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Abstract

In this paper the concept of (F*) uniformly convex spaces and
some fixed point theorems for generalized nonexpansive mappings are
introduced and presented. The results obtained in this paper extend
and improve some recent results of Dulst [3], Jaggi [5] and Browder

[2], Kirk [6].
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1. Introduction

Let (X, || -]) be a Banach space. A mapping T : K — K, K C X is said
to be nonexpansive, if

(11) ITz - Tyl <z —oll, Va,y€ K.

T : K — K is said to be generalized cxpansive, if for every subset E of
K with at lcast two points and T(E) C E

(1.2) sup [Tz — Tyl} < sup||z - v, Vr e E.
veE veE
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It is easy to see that the nonexpansive mapping and the mapping T :
K — K satisfying one of the following conditions:

(13)  |ITz —Ty|| < sup{fiz — zll, z € {T"y}nz0}, Zy€K

(14) [Tz — Tyl| < sup{llz — 2|l, z € ({T"2}n20 U {T"¥}n30)}, 2,9 € K
are all the special cases of generalized nonexpansive mappings.

Let (X, || - ||) be a Banach space, and K C X a nonempty bounded
closed convex subset. K is said to have normal structure, if for each closed
convex subset C C K consisting of more than one point there exists a point
z € C such that

sup{||lz — yll, y € C} < diam(C)  (the diameter of C).

A Banach $pace X is said to have normal structure, if for each bounded
closed nonempty convex set K C X it has the normal structure.

A Banach space X is said to have the fixed point property (F.P.P.) for
nonexpansive mappings (or for generalized nonexpansive mappings), if for
every weakly compact convex subset K of X and for every nonexpansive
mapping (or generalized nonexpansive mapping) T : K — K, T has a fixed
point in K.

The following two questions have long been open.

1. Which Banach spaces have the F.P.P. for generalized nonexpansive
mappings? '

2. Which Banach spaces have the F.P.P. for nonexpansive mapping?

It is obvious that question 2 is a special case of question 1.

Concerning question 2, recently Alspach [1] showed that the answer is
negative for X = L'[0,1]. If X is a Hilbert, or more general, if X is a
reflexive Banach space having normal structure then the answer to question
2 is also positive (cf. Browder [2] and Kirk [6]). ‘

Concerning question 1, recently Jaggi [5] showed that, if X is a reflexive
Banach space having normal structure then the answer is also affirmative.

The purpose of this paper is first to introduce the concept of (F¥) uni-
formly convex space and then use this concept to prove that every Banach
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space with the separated property (S.P.) can be reendowed with an equiva-
lent norm |||}, so that (X, j}-}}1) has the F.P.P. for generalized nonexpansive
mapping (hence for every kind of mappings in (1.1), (1.3) or (1.4)). The re-
sults presented in this paper extend and improve some recent results of
2,3,5,6].

2. Definition and preliminaries

Let X be a Banach space, and X* its dual. Throughout this paper we always
denote by

B(X)={ze X : |zl <1};
B(X")={fe X" : Ifll <1};
S(X*)={feX” : |lfll=1}.

Definition 1. A Banach space (X, ||-||) is said to have the separated prop-
erty (S.P.), if there ezists a countable set F C B(X*) such thatifanz € X
satisfies f(z) = 0 for every f € F, thenz = 0.

In what folows we denote such kind of spaces by (X, || - ||, F).

Let (X, ||- ||, ') be a Banach space with the S.P. . By virtue of F we can
define || - |l as follows:

. 1
fi(z)*)?
(21) et = (1= + SLELY - per
i=1
It is easy to prove that || - ||; is a norm on X equivalent to the given norm
” : "7 and
(2:2) llzll < lizll: < V2||=]t

Example Let (X,]||-||) be a separable Banach space. Then (X, || -]|) is
an example of Banach space with the S.P. . In fact, let {z,,} be a countable
dense subset of X. By Hahn-Banach Theorem, for each z,, n = 1,2,...
there exists an f, € S(X*) C B(X™) such that fn(z,) = ||z.]]- Letting

(2.3) F={fa}
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we know that if z € "X satisfies f(z) = 0, for every f € F, then z=20.In
fact, let {zn,} C {5} and z,, — z hence we have

Izaill = fai(Zni) = foi(®) S fuill - l|#n; — 2|l = 0 (mi — o0).

This implies that z,;, — 0, i.e. z = 0.

Definition 2. Let (X,||-||, ') be a Banach space with the S.P. . X is said to
be (F*) uniformly conver for some positive integer k, if for each ¢ > 0, there
ezists a 6(¢) > O such that for any k + 1 points z,,z,,...,Zx4) € B(X), if

lzr + z2 4 -+ + 2kl > (K +1) -6,

then

lA(I],IQ,-- -7zk+1;fl’--'1fk)| <&, V{fl7f27°"7fk} - F9
where

1 1 1
h(z1) f(z2) - filzes)

A(zl7z27""zk+l;fl’--"fk) =

fk(.zl) fk(.-"-‘z) fk(-"’.k+1)

Proposition 1. If (X, ] - ||, F) is (F¥) uniformly convez for some positive
integer k, then (X, || - ||, F) is (F**') uniformly convez.

Proof. Since X is (F*) uniformly convex, hence for each £ > 0 there exists
a 8(¢) > 0 such that if zy,z,...,244, arc any k + 1 points of B(X) with
lzr +z2 4+ Zpqall > (K + 1) = 6, then

(24) |A(z1, 72,y Zkg1s fro-- L fE) < —— Y{fi,....fs} C F.

k + 1’

Now suppose that zy,2,..., 242 are any k 4+ 2 points in B(X) with
Nz + z2 + -« + zrq2]| > (k+2)-6.

Then from the triangle inequality for each i we have

(2.5) lz1 + 224 -+ zici +ziga+ - + zrg2fl 2
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2l + 2+ o+ zegall -zl > (R +1) -6

Now let fi, f2,..., fx41 be any k + 1 functionals of F and consider the
determinant

1 1. 1
() A(z) - filze4a)
fenr(z) fiar(z) o fupa(zrer)

Expanding in minors along the second row and using (2.4) and (2.5) we have

|A(z1, 22, s Zk42s 1o Ser)l <& Y{fi,..o, i} CF
This completes the proof. 0O

Proposition 2. Let (X, ||, F) be a Banach space with the S.P. and C a
subset of X. Suppose that there erists some k such that for any k + 1 poinis
Z1,%2,...,Zk41 € C the following holds:

A(zlssz'-)zk+l;fls'“sfk) = 0, V{;flw-'afk} C F.
Then the dimension of span(C) dim(span(C)) < oo.

The proof of this proposition is straightforward we omit the statement
here.

Proposition 3. [7) If E is the real or complex field, then for eack £ > 0,
there exzists a 8(c) € (0,1) such that for any |z| < 1, |y] < 1, and |z —y| > ¢,
the following holds

|z + |yl
SU=8==

z+y
T2

Theorem 1. If (X,|| - ||, F) is a (F¥) uniformly convez Banach space Jor
some positive integer k, then X has normal structure.

Proof. Let K C X be any nonempty bounded closed convex subset with
diam(K) = d > 0. If the dimension of K is finite, then K is a com-
pact convex subset of X. By a wellknown result we know that K has nor-
mal structure. Therefore without loss of generality, we can suppose that
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dim(K) = oo. By virtue of Proposition 2 there exist some z3,23,...,25,, €
K, f1,f3,...,Jx € F and g > 0 such that

1 ] » » » L ]
(2.6) d—klA(:cl,a:,,. v Zips [l R 2 €0

Since X is (F*) uniformly convex, therefore for £o there exists a 6(g0) > 0
such that for any y1,¥2,..-, 941 € B(X) if

(2'7) IA(yl’y%'"°’yk+l;f;’--°’f:)l 250,
then :
(2.8) llvr + -+ + Y]l < (K + 1) — 8(<0).

Next for any z € K it is casy to see that J(z} — z) € B(X), i=1,2,
...,k + 1 and from (2.6) we have

i -z Zii1 =2 e .
(29) A2, A =

1 - . - g
= ﬁlA(zl""’zk-\l—l;fl"'"fk)l 2 £o.
In view of (2.7) and (2.8) we have

21—z

d

+...+f.£_%__z”_<_(k+'1)_5(€o),

_x;+z;+---+z;+1| _d
k+1 ~ k+1
This implies that X, || - ||) has normal structure.

i.e. z 4(eo) < diam(K).

This completes the proof. 8]

Theorem 2. Let (X,|| - ||, F) be a Banach space with the S.P. . If || - |1
is the equivalent norm on X defined by (2.1) then (X,|| - |l1,F) is a (F*) -
- untformly conver space for any positive integer k.

Proof. Firstly, we show that (X, ]| - |1, F) has the S.P. . For the purpose, it
suffices to prove

FCB(X)2{feX":|flh <1}
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where By (X)={z € X : |jz||; < 1}, and
Iflli=sup {If(z)l}

zeB) (X

In fact, if f € F, it follows from (2.2) that

Iflle = sup |f(z)| < sup [f(z)| < 1.
lief <1 li=ll<1

This shows that F' C By (X*).

Now we prove that (X, ||-|l1, F) is (F¥) uniformly convex for any positive
integer k. By Proposition 1 it suffices to prove that (X, || - |l1, F) is (F!)
uniformly convex. For the purpose it suffices to prove that for any sequences
{z.}, and {y.} of By(X) with ||z, + yalls — 2, then we have

nlﬂgo |A(Zn, yn; )l = ,}Ln(}o |f(zn = ym)l =0, VfeF.

Otherwise, there exist some ¢o > 0, fix, € F and some subsequences
{Znn} C {za}, and {yn,,} C {yn} such that

(2.10) fio(Znm = gam)| 2 €0,  m=1,2,... .

It follows from |fiy(Znm)l € 1, |fio(¥n.)l < 1, (2.10), Proposition 3 that
there exists 6 € (0,1) such that

fko

P | fro (Znm )I® + Lo (Ym)I?

(2.11) >

2

Therefore we have

fko(zﬂm - yﬂm
2

lfko(zﬂm)l + lfko(yn,,.)l
Er % ( 2 )

ks
6 Ifko(xﬂm)lz + Ifko(ynm)|2
= 9k 2

<L (Ifk.,(ﬂcn...)l2 + ko (Unm)? _ | fio(Znm) + fro (Ynm)
2ko 2 2

<

zﬂm + y“m 2
2

< "3‘."’11""2 + "yﬂm”2 -
- 2
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).

Ji(Zn,, + Yn,n)

e . 2 . 2
+§%(|f,(znmn + i) _

2 2
1 T + Y ||
= 3l + s ) - |22t | <
2
<1- i’ll"—;y"—’“-llqo (nm — 00).

This implies that |fk,(Zn,, — Yn)| — 0 and this leads to a contradiction.
Therefore we have

,}Lngolf(”n - yn)| = 0, VfePF.

This completes the proof. (]

3. The F.P.P. for generalized nonexpansive
mappings

We are now in a position to prove the main results of this paper.

Theorem 3. Every Banach space having normal structure has the F.P.P.
for generalized nonezpansive mapping.

Proof. Let K be any nonempty weakly compact convex subset of a given
Banach space X,and T : K — K be any generalized nonexpansive mapping.
We define T’ as a collection of all nonempty closed convex subsets F of K
with T(E) C E. It is obvious that I' # @ as K € T'. Now we define a partial
ordering on I' by the set inclusion relation. It follows from Smulian Theorem
[4, p. 433] and Zorn Lemma that there exists a minimal element S € I'. If
S contains only one point, say z, then z is a fixed point of T, and the proof
is complete. If 5 consists of more than one point, then it follows from the
normal structure of K, there exists an z, € § such that

3.1 a = sup ||z. — y|| < diam(S5).
vES

Therefore we have

sup [Tz, — Ty|| < sup ||z — y|| = e
yES y€S
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This implies that _
(32)  T(S)C B(Tzw,a)={z € X :||Tz. - z|| < a} .

Letting G = S N B(Tz.,a) we know that G is a nonempty closed convex
set with T(G) C G. By the minimality of S it gets G = S. This implies that
S C B(Tz.,a). Therefore we have

(3.3) sup ||ITz. — yl} < o.
y€s

Now we consider the set S’ defined by
(34) S’ ={z€ S:sup|z-y| <e)
y€S

It is obvious that S’ is a nonempty closed convex subset. We claim that
T(S')C 8. 1In fact,if z€ §' then 2€ Sand Tz € S.

Next, it is easy to see that T6T'(S) C S, and consequently
T(coT(S)) C T(S) c oI (S) C S.

This means that €67'(S) € T. In view of the minimality of S we get § =
ToT'(S). Hence coT(S) is a dense subset of S, and consequently for each
y € S and each € > 0 thereexist z; € §, i =1,2,...,n such that

n n
ly—Y BTz <e, Fi20, > Bi=1
=1 =1
Hence for each z € S’ we have

ITz - yl| < IT= - )_:ﬂaTzaII +| )_:ﬂ:Tzz -yl <

1=1 1=1

<e+Eﬂ,||Tz—Tz,||<e+supl|z—-y||<s+a

=1

By the arbitrariness of y € S and € > 0 we have sup [Tz — y|| £ a. This

means that Tz € §’ i.e. T(S") C S. Hence §' = . But by the definition of
S’ it leads .

diam(S’) = sup |lz—y|| < sup ||z - y|| < a < diam(S).
x,y€S’ T€S' YyES
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Thus we get a contradiction. Therefore § is a singleton.
This completes the proof. 0O

Remark. The main result of Jaggi [5] is a special case of Theorem 3.
In particular, it extends the main results of Browder {2] and Kirk [6].

From Theorem 1, 2 and Theorem 3 we have the following result.

Theorem 4. Let (X, - ||, F) be a Banach space with the S.P. . Then X
admits an equivalent norm || - ||; defined by (2.1) so that (X,|| - ||l1) has the
F.P.P. for generalized nonezpansive mappings.

As a consequence of Theorem 4 we have the following

Corollary 1. Let (X,|| - ||) be a separable Banach space. Then X admits
an equivalent norm || - ||, defined by '

lelh = (el + 3 ol fi(@ME, i€ F,
i=1

where F is a set defined by (2.3), so that (X,|| - ||1) has the F.P.P. for
generalized nonezpansive mapping (hence for every kind of mappings which
satisfies the condition (1.1), (1.3) or (1.4)).

Remark. This Corollary extends and improves the main results of Dulst (3].
Of course, it also extends the main results of Browder [2] and Kirk [6].

References

[1] D. Z. Alspach, A fixed point free nonexpansive map, Oklahoma, State
University, 1980.

[2] F. E. Browder, Nonexpansive nonlinear operators in a Banach space,
Proc. Nat. Acad. Sci. USA, 54 (1965), 1041-1044.

(3] D. Van Dulst, Equivalent norms and the fixed point property for non-
expansive mapping, J. London Math. Soc., (2), 25 (1982), 139-144.

[4] N. Dunford, J. T. Schwartz, Linear Operators, Part I, Interscience Pub-
lishers, Inc., New York, 1985.



Uniform convexity and the fixed point property 115
[5) D. S. Jaggi, On fixed points of nonei(pansive mappings, Contemporary

Math. V. 21 (1983), 147-149.

[6]) W. A. Kirk, A fixed point theorem for mappings which do not increase
distance, Amer. Math. Monthly, 72 (1965), 1004-1006.

[7) Nan Chao-xin, Geometrical Theory of Banach Spaces, 1983 (Chinese).
REZIME

UNIFORMNA KONVEKSNOST I OSOBINA NEPOKRETNE
TACKE ‘

U ovom radu uveden je pojam ( F*) uniformno konveksnih prostora i dokazane
su teoreme o nepokretnoj taéki. Rezultati koji su dobijeni prosiruju neke
rezultate Dulsta[3], Jaggia[5], Browdera[2] i Kirka[6).
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