Univ. u Novom Sadu Review of Research
Zb. Rad. Prirod.—Mat. Fak. Faculty of Science
Ser. Mat. 21, 1 (1891), 193-203, Mathematics Series

ON COINCIDENCE POINTS IN PROBABILISTIC
METRIC SPACES WITH A CONVEX STRUCTURE

Olga Hadzié!
Institute of Mathematics, University of Novi Sad,
Trg Dositeja Obradovica 4, 21000 Novi Sad, Yugoslavia

Abstract

In this paper a theorem on the existence of a coincidence point in
probabilistic metric spaces with a convex structure is proved. The the-
orem is a generalization of Theorem 3 from [6].
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1. Introduction

The notion of a probabilistic metric space is introduced by K.Menger in
[9] and the first result about the existence of a fixed point of a mapping
which is defined on a Menger space (5, F, min) is obtained by V.Sehgal and
A.Barucha-Reid in [1]. Since then, many fixed point theorems for mappings
which are defined on a Menger space (S, F,t) are obtained ([4], [5], [6], [13],
[15], [18]). The theory of probabilistic metric spaces is now an important
part of the stochastic analysis and in the books [3] and [10] extensive bibli-
ographies on probabilistic metric spaces and their applications are given.

In [6] the notion of a probabilistic metric space with a convex structure
W is given and a theorem on coincidence point in such a space is proved.
Here, we shall prove a generalization of Theorem 3 from [6].

!Work supported by Fund for Science of Vojvodina

193



194 O. Hadzié

2. Preliminaries

A triplet (S, F,t) is a Menger space if and only if S is a nonempty set,
F:5%x85 > A, where A denotes the set of all distribution functions, and ¢
is a T-norm [10] so that the following conditions are satisfied (F(p,q) = F,, 4
for every p,q € §):

1. F,4(z) =1, for every z € R* if only if p = q.
2. Fp4(0) = 0, for every p,q € S.
3. F,, = Fyp, for every p,g € S.

4. Fpr(u+ v) 2 t(Fpq(u), Fy+(v)), for every p,q,r € S and every u,v €
R*t.

|

The (¢, A)-topology is introduced by the (¢, A)-neighbourhoods of v € S :

U(e,A) = {u;u € S, F, () >1 -2}, €>0, A €(0,1).

In [8] some relations between a Menger space and a fuzzy metric space are
obtained. It is proved that every Menger space (5, F,t) is a fuzzy metric
space (S,d,0, R), where

R(a,b) =1 —t(1—-a,1—b)

_J 0, s < sup{s; Fyy(s) =0}
d(z,y)(s) = { 1 — F;4(3), s 2 sup{s; Fr(s) = 0}.

Definition 1. Let (S,F,t) be a Menger space. A mapping W : § x § X
[0,1] — S is said to be a convez structure if for every (u,z,y,A) € § x § X
Sx(0,1): ‘

€ €
Fu,W(::,y,/\)(2€) 2 t(F“ﬂ'(X)’F“'y(l - ,\))’

for every ¢ € Rt and W(z,y,0) =y, W(z,y,1) = z.

Every random normed spaces [12] is a probabilistic metric space S with
a convex structure W(z,y,A) = Az +(1 - A)y, 2,y € S, A €(0,1).

Example. A nontrivial example of a Menger space with a convex structure
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is the following. Let (M, d) be a separable metric space with a convex struc-
ture W [14] such that for every é € [0,1] the mapping (z,y) — W(z,y,6)
is continuous. Let (2, X, P) be a probability space. We shall prove that the
Menger space (5,F,tn)(tm(a,b) = max{e + b — 1,0}, a,b € [0,1]) has a
convex structure, where S is the space of all measurable mappings from Q
into M (the space of equivalence classes ) and for every X,Y € 5 :

Fxy(u) = P({w, w € 2,d(X(v),Y(w)) < u}), u € RT.

Let W : § x S x [0,1] — S be define by the relation: W(X,Y,6)(w) =
W([X(w),Y (w),é], for every w € R, every X,Y € S and every é € [0,1].

From the measurability of the mappings X and Y and the continuity of
the mapping (z,y) — W(=z,y,90) it follows that W(X,Y,6) € S. It is easy to

verify that

€ ¢
Fyuwxye(2) 2 Fux(3) + Fuy(;—5) -1

for every X,Y,U € §; 6 € (0,1), ¢ > 0. Further, W(X,Y,0) = Y and
W(X,Y,1) = X and so (S5,F,t,) is a probabilistic metric space with the
convex structure W.

In this paper we shall suppose that a convex structure W on a Menger
space (5, F,t) satisfies the following inequality:

FW(z,z,,\),W(y,z,A)(’\f) > Fl‘yy(e)

for every (z,y,z,A,¢) € S X § x § x (0,1) x R*.

The convex structure W(z,y,A) = Az + (1 - A)y in a random normed
space satisfies this condition.

In Itoh’s paper (7] a similar condition is introduced for metric spaces
with a convex structure.

If (S, F) is a probabilistic metric space with a convex structure W, zq € §
and T : § — §, then T is said to be (W, zg)-convex if W(Tz,z9,A) =
T(W(z,z0,A)), for every A € (0,1) and z € S.

A nonempty set K of S, where (S, F) is a probabilistic metric space with
a convex structure W, is said to be starshaped in respect to 2o € K if and
only if W(z,20,A) € K for every z € K and every A € (0,1) . Then zq is a
starcenter of K.
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Let (S, F) be a-probabilistic metric space and A a nonempty subset of
S. The function D4(.) : R* — [0,1] defined by [3]:

D4(u) = sup mf qu(s), u € RY

alu P

is called the probabilistic diameter of the set A and the set A is probabilistic
bounded if and only if

sup Dy(u) = 1.
ueRl+

In [15] the function {B4(.)}, as a generalization of the notion of the
measure of noncompactness, is defined for a probabilistic bounded subset
A C § in the following way:

Ba(u) = sup{e; e > 0, there exists a finite subset

Aj of § such that F‘A,A,(u) > €}

where

F4 () = sup inf sup Fry(s)
s<uTEA yEB

for every two probabilistic bounded subsets of S.

The function {84(.)} has the following properties [15] :

1. B4 € A.

[

. Ba(u) > D4(u), for every u € R*.

[ 2]

.0#ACBCS= fa(u) > Bs(u), for every u € R*.

>

. BauB(u) = min{B4(u), Bs(u)}, for every u € R*.

o

Ba(u) = Bz(u)(u € RY, where A is the closure of A).

6. B4 = H & A is precompact, where

0, L0
H(z):{ 1, z>0.
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Definition 2. Let (S,F) be a probabilistic metric space, B(S) the family
of all probabilistic bounded subset of S,M C S and A; and A; mappings
from S into S. If for every K C M such that A,(K),A2(K) € B(S) the
“implication

ﬂAg(K)(") 2 ﬂA,(K)(u), u € Rt = K is compact

holds, Ay is said to be a (8, A3)- densifying mapping on M.

If X is a topological space, M C X is an attractor for a mapping F :
X - X ifforeveryz e X :

MO UenF(@) # 0.

3. A theorem on coincidence points
The following theorem is a generalization of Theorem 3 from [6].

Theorem 1. Let (S,F,t) be a complete Menger space with a convez struc-
ture W and continuous T-norm t,A and B continuous, commutative map-
pings from S into S such that AS is probabilistic bounded subset of BS,zo €
S and B be (W, zg)-convez so that

Faz,ay(€) > Fpz,By(€), for every z,y € S and every e € RY.

If there exists a nonempty subset M of S such that BM is an attractor for
the mapping A and A is (8, B)- densifying on M then there erists z € S
such that Az = Bz.

Proof. Similarly as in [6] it follows that there exists a sequence {y,}neN
from M such that

(1) nango Fpy. ay.(€) =1, forevery ¢>0

but we shall give the proof of (1) because of the completeness.

Let {kn}.en be a sequence from (0,1) such that limy—oo kn = 1. For
every n € N and every z € S let

Anz = W(Az, 2o, k).
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It is easy to verify that for A,,5§ = B and T = B all the conditions of
Theorem B from [5] are satisfied. Hence, for every n € N there exists
z, € § such that

2, = Apz, = Bz,

Since (S, F,t) is a probabilistic metric space with a convex structure W
we obtain that

€
(2) Fr, Az.(€) 2 FA:"':°(2(_1———E,3)
for every n € N and everye > 0. From

BM N (UpenA™2zn) # 0, for every n€N

it follows that there exists, for every n € N,y, € M such that By, €
U,,eNA™z,. Further, for every n € N and every k € N

3) Fprp, arx+15,(€) 2> Fz, Az, (€), for every > 0.

Let A € (0,1). We shall prove that for every € > 0 there exists ng(¢,\) € N
such that Fpy, ay.(€) > 1 — A for every n > ng(e, A).

From (2) and (3) we obtain that for every e > 0and k€ N

FB!ImAVn(e) ->— t(FBy".Ak:n(§)$t(FA-‘l?n.-fu(ﬂTf-E:y)’
(4) e
FA"rn,By,.(a)))'

Since By, € U,,cNA™z, we conclude that for every n € N there exists
m, € N such that

(5) FBy"‘Amn:"(g) >, for every n€ N
where 7 € (0,1) is such that the following implication holds
(6) 2,92 2 7(N) = 1z, 8(y,2)) > 1 - A.
The existence of such an element 7 follows from the continuity of the

mapping t. Since AS is a probabilistic bounded set it follows that there
exists ng(e,7(A)) € N such that

¢
(7) FA:n;o(m) > 7, for every n > no(e, n(A)).
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From (4), (5), (6) and (7) it follows that

Fpy, Ay (€) 2 t(n,t(nn)) > 1 = A, for every n 2> n,(e,n(A)).

Hence limn—o FBy,, Ay.(€) = 1, for every € > 0.

We shall prove that the set {y,;n € N} is compact. Using the assump-
tion that A is (8, B) - densifying it is enough to prove that

(8) BB{ynineN})(¥) = Baf{ynineN))(¥)
for every u > 0.
In order to prove (8) we shall prove (9) and (10) where
9) BB({ynineN} (%) < Baj{yaineNy)(¥)
for every u € Rt and .
(10) BAl{ynneNy (%) 2 Bp[{ynmeNy(®)
for every u € R*.
In order to prove (9) we shall prove that for every v > 0 and s € (0, u)
( 11) BB{{ynineN} (% — 3) < Baf{ynimeNy ()
Since f is left continuous (11) implies (9). We can suppose that
BBi{ynmeNy)(u — 8) > 0,
since in the oposite case (11) holds. If we prove that
(12) 0 <1 < BpyuneNy(B —8) = < B al{ynineN} (),

then (11) holds.

From the inequality r < fg{(,,..neN})(u — §) it follows the existence of a
finite subset Ay C 5 such that

FB[{yn;neN}],A;(u — S) >r.

Hence, for every n € N there exists zn, € Ay such that

Fpy, s (u~38)>r.
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Let &; € (0,7). From the continuity of ¢ and the relation #(1,7) = r it follows
the existence of 82 € (0,1) such that 1 > A > 1~ §; implies t(h,r) > r — &.
Let n(s,8;) € N be such that Fpy, 4y.(5) > 1 — 82, for every k > n(s,§3).
Then

s s
F{vn.t..('"' - 5) 2 t(FAFquyn(E)f Fpy, s.(u—3)) 2

HFaynBun(Gh) > 7= &

and so Bup(y,mmeN))(#) 2 r and (12) is proved. This proves (9). Similarly,
we can prove (10) and so we have that for every u > 0 (8) holds. Since
A is (8, B) densifying we obtain that the set {y,;n € N} is compact. Let
limg oo ¥n, = ¥- Then from lim,_.oo Byn, — AyYn, = 0 and the continuity of
B and A it follows that By = Ay = y.

Corollary 1. Let (S, F,t) be a Menger space with a convex structure W
and continuous T-norm t, A and B continuous, commutative mappings from
S into S such that AS is probabilistic bounded subset of BS, zo € S and
B (W,zo) - convez so that

Faz ay(€) > FBz By(€), for every z,y € S and every ¢ € Rt.

If there ezists a compact set M C S such that BM is an attractor for A
then there exists x € S such that z = Az = Bz.

Proof. Tt is obvious that A is (8, B) - densifying on M since M is a compact
set and so all the conditions of the Theorem are satisfied.
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REZIME

o) :I‘AC‘KAMA KOINCIDENCIJE U VEROVATNOSNIM
METRICKIM PROSTORIMA SA KONVEKSNOM STRUKTUROM

U ovom radu je dokazana teorema o postojanju tatke koincidencije u verovat-
nosnim metri¢kim prostorima sa konveksnom strukturom. Teorema je uopétenje
teoreme 3 iz rada [6].
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