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Abstract

In order to solve systems of linear equations a modification of the
Accelerated Overrelaxation (AOR) method is used, introduced in (8).
By using a technique similar to Sassenfeld’s criteria, criteria of conver-
gence are obtained which do not demand additional properties of the
matrix of the linear system.
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1. Introduction

There are a lot of iterative methods for solving systems of linear equations.
Among them, the so-called relaxation methods play a very important role.
The iteration matrices of these methods depend on several real parameters,
so it is possible to accelerate the rate of convergence by using a proper choice
of these parameters. For example, some well known methods of such a type
are the Jacobi, Gauss-Seidel, SOR and AOR method.

In this paper we shall consider a more general method, introduced by
James, [8] . As we shall see, it is a special case of the MAOR (Modified Accel-
erated Overrelaxation) method, which we have introduced for the nonlinear
case in paper [2] and investigated in [3],[4].

We shal obtain criteria of convergence, which do not demand additional
properties of the matrix of our linear system (such as SDD or something
else).

11



12 Dragoslav Herceg, Ljiljana Cvetkovié

2. Preliminaries

In order to solve a system of linear equations
(1) . Az = b,

where A = [a;;] € C™™, bEC™, aii # 0, 1t € N := {1,2,...,n}, we shall use
the following iterative method

(2) k! = M(o,Q)z* +d, k=0,1,...,
where
M(0,Q) = (E - QL) '((E - Q)+ (1 - 0)QL + QU),

d = (E - oQL)'QD'b,

A = D(FE — L — U) is the standard splitting, o is a real parameter and
Q = diag(w1,w2,...,wn) is a real regular diagonal relaxation matrix.

If we choose wy = w; = ... = W, = w, we obtain the AOR method with
the parameters wo and w, and if, in addition, 6 = 1, the method reduced
to the SOR method with the parameter w.

Also, we can compare this method to the MAOR one. It is obvious that

M(o,Q) = H(Q ;0,1),

where H denotes the MAOR iteration matrix (cf.[2], [3], {4] ).

3. An upper bound for the maximum norm of
iteration matrix

Theorem 1, Let

i-1 n
a;; a;; .
pi= }—%’(Il—aw,-|+|anw,-|p,-)+ > Pl ien.
= a"l j=i+1 Iﬂul

Then
IM(o, D)lloo < max{[1 — wil + |wilp:}-
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Proof. Let y be a vector with the following property:
Ivlleo = 1, 1M (0, D)lec = [IM (0, R)y}|co-
If we denote M(0,{l)y = z, we shall obtain
(E-0QL)z=((FE-Q)+ (1 -0)QL+QU))y,

or, written by components

i—-1 n
y a::
zi+ U“-’:E_ZJ =y —wiy—(1- U)W:E _.yj —wi E %yf
i=1 agg 7=1 " j—'.+1 Gii

From the last equality we obtain

(3) z—(1—-wiy = —uw; Z_ZJ +(1—a)2—y_,+ Z

J_l+l

from which, by using mathematical induction, we can prove that
(4) lzi — (1 ~ wi)yil < |wilpi, i € N.
Indeed, for i = 1 it is obvidus that
|21 = (1 —wi)n| £ |wi|m-
Now, we suppose that
(5) |z = (1 — wi)yk| < |welpe, £=1,2,...,i— 1.
From (3) we obtain
- lais =~ laijl
|zi — (1 —wi)yi] < Juil Z l il loz; + (1 — o)y;| +j=‘2+1 Ia_t'il
and it is sufficient to show that
lez; + (1 — o)y;| < lol|lwjlp; + 1 = owjl, 7=1,2,..,i—1.
Because of (5), it follows that for j = 1,2,...,:1 -1

loz; + (1 - o)y;| = lo (27 — (1 = wj)y;) + (1 — ow;)y;l
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<lollz — (1 - wjy;l + 1 - ow;|
< lollwjlp; + 11 = ow;l.
Hence, relation (4) is proved. Now, it is obvious that
|zi] <1 —wil + |wilpi, i € N,
which completes the proof.
a

The result of Theorem 1 is a generalization of the Sassenfeld’s criteria.
One can see that Theorem 1 gives a sufficient condition for the convergence
of method (2) without extra properties of matrix A. It is sufficient to choose
a parameter ¢ and a matrix {2, so that

g!gy,c{ll —wi| + wilpi} < 1.
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REZIME

0] JEDNOM ITERATIVNOM POSTUPKU ZA SISTEM
JEDNACINA

Za resavanje sistema linearnih jednacina koristi se jedna modifikacija AOR
postupka, definisana u [8]. Koriséenjem tehnike sliéne Sassenfeldovom kriter-
ijumu, dobijeno je jedno gornje ograni¢enje za maksimum normu iterativne
matrice i kriterijum za konvergenciju, koji ne zahteva dodatne pretpostavke
o matrici posmatranog linearnog sistema (SDD ili neto drugo).
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