

Ord =

T8 ¢

1 0.9999 0.03
2 0.1000 0.20
3 0.2000 0.50
4 0.5000 0.09
5 0.0001 0.05

and a = 1,2, p=1,2.
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Table1l. a=1, p=1.

N(n)\e 2-5 2-10 2—15 2-20 2—w 2-50
8(4) 4.949(-2) | 3.509(-1) | 4.296(-2) | 3.492(-1) [ 3679(-1) | En
- - - - - Ord
12(8) 3.112(-1) | 5.601(-2) | 5.047(-2) | 5.552(-2) | 5.574(-2) | En
1.144 4.526 0.398 4.548 4.654 Ord

20(16) 8.968(-3) | 1.719(-2) | 1.450(-2) | 1.723(-2) | 1.724(-2) | En
2.436 2.312 2.442 | 2.280 2.300 Ord

36(32) 3.650(-3) | 4.269(-3) | 3.511(-3) | 4.277(-3) | 4.277(-3) | En
1.530 2.370 2.413 2.371 2.371 Ord

68(64) 9.380(-4) | 1.068(-3) | 9.216(-4) | 1.072(-3) | 1.072(-3) | En
2.136 2.179 2.103 2.175 2.175 Ord

132(128) | 4.615(-4) { 2.669(-4) | 2.648(-4) | 2.678(-4) | 2.678(-4) | En
: 1.069 2.090 1.880 2.091 2.091 Ord
260(256) 1.369(-4) | 6.672(-5) | 6.621(-5) | 6.670(-5) | 6.670(-5) | ENn
1.793 2.045 2.045 2.044 2.044 Ord

516(512) 3.434(-5) | 1.668(-5) | 1.656(-5) | 1.675(-5) | 1.675(-5) | En
2.017 2.023 2.021 2.023 2.023 Ord

1028(1024) | 8.620(-6) | 4.170(-6) | 4.149(-6) | 4.186(-6) | 4.186(-6) | En
2.005 2.011 2.009 2.011 2.011 Ord
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Table 2. a=12, p=3.

N(n)\e 2-5 2-10 2~ 2~ 2=%"
9(4) 4.074(-2) | 2.344(-1) | 9.175(-3) | 6.886(-4) | 5.907(-7) | En
- - k- - - Ord
13(8) 2.482(-2) | 4.975(-2) | 2.443(-2) | 2.909(-3) | 4.154(-3) | En
1.348 4.215 2.663 43.919 | 2.409 Ord
21(16) 1.040(-2) | 2.782(-2) | 1.774(-2) | 2.563(-2) | 2.393(-2) | En
1.813 1.212 0.668 4.537 3.651 Ord
37(32) 2.585(-3) | 6.252(-3) | 5.692(-3) | 6.915(-3) | 7.393(-3) | En
12459 2.635 2.007 2.313 2.074 Ord
69(64) 6.518(-4) | 1.430(-3) | 1.629(-3) | 1.939(-3) | 1.997(-3) | En

2.211 2.367 2.008 2.040 2.100 Ord

133(128) | 1.637(-4) | 3.510(-4) | 4.273(-4) | 4.849(-4) | 4.998(-4) | En
v | 2.105 2.141 2.039 2.112 2.111 Ord

261(256) | 4.138(-5) | 8.443(-5) | 1.099(-4) | 1.212(-4) | 1.254(-4) | En
2.040 2.114 2.014 2.056 2.051 Ord

517(512) | 1.041(-5) | 2.111(-5) | 2.756(-5) | 3.031(-5) | 3.135(-5) | En
2.019 2.028 2.024 2,028 2.028 Ord

1029(1024) | 2.608(-6) | 5.276(-6) | 6.921(-6) | 7.577(-6) | 7.841(-6) | En
2.011 2.014 2.007 2.014 2.014 Ord
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REZIME

O UNIFORMNOM NUMERICKOM POSTUPKU ZA NELOKALNI
PROBLEM

‘Posmatra se numeriéki postupak za singularni linearni nelokalni problem.
Primenjena je klasi¢na diferencna §ema na specijalnoj neekvidistrantnoj
mreti, koja je gusta u grani¢nim slojevima. Dokazan je drugi red uniformne
konvergencije. Numericki primer je dat.
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