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Abstract

In this paper a generalxzatxon of the commion ﬁxed pomt theorem
from [2] is proved. - :
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1. Introduction

There are many fixed point theorems or common fixed point theorems in
convex metric spaces ([1], [2], [3], [4], [7], [8])-

In [2] we proved the following common fixed point theorem.

Theorem 1. Let (M, d) be a complete, conver metric space, K a nenempty,
closed subset of M, f,5,T : K — M continuous mappings so that 8K C
SKnTK, f(K)nKCSKﬂTK and ,

Tz e dK = f(z) € K; Sz€ 0K = fze K.
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If (f,S) and (f,T) are weakly commutative and there ezists ﬁ nonde-
creasing function q : [0,00) — [0,1) such that

d(fz, fy) < q(d(Sz,Ty))d(Sz,Ty), for every z,y € K
then there ezists z € K so that

z= fz€{T2,8z}.

If S,T : M — M then there exists one and only one z € K such that
z=fz=Tz= Sz

In this paper we shall prove a generalization of Theorem 1if §,7: M —
M. :

The notion of a weakly commutative pair of mappings is introduced by
Sessa in [6] and the notion of a compatible pair of mappings by Jungck in (5].
There are examples of compatible pairs which are not weakly commutative
and weakly commutative pairs which are not commutative.

The next definition is a slight modification of the Jungck definition.

Definition 1. Let (M,d) be a metric space, A : D(A) - M,S : D(S) -
M, D(A) C M,D(S) C M. The pair (A,S) is said to be compatible if
Jor every sequence {z.},eN from D(A) N D(S) such that lim,_,o, Az, =
limp o0 STn =t € M and Az, € D(S),5z, € D(A), for every # € N the
relation

Jim d(ASz,,SAz,)=0

holds.

2. A common fixed point theorem

The following fixed point theorem is a generalization of Theorem 1 if §,7T :
M- M.

Theorem 2. Let (M,d) be a complete, conver metric space, K a nonempty
closed subset of M,S, T : M — M continuous mappings so that 0K C
SKNTK, for everyi € N, A;: K - M continuous mappings such that
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A KNK C SKNTK, (A;,S) and (Ai,T) compatible pairs and there ezists
a nondecreasing function q : [0,00) — [0,1) such that

d(Aiz, Ajy) < ¢(d(Sz,Ty))d(S=z,Ty),

for every i # j(i,j € N) and every z,y € K.
If for every i € N and z€ K the implications.
Txe€ 0K = Aix € K; Sz eaK 2> Aixzc K

hold, then there exists z € K such that

z2=Tz= Sz= A;z, for every ié N.
Proof . Let z € K and pop € K so that z = Tpy. Then for every
1t EN, A;po € K and s0 A;pp € SK which implies that there exists p; € K
such that Sp; = A;po € K. Let p| = A1po,py = Azpi. If p4 € K then there

exists p; € K so that Tp; = Agp; and if p}, ¢ K, since M is a convex metric
space, there exists p; € K such that Tp; € 0K and

d(Sp1,Tp2) + d(Tpy, Aspr) = d(Sp1, A2pr).

If we continue this process we obtain sequences {pn}.eN and {p}},eN
such that for every n € N, p, € K, p, +1 = An41Pn and the following
implications hold:

() p2, € K = 13, = Tp2n,
Pon € K = Tpys € 0K and

d( Smn—l ’ Tp?n) + d(TPZn’ A2np2n—l) -
= d(SP2n-l 3 A2np2n—l)

(ii) Pony1 € K = Phuyr = SP2ns1,
p{Zn+l ¢ K = Sp2n+l € 0K and

d(TP?n, Sp2n+l) + d(Sp2n+1’ A2n+lp2n) = d(TPZns A2n+lp2n)-

Let us prove that there exists z € K such that z = lim,,oTpn =
limp,—o0 Sp2n+1. The sets FPo, Pi,Qo,Q1 will be defined in the following
way:

Po = {pan; pon = TP2n, n € N},
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Py = {pan; Pon # TP2n, n € N},
Qo = {P1n41;Pons1 = SPany1, n€N},
Q1 = {P2n+1;Pany1 # SP2ns1, n € N}
It is easy to see that we have the following possibilities::

(P2n, P2nt+1) € Po X Qo; (P2n,P2n+1) € Po X Q13
(P2n, P2n+1) € P1 X Qo.

a) (szpzn+1) € Py X Qo.
Then :

d(Tpan, SPan+1) = d(A2nPan—1,A2nt1P2m) <
S‘Ild(smn-—l’Tmn)]d(smn—l,TP?n)- »

¥

b) (P2n,P2m+1) € Po X Q1.
Then

d(Tp2n, Span+1) = d(TP2n; A2n41P2n) — d(SP2nt1, A2ns1P2n)
< d(TP2m A2n+1P2n) = d(A2nP2n—19A2n+1P2n) <
< q[d(Sp2n-1 1'T1>’2n>)]d( Spgn-‘»l , Tpan).

C) (p2n,p2n+l) € Pl X Qo.
Then

d(T'pn, SP2nt1) < d(TP2n, A2nP2n-1) + d(A2nPan—1, SP2n+1)
= d(Tpan, A2nP2n-1) + (A2nP2n-1, A2n31P20) <
< d(Tp2n; Aznpon—1) + ¢ld(SP20-15;TP2n)ld(SP2n—1, TP20)
< d(Sp2n—1,Tp2n) + d(TP2n, AgnP2n-1) =

= d(Span-1, A2nP2n-1)-

Since py, € Py implies that pa,—_; € Q¢ we have that Spa,.; = A2n-1P2n-2
and so

. -d(Tp2'm SP?n+l) < d(sz:,,._ls, A?nmn—l) = 7
= d(A2n-—lp2;n-2a A21;p2n~1)»s ‘I[d(TPzn—z, Smn;l)]- N
'd(szh-—Z’ SP?n—l )'v o
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It can be proved similarly that the following implications hold:
(P?n—lsp?n) € QO X Po = d(Smn—l,Tp?n) <

< qld(Tp2n-2, Sp2n—-1)]-d(TP2n-2, SP2n-1);
(P2n-1,P2n) € Q1 X Po = d(Spzn-1,Tp2n) <
q(d(Tp2n-2, SP2n-3)d(TP2n-2, SP2n-3); |
(P2n—1,P2n) € Qo X Pi = d(Spzn_1,Fp2m) <
< q[d(Tp2n-2, SP2n—1)ld(TP2n-2, SP2n—1).
It is easy to prove that

(1) | d(TPim, SP2ms1) < la(O)*1.6,

(2) d(SP2n+1, TPan+2)<[a(6)]"6,
where 6§ = max{d(Tpz,S5p3), d(Tp2,5p1)}-

Since ¢(6) < 1, (1) and (2) imply that sequences {Tp3,},eN and
{S5P2n+1}neN are Cauchy sequences in K. Since M is complete there exists
z € K so that z = limy 00 T'P2n = limp 00 SP2n+1- Further, there exists at
least one subsequence {T'P2n, }reN OF {SP2m,+1}keN such that for every k €
N, P2n, € Fo or p2m,+1 € Qo. Hence, let us suppose that py,, € Po, k € N.
From the definition of the set Py it follows that Tpen, = A2n,P2n,-1, kK € N.

We shall prove that for every m € N
3) " d(z,Amz) < q(L)d(z,Tz)

for a positive pumber L. Since mg_,o0 d(SP2n-1,T2) = d(z,T z), there
exists L > 0 such that

d(Span,-1,T2) < L, ke N.

Since Tpan, = Azn,P2n,—1, k € N we have for 2nx £ m :
d(Tp2ny, Amz) = d(AQﬂkpZﬂk—l’ Amz) < g[d(Sp?ﬂk—I’Tz)] X’

Xd(Sp2n,-1,T2) < q(L)d(SP2n,-1,Tz).



94 - Olga Hadzié

When k — oo we obtain that (3) holds. We shall prove that lim_,o, Anpan, =
z. Suppose that 2n; # m.
Then

d(Amp2np, ) szn,, ) = d(Ammnk 9lA2nkp2ng-1 ) S
< ¢(L")d(Tp2ny, SP20s-1)

where d(TPp2n,,SPan,-1) < L', k € N. Hence limg— oo d(AmPan,; TP2n,) = 0
which implies that limg_oc Ampan, = 2. Since Tpan, € K and T : M —
M from the relation limg_,c0 d(Ampznk,Tpg,.,‘) = 0 it follows, using the
compatibility of A,, and 7, that

k]i»n;o d(T(Ampan, )s Am(Tp2n,)) = 0

This implies that Tz = A,, 2z, for every m € N since T and A,, are continu-
ous. From (3) we obtain that d(z, A,,2) < ¢(L)d(z, Amz), for every m € N
and since ¢(L) < 1 we have that z = A,,z. It remains to be proved that
z = Sz. Suppose that s # m. Then we have for every k € N that

d(Aspznp,—l ] AmPan) S q(L’)d(sznk—l ] Tp?n;,)

and since limg— o0 d(SP2n,—1, TP2n, ) = 0 we obtain that limg.oo AePon,—1 =
z, for every s € N. We shall prove that limi—co Am SPany-1, = Sz. Since
(Am,S) are compatible and limg_,oo SPany—1 = liMimoo AmPan,~1 = 2 it
follows that

kll»nolo d(AmSp%k-l; SAmPan-l) = 0

Since S is continuous and limg_,o, Ajnpan,—1 = 2 We obtain that
limg— oo AmSP2n,-1 = Sz. Further, we have that for m # s and every k € N

d(AsP2n., yAmSPan,—1) < o(L” )d(Tp_an ’ SSpﬁnk-l))

which implies, when & — oo that d(z,5z) < ¢(L”)d(z,Sz). Here L” is such
that d(Tpzn,,S(SP2n,-1)) < L” for every k € N. Since ¢(L™) < 1 it follows
that z = Sz and so

z2=Tz=5z= Ap,z, for every m € N.
If z is in K then it is enough to suppose that T,S : K — M since from
the relations limg_, oo AmPon, -1 = limg_ 0o AmP2n, = z it follows that there
exists ko € N such that

AmpPon,-1 € K, Ammm, €K, k2>ko
and every m € N.
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REZIME

TEOREMA O ZAJEDNICKOJ NEPOKRETNOJ TACKI ZA
FAMILIJU PRESLIKAVANJA U KONVEKSNIM METRICKIM
PROSTORIMA

U ovom radu dokazano je uopstenje teoreme o zajedni¢koj nepokretnoj tacki
iz rada [2].
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