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Abstract

A simple modification of an algérithm from [3] for numerical solu-
tion of linear system of equations is considered. The numerical examples
show that introducing a parameter the basic method can be acceler-
ated. ’
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1. Introduction

Research in the area of economic models is concentrated on determining the
convergence conditions for some solution tehniques applied to systems of
equations which have none of the usual features of physical systems, such
as symmetry, diagonal dominance, or nonnegativity, Fisher, Hallet, [1]. In
Kudrinskii, Ostapchuk, [3], an algorithm for the iterative solution of the
system Ax=b, assuming only that matrix A is nonsingular, is given. This
algorithm is nonstationary and can be applied without the user’s interven-
tions. Some numerical experiments show that by introducing a parameter,
the basic method can be accelerated. '

In this paper we shall prove the convergence of our modification of the
basic method assuming that the introduced parameter satisfies a condition.

1This research was partly supported by NSF and SMCI for Research of SAP Vojvo-
dina through funds made available to the U.S.-Yugoslav Joint Board on Scientific and
Technological Cooperation (Grant JF 799).



2 - Dragoslav Herceg

2. Preliminaries

We shall consider a system of linear equations

Az =b
where A = [a,-j] € R™ is a nonsingular matrix and b = [b,...,b,]T is a
known vector.

Before describing our modification of the basic method from Kudrinskii,
Ostapchuk, [3], we shall give some notations.

Let zT be the transpose of vector z € R® and let (z,y) = zTy be
the inner product of z,y € R®. We denote by ||z|| the Euclidean norm:
Izl = /(zT,z) and by ||z|lc and ||A|lcc the maximum vector norm
(lzllec = maz{| z; |: ¢ =1,2,...,n}) and the corresponding matrix norm.
Let a; = [ai1,.--,ain),t = 1,2,...,n be row vectors.

We shall use the following notations (for A € R*" and z € R™ ):

N ={1,2,...,n}.

r(z%) = b— AzF = [+f,75,.. ., e5]T e R™.

Now, we are going to describe our method. With arbitrary z° € R™ we
form the iterations by

(1) . ! = G2*, k=0,1,...,
where
(2) Gz=1z+ 70».——2 ral,
flai'll
(3 I'7i 1= lIr(z)lloc and -

(4) ' 0<a<2
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3. Convergence theorem

The proof of the following theorem is based on Kudrinskii, Ostapchuk, [3],
and More [4].

Theorem 1. Let A be a nonsingular matriz. Then for any z° € R™ the
iterations (1)-(4) converge lo the unique solution z* of the system Az = b.

Proof. The nonsingularity of A ensures that the sequence {z*} is well
defined and that the unique solution z* of the system Az = b exists. It is
easy to see that is continuous for z € R". Let us define

- o
k= T

llai. 112
From (1)-(3) we obtain

k k k
ook " ”2 rk a,k, |r I= Ir(2®)||oos
and
gt —z*tl =g — 2k ok a?;,
|lz* — ¥+ = (2* ~ 2F — op rf )T(a: —zF -0y r" aT

= lle* — 2*|1? — 20k 7, ai (2" = =) + (on 7, o).

From the definition of r(z*) we have r(z*)=0b— Az* = Az* — Az*
and, thus
rfk = a;, (z* - zk).

So, we now have

"z“' - xk+1"2 = “1‘ _ .'ckﬂz Ok (Tik)z (2 ﬂk" ﬂ “2)
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I rf =0, then, (3), lAz* - b)lo = 0 and follows immediately that z*
is the solution of the system Az =b, and the Theorem is proved.
If r¥ #0, then because of (4):0< ax, 2~ oillal, ||* >0, we obtain

ll2* = z**1| < [|l=* ~ 2.

So, £ = ||z* —z*|| is a decreasing sequence of nonnegative numbers and
hence convergent. Thus {z*} is bounded, and if {z*} is any convergent
subsequence such that

lim z% = g* # 2",
=00

then
lim g1 =|Gy" — 27| <||y* — 27| = lim &,
t1—00 11— 00

which is in contradiction with the fact that {¢;} is convergent. Therefore,

lim zF = z*,
t—00

and consequently, limg_, ., zF=2z*. O

In Kudrinskii, Ostapchuk, [3], 0 = 1 in each iteration. Now, we are
going to consider the following modification of method (1)-(4):

(5) el =Gy 2%, k=0,1,...,
(6) Ga:—:c+ f(T) rial,
llai 112 ‘
(7) | ri |= |I7(2)}lo and
(8) f(k) €(0,2), lim f(k) =0 €(0,2).

Theorem 2. Let A be a nonsingular matriz. Then for any z° € R the
iterations (5)-(8) converge to the unique solution z* of the system Az = b.
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Proof. Let us denote o} = “f;-lflll; From (5)-(7) we obtain
k

f(k) &

k k T k k
zEtl = 2k 4 NaT [P ti Gig s |70 = 7@ )|oo-
k
As in the proof of the Theorem 1 we obtain
lle* — 2+ < fla™ — 2*].

So, & = ||Jz* — z¥|| is a decreasing sequence of nonnegative numbers
and hence convergent. Thus {z*} is bounded and, since
ik ?

1
Gy zF — Gz* = (f(k) - 0) TAE kol
%

we have for arbitrary small ¢ > 0

k
(9) Gk zF — Gz*|| <| f(k) - o | % < ¢ for k> K(¢).
ik

If {z*} is any convergent subsequence such that,

lim zF = ¢* #z*,

1—00

then for arbitrary ¢ > 0 from (9) and the continuity of G it follows that

IGx, 2% = Gy™l| < |Gk, = — Gabi|| + |Gz — Gy7ll < e for i > I(e),

i.e.

lim Gy, z% = Gy*.

100
Now we have
lim 41 = |Gy, 25 — 27| = |Gy" — 2l < lly* = 2°]| = Jim_ex,,
=0 : - 100

which is in contradiction with the fact that {¢;} is convergent. Therefore

lim z% = z*,
1=+0O0

and consequently, lim;_,o z*¥ = z*. a
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4. Numerical examples

In this section we shall describe the results of numerical experiments which
were designed to illustrate the effectiveness of the method discussed in the
previous section. To do this we solve the test problem Az = b, where

[ 3 -1 1 [ 27
-1 3 -1 1
A= -1 3-1 € RI91° - 1 € RO,
-1 3 -1 1
| -1 3 | [ 2 ]

For this problem the solution Z is known and is unity everywhere. We

define the iteration error vector by

and always let Fr denote the true error measure

Ep = le* Il

| E

ogofr
18
16 |
“ s =1.375
12 o =1.625 G’ 1.5
10 / 6 =175
8 T s=125_—1
6 e s = 1.125]
4 /
2 ’::,;,—' le=1
ol e .

25 50 - 75 100 125 150 {75 200 225 K

Figure 1.
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In Fig. 1 graphs of — log;o ET versus k are given for different values of o
in solving the problem Az = b. We used the null vector as the initial guess
for z.

Table 1 gives for each o the number of iterations needed to reduce the
norm of the error vector by a factor 10~3, as compared with the norm of
the initial error vector, i.e., when ||¥||/||°]] < 10-3.

In order to illustrate the behaviour of the adaptive procedure (1)-(3)
with z0 = 0,

(10) £(1) =1.999, f(k)=2-w + ,we(0,2), k=2,3,...,

w
In(1.4+ k)

as a function of w, we are giving again for each w the number of iterations
needed to have |je*||/||e°)) < 1073, As a start value we use f(0) = 1.999
for each w.

Table 1. Table 2.

o k w k
1.000 | 293 0.2500 | 141
1.125 | 226 0.3125 97
1.250 | 170 0.3750 | 93
1.375 | 112 04375 86
1.500 | 104 , 0.5000 | 73
1625 94 0.5625 | 80
1.750 | 99 0.6250 | 83
1.875 | 192 0.6875 | 81
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Numerical examples show that, very often, our methods (1)-(3) with
parametar o € (0,2), and its adaptive version given by (5)-(8), converge
faster than the basic method from [3), i.e. method (1)-(3) with o = 1.
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REZIME

NOTA NA ITERATIVNI PROCES ZA RESAVANJE LINEARNOG
SISTEMA JEDNACINA

Posmatra se jedna modifikacija poznatog postupka za re3avanje sistema lin-
earnih jednafina. Numericki primeri pokazuju da se uvodjenjem parametra
osnovni postupak moZe ubrzati.

Recetved by the editors February 14, 1990.



