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Abstract

In order to solve some special classes of nonlinear systems of equa-
tions the Modified Accelerated Overrelaxation - Newton (MAORN)
method, introduced in 1], is used. The same nonlinear systems have
been considered by Chernyak, [5] . For their numerical solution he
has used the AORN (Accelerated Overrelaxation - Newton) method.
By using a similar technique as in Chernyak’s papers [4] and [5], some
sufficient conditions are obtained for the global convergence. The mod-
ified method and the convergence result are simpler than the ones from

(8] -
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1. Introduction
A system of nonlinear equations
f,-(:rl,zz,..., Zn) = 0, 1tEN = {1,2,..., n},

will be solved by using the MAORN (Modified Accelerated Overrelaxation
- Newton) method: fori € N, £ =0,1,2,...

= ot ale), B = ot oaPo),
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A(l:)(a_) f'(zk+l, 1ffjllvzk .,Z‘ﬁ)
1 d( k+1 ,—fjll,zk .,zﬁ)

where o, w € R, w # 0, and di(z), 1 € N,z € R" are arbitrary real nonzero
functions. This method was introduced in our paper [1].

In the case when di(z) = 8f;/0zi, i € N, (z = [z1,22,...,Za]7), the
MAORN method reduces to an AORN (Accelerated Overrelaxation - New-
ton) one, investigated by Chernyak in {5)].

It is obvious that the MAORN method has one very important advan-
tage: we do not have to calculate the partial derivatives of the given nonlin-
ear functions. Because of that we have started to investigate this method.
But, in convergence analysis, until now, we have obtained sufficient con-
ditions for local convergence only. Also, these sufficient conditions depend
on the value of the Jacobian matrix at the exact solution of our nonlinear
system.

The aim of this paper is to give some sufficient conditions for the global
convergence of the MAORN method, at least for some specias nonlinear
systems.

We shall analyse the same class of nonlinear systems as in [5], i.e. non-
linear systems of the following type:

n
(l) fi(zlaz27' .. 7zn) = Zaijzj + gi(zi) - bi = 0’ i € Ny
. j=1
where a;j, b € R, i,j € N, aii # 0, i € N, and ¢i(t), t € R, are
real nonlinear differentiable functions. For nonzero functions d;(z) we shall
choose ‘

d;(z) = a4, 1€ N, x € R"’,

so that the MAORN method for solving system (1) will have the following
form:

forie N, k=0,1,2,...
(2) zf""l =zf-— wASk)(a), a‘:f'” zf A(k)(a)

L(zk+1, —k+l k . n)

1—1’ l’

AM(a) =

Qi
Obviously, it can be applied without knowledge of partial derivatives of the
nonlinear functions g;, 1 € N. Note that in paper {5] Chernyak used the
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AORN method, which in this special case has the same form as (2), except
that for a;; in each iteration we should take

ai; + gi(z5).

In order to obtain some sufficient conditions for the convergence (global,
if it is possible) of the MAORN method (2), we shall use the result of
Theorem 1 from [4]. We are going to describe this result in the next section.

2. Preliminaries

Let ®(z,y) be a continuous mapping from X x X to b'e (X is a Banach
space). For the numerical solution of

(3) (z,2) =0,

the folloving iterative method is used:

(4) gkt = 2k — (&' (2%, 2%)) 18 (2k, 2F), k=0,1,...,

where &/ (z,y) is.a.n F-derivative of ® with respect to the first argument.

Theorem 1. [4] Let the following conditions be satisfied:
1. For each z € S := {z € X| ||z — 2| < r} there erists the linear
inverse operator I'(z) = [®.(z,z)]™! and ||I(z)|| < B,

IT(z°)® (2%, 2°)|| < mo;
2. For each z,y € S it holds that
®2(z.y) — ¥y, Il < M|z - yll,

IT(z)[®(z.2) — ®(z,y)}ll <
< &illz - yll + &|IT(z)®(y, Il ll= - vll + b3ll= — wll?,
where 8y, 82, 63 > 0; V

3. by =61 + 6ng < 1, where § = 0.5BM + 63 + &3;

oo k j=1

{.r>t"=(1+ Z H hj)no, where hj =6, + énp H h,, j=2,3,....

k=1j=1 r=1
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Then there ezists z* € §* = {z € X| ||z - z°|| £ t*}, s0 that ®(z*,z*) =0
and the iterative method (4) converges to z*.

3. Convergence result

If we intend to apply Theorem 1, we have to choose the continuous nonlinear
operator ® , such that system (3) is equivalent to nonlinear system (1), and
the MAORN method (2) is the same as method (4).

It is easy to prove that the nonlinear operator given by

(@) = £ (4OW) + L@ - w),

v(')(y) = ['U](y), .- 1vi—l(y)7 Yiyo-o 7yn]T ’ ‘”i(y) =¥ — f;fl ('U(')(y)) ’

satisfies both of the previous conditions.

The following convergence result is some kind of generalization of the
Sassenfeld criteria. In the linear case the same result for the AOR method
was given in [2]. In the nonlinear case, for the same class of nonlinear
systems and for the AORN method, the analogous result was given in [5].

Let us denote

pie) = Z'a"|(ll—al+lalpu(a))+ > sl e,

I "I j=i+41

pa(@) = |o] Z 'I ",'pz,(a) F1,i€N.

Theorem 2. Lel
lgi®)| <y, t€R, i€ N;

|a,~,~|2a>0,zEN;

W
6 = r_nax{|1 —w|+ |w|pri(o) + I—l'rzoz.-(a)} <l

Then for each z° € R™, the MAORN method converges to the solut:on z* of
system (1) and

! 112(2*, 25)lloo

k=0,1,2,....
a(l - 61) ) 01 1’27

(8) llz* — z¥[loo <
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Proof. 1t is easy to see that

&/ (z,y) = dzag( L .,a"—").

w

Hence, conditions 1) from Theorem 1 are satisfied with B = |w|/a and
arbitrary z° and r. Related 7y always exists. '
The first relation in conditions 2) is satisfied with M = 0. The second one,
with §; = 63 = 0 follows from relation

Ia%_ (®i(z,z) — Bi(z,9))| < {I1 —w| + |w|pri(e) + l‘;il-ypz'.(a)}"z ~ Wl

which can be proved by using the mathematical induction.
Condition 3) reduces to h; = §; < 1, and condition 4)

" =mp/(1-6)<r

is always satisfied, because r is arbitrary.
From Theorem 1 we conclude that method (4), i.e. the MAORN method
converges to z*, for which is ®(z*,2*) = 0 and

ol (2% 2)Joo

20 = ="l < £ = /(1 — 1) < LA

Because all our considerations do not depend on start value z° and because
each iteration z* can be considered as a start one, we conclude that error
estimation (5) is valid.

If we denote
- : L
p(o) = max{pii(0) + —p2i(0)},

|“u| la u|
i =
yleal oy Tl

=1 |a"l J=i+l

after some calculations we shall obtain

l-oli+u+v/a

c) < max
Ho) < may 1- |oli;
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Now, it is easy to sce that the condition §; < 1 from Theorem 2 can be
replaced by the following condition:

M=l (= o]~ Joll1 = whk + fwlu + foly/e |
ieN 1—|ej;

So, as a direct corollary of Theorem 2 we obtain the following theorem.
Theorem 3. Let1 —|o|l; > 0, i € N;
lgit)| < v, teER, i€ N;

lei;] 2 a>0,i€ N;

§* = max 1 —w] + (Jwl|l - o] = o]l — @Dk + |w|u; + |w]v/a 1
N 1 - ol

Then for each z° € R™ the MAORN method converges to solution z* of the
system (1) and

”It _ zk" < |w| ”Q(xk’zk)"oo
)

k=
-_ a(l - 6*) 1 07 1727

Let us remark that in the lincar case, when ¥ = 0, the MAORN method
(2) reduces to the AOR method and 6 is an upper bound for the maximum
norm of the AOR matrix, obtained in [2].

4. Numerical Example
We shall consider a system of nonlinear equations, for which there is

L=1/3,ie N\ {1}; u;=1/4, i € N\{n});

li=u,=0; a=3.

For different nonlinearity (i.e. for different choices of the value v ), in the
following picture we can sce how to choose the parameters ¢ and w, so that
8* < 1, i.e. the MAORN method converges (Theorem 3).
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REZIME

O JEDNOM POSTUPKU ZA RESAVANJE SKORO LINEARNIH
SISTEMA JEDNACINA

Za resavanje nekih specijalnih nelinearnih sistema jednagina koristiéemo
modifikovani AOR - Njutnov (MAORN) metod, koji smo definisali u radu
[1]. Iste nelinearne sisteme posmatrao je Cernjak, [5]. Za njihovo numeritko
resavanje on je koristio AORN (AOR - Njutnov) metod. Koristeéi sliénu
tehniku kao u radovima Cernjaka {4], [5], dobi¢emo neke dovoljne uslove za
globalnu konvergenciju. I nas modifikovani metod i rezultati o konvergenciji
jednostavniji su od odgovarajuéih u radu [5).

Received by the editors April 16, 1990.



