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Abstract

Using the spectral method a theorem is proved giving the necessary
and sufficient conditions for the generalized direct product (GDP) of
regular (di)graphs to be connected (di)graph.
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1. Introduction

Let B be a set of n-tuples 8 = (6,,8a,...,0,) of symbols 1,0,-1 which does
not contain an n-tuple (0,0,...,0). If G is a digraph with at most » parallel
arcs (if there are no parallel arcs then ¥ = 1) between any two vertices or
loops of a vertex in G, then complement G of G is a digraph which has the
same set of vertices as G and for any ordered pair (u, v) of vertices u and v
of G (if loops are not allowed then u # v) from u to v lead v — a arcs, where
a is the number of arcs leading from u to v in G.

The following definition is introduced in [5] and [6] and represent a gen-
eralization of the definition of the GDP of graphs [7] to digraphs (digraphs
can have multiple arcs and or loops).
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Definition 1. The generalized direct product with a basis B of digraphs
GI,G2 ’

..,Gpn 1s the digraph G=GDP (B;G,,...,Gp) whose set of vertices is
the Cartesian product of the sets of vertices of digraphs G,,Ga,...,Gy.For
two vertices u = (Uy,...,U%,) and v = (v1,...,9,) of G construct all
the possible arc selections of the following type. For each (B,,...,0,)
Jrom B, for which wux = vr holds whenever 8 = 0, and for any i (
t=1,2,...,n;i # k ) select an arc going from u; tov; in G; if f; = 1 and
an arc going from u; tov; in G;

mbozif B; = —1. The number of arcs going from u to v in G is equal to
the number of such selections.0]

If B consists of n-tuples of symbols 1 and 0 the resulting operation is
called a non-complete extended p-sum (NEPS). Conditions, under which
this operation on arbitrary digraphs is a strongly connected digraph, have
been investigated in [3].

It is clear that the GDP (B;G1,...,Gr) can be connected if any one of
the digraphs Gi,...,G, is not connected. On the other hand, if G;(i =
1,...,n) has at least two vertices, then the GDP (B;G,...,Gy) is not
connected if basis B has not the property (D): that forevery j € {1,...,n}
there exist in B at least one n-tuple (f4,...,8,) with B; # 0. (This cond

ition implies that the GDP, effectively, depends on each G;.) Further,
it Gj(G;), for some j € {1,...,n}, is not connected, then the GDP
(B;Gh,-..,Gy) is not connected, if each n-tuple (B81,...,0,) in B has
B; % —1(8; #1).

In order to get conditions for B,G),...,Gy being GDP (B;G,,...,Gy)
strongly connected, we shall investigate the connectivity of the isomorphic
GDP given from this one by the replacement of each non-connected digraph
G; by its complement G; together with the replacement in each 3 € B j-th
coordinate 1 by -1 and vice versa (Proposition 3 in [5]). So we suppose that
in GDP (B;Gy,...,Gy) all the Gy,...,G, are strongly connected. In the
same manner, we shall consider the GDP whose basis B has property (E):
if forany j € {1,...,n} all B; (j-th coordinate of # € B) take only one
value among 1 and -1, then S, € {1,0}.In this case if G; is.not connected,
then GDP (B;Gi,...,Gy) is not connected.

A digraph is called a regular of degree r if each indegree and each out-
degree equals r. The cycle, denoted by C,, is a connected regular digraph
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of degree 1 with p verices. Digraph G is called bicomplete if G is a complete
bipartite graph (symmetric). Notice that the strong components of a regular
digraph are its components too.

We shall investigate the connectedness of the GDP of regular digraphs
by using Theorems 0.3 and 0.4 from [2].

For this purpose we need the following results of [5).
Theorem 1. ({5]). The GDP of regular digraphs is a regular digraph.

Theorem 2. ([5]). Let G be a regular digraph of order p, degree r and
mazimum number of parallel arcs or loops of a vertex equal to v and let
S = {A1 = 1A2,...,2,} be the spectrum of G. The complement G of the
digraph G has the spectrum given by

Si={=v-p—rdy=-Xy..., 0 = =)}, if loops are allowed,
S;={M=v-p- u—r)\g_—u-—)\g, s Ap = —v =X}, if loops are not
allowed.

The eigenvectors correspoding to ); and ); are the same and the eigen-
vector belonging to the eigenvalue ) distinct from r in G is orthogonal to the
eigenvector (1,...,1) belonging to the r. O

Theorem 3. ([5]). For i=1,2,...,n let G; be a regular digraph with p; ver-
tices, degree ri and let X;j, (Mij) ji = 1,2,...,pi be the spectrum of Gi(G;
determined by Theorem 2). Then, the spectrum of the GDP (B;G1,...,G»)
consists of all the possible values of A;,, .. ;. where

A (81] 4 [82] n
(1) Ajrroin —ME%A LA A,

’\E? = "'}'.-1"5?3 = 17’\5;1] = :\ij‘.,ji =1,2,...,pi; 1 =1,2,...,n

The eigenvector zj,,..., j, =21, ®T2;, ®...® z,; corresponds to the
eigenvalue A;,..., j., where z;, ts the eigenvector belonging to ’\‘i; in
Gi; and ® denotes the Kronecker product of matrices. O
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2. Main theorems

Let h be the greatest common divisor of the lengths of all the cycles in a
digraph G. The digraph G is called primitive if it is strongly connected and
h = 1 [4,p.210), and imprimitive if it is strongly connected and h > 1.
In the second case, h is called the index of imprimitivity (h is the index of
imprimitivity of the adjacency matrix of the digraph G as well [1,p.183].

Theorem 4. Let Gi,i=1,2,...,n be a regular,connected, non-complete
symmetric digraph of degree r; containing p;(p; > 2) vertices. Suppose
also that loops are not allowed in G; and G; (i = 1,2,...,n). Further, let
digrephs G;,,Gi,,...,Gi,({i1,i2,...,is} C {1,2,...,n}) be imprimitive
with the imprimitivity indices h; , h;,,..., h;, respectively. The GDP with
the basis B satisfying conditions (D) and (E) of digraphs G,G,,...,Gy, is
a connected digraph if and only if for every non-empty subset {j,,j2,...,7x}
of {i1,i2,...,is} and every choice of integers &;,¢;,,...,¢;,,1 < ¢, <
hj, —1,t =1,2,...,k there ezxist 3 € B such that {ji,j2,...,5k} N {v |
B, # 0} = Iz # 0 and the following holds: for at least one v € Ig, for

which B, = —1,G, is neither bicomplete nor Cs or otherwise
1 e, ¢
Z(’i(l + ﬂ")’_l_ + ?;i(l - ﬁu)(pu - 27'1/))
UEIﬁ v

is not an integer.

Proof. According to Theorems 0.3 and 0.4 from (3] a digraph G, with
an adjecency matrix A, is strongly connected if and only if its index r is a
simple eigenvalue and if the positive eigenvectors belong to r both in 4 and
AT, . :

Without loss of generality we may suppose that the digraphs G4,G3,...,G,
are without multiple arcs.

By Theorem 3 the index of G=GDP (B;G;,...,Gy) is
A = EﬂeB riﬁl]rgp‘z]...n[;p"]
and (1,1,...,1) is the positive eigenvector belonging to the index A in

the adjacency matrix A of G and AT, where r,ll] = r;,rg01 =1 and

-1

i =pi—ri— 1

By the same theorem, if none of the G; is complete, the index of GDP
can be obtained only from those eigenvalues of the digraphs Gi(G;),i =
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1,2,...,n which have a modulus equal to r;(p;—r;—1). All these eigenval-
ues of G; can be written in the form r; exp(lj%f_-),‘o <l < hj—1(exp(t) =

e, i2 = —1) (Theorem of Frobenius). Therefore, from (1) we have
(2) A=) H( (67 + Bo)ri exp(—zr) +(1- B0+
BeBi=1

+ 5082 = B)(G0(E)p = 1 = rexp(E2),

where sg(0) =1 and sSg(z) =0 forz > 0. From (2) it follows that the
index A is a simple eigenvalue if for each choice of integers ¢;,, £;,,...,¢;,,0 <
&, < h;, —1(t=1,2,...,s) with at lcast one ¢;, > 0, at least one summand

N S

in A is differen from r}

For any choice of integers l,-,,lj,,._..,ljk,l <4, < hi =1, {4, d2,- 53k} C
{i],ig,...,i,} and any ﬂ € B let Ia = {j],jg,...,jk} n {V | ﬂy # 0}
Then, from (2) we have (I = {1,2,...,n}):

A= Z( H ,_[a.])(n( (1+ﬂu)ruexp(—21r)+

BEB ieNIg velg

+ 500 A1 = exp(- 2w)))),

or

3) A=Y (]I [ﬁ'l)(n(r + - (1—,6‘.,)(2r,,cos£ 2 + 1))7 x

BEB i€l\Ig vels

X exp( (1+,3., 2r+ (1 B.,)0.)).

Hence, index A is a snmple engenvalue of GDP if and only if for at least
one /3 € B one of the following conditions is satisfied : (a.) there exists
v el suchthat B, = —1 and (r2 4 2r, cos —121r + 1)2 #p—-1,-1
or (b) the argument of the operator exp of the correspondmg summand in
A is different from 2kw,k € Z. From (a) the following two cases arise:
1°p, —r, -1 = (r3+2r,,cos,%‘:21r+ 1)15 =r,—1 and 2°p, -1, -1=
(r2 4 2r, cos 7’;';2# +1)%.=r,. The case (r2 + 2r, cos 71521 +1)i=r,+1is
impossible, because £, > 0. H 1° holds then cos 7’;’:‘27 = —1, consequently G,
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is bicomplete (p, = 2r,,h, = 21,) and O, = 0. If 2° holds, then cos ﬁ':21r =
—2—'1,:, which is possible only for r, = 1, when p, =2r, +1=3 and h, =3
ie. G, is C3. Inthis case © = 4 if £, =1 and O, = & if ¢, = 2. From
these facts, the first part of the theorem follows.

Using condition (b) and supposing that 1° or 2° of (a) is satisfied for
each v € I for which §, = —1, we get the following condition

5 G +B)7520 + 21— 8,) (5, 20)) # 2kr,
velg v

which completes the proof of the theorem. O

Theorem 5. Let G;,i=1,2,...,n be a regular, connected, non-complete
symmetric digraph with at least two vertices. Suppose also that loops are per-
mitted in the digtaphs. Further, let digraphs G,,,Gi,,...,G;,({i1,12,-.-,15} C
{1,2,...,n}) be imprimitive with the imprimitivity indices h;,, hiy,... , h;
respectively. The GDP with the basis B satisfying conditions (D) and (E)
of digraphs G1,G2,...,Gy is a connected digraph if and only if for every
non-empty subset {j1,j2,...,Jx} of {i1,42,...,1is} and for every choice
of integers €;,,¢;,,...¢;,,1 < &, < h;, —1,t = 1,2,...,k there exists
B € B, such that {j1,j2,...,Jx} N {v | B # 0} = I # @ and the following
holds: for at least one v € Ig, for which B, = —1,G, is not bicomplete or
otherwise ¢ 1
v
2 G+ (158

vGIp v

is not an integer.

Proof. We use the same proof method as in Theorem 4.We also suppose
that the digraphs G,,Ga,...,G, are without multiple arcs.

If p;(r;) denotes the number of vertices (degres-index) of G;(i = 1,2,...,n),

then by Theorem 3 the index of G = GDP(B; G,,...,G,) is

A = Yge riﬁ‘]rgi" Pl and (1,1,...,1) is the positive eigenvector

belonging to the index A in the adjacency matrix A of G and AT, where
o, [ 0, g,

ri =r,r; =1and r; " =p;-r;.

Similarly as in the previous theorem index A of GDP (B;Gy,...,G,)

can be obtained from those eigenvalues of the digraphs G;(G;), i = 1,2,...,n
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which have a modulus equal to ri(p; — r;) i.e. from the exspresion

(4) A= 3 TIG8 + Borcexp(om) + (1 - 61 +

BeB i=1
+ 5002 = B)(sa(E)p: — riexp(7-2m)).

For any choice of integers ¢;,,4;,,...,¢j,, 1 < &, < hj—1, {j1.52,...,Jk} C

{i1,iz,-..,is} andany B € B let {ji,ja-..,5¢} N {v|B, # 0} = I5 .
Then from (4) we have (I = {1,2,...,n}):

A= E( H rEﬂil)( I'I (%(1 + ﬂ,)r,exp(%?w) +

BeB iel\lg velg

+ 2(1= B~y exp(£2m))))
v
or ¢ ,
A= Z( H rgﬁ‘])( H r, exp(h—"2w + 5(1 - B.)x)).
B€B iel\Ip vely v

Hence, index A is a simple eigenvalue of GDP if and only if for at least
one (3 € B one of the following conditions is satisfied: (a) there exists
ve€lg suchthat §,=-1 and 7, #p,—r, ie. G, isnot bicomplete
or (b) the argument of the operator exp of the corresponding summand in
A is different from 2kw, k € Z. From these facts the statement of th

is theorem follows. O

The following theorem is a specialization of the previous once to undi-
rected graphs.

Theorem 6. Let G;, i =1,2,...,n be a connected regular, non complete,
graph with at least two vertices and let G;,,Gi,,...,G;,, {i1,92,...,1,} C
{1,2,...,n} be bipartite. The GDP with the basis B salisfying conditions
(D) and (E) of graphs G,,Ga,...,Gn is a connected graph if and only if
Jor every non-emply subset {jy,j2,...,5&} of {i1,12,...,1,}, there erists
B € B such that {j1,j2,...,dk} N{¥|B, # 0} = Ig # @ and one of the
following conditions is salisfied:

(i) For at least one v € Ig, B, = -1 and G, is not bicopmlete..
(ti) The number of v € Iz for which B, =1 isodd. O

This theorem holds that either loops are or are not allowed in graphs.
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REZIME

POVEZANOST GENERALISANOG DIREKTNOG PROIZVODA
REGULARNIH DIGRAFOVA

Koristenjem spektralnog metoda dobijeni su potrebni i dovoljni uslovi (teo-
reme 4 i 5) da generalisani dircktan proizvod (GDP) regularnih digrafova
bude povezan digral.
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