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Abstract. In the papers [1] and [2] a near-lattice was deflned
as a bisemilattice (Q,V,A) satisfying the identlty:
xA(yVzVx) = (xAy)V(xAz)V(xAx).

This structure 1is called here a (A, V)-weak-
-distributive bisemllattice, and the structure satisfying the dual
ldentity 1is . sald here to be a (V,A)-weak-distributlve

bisemilattice.

In this paper a near-lattice is defined as a
bisemilattice which satisfies the ldentity

xV(yAx) = (xVy)ax.
Some properties of such structures are proved, and a necessary and
sufficlent condition for a bisemilattice to be a near-lattice is
glven.

A bisemllattice (Q,V,A) is an algebra with two bilnary
operations such that (Q,V) and (Q,A) are commutative semlgroupé
which satlisfy the ldempotent laws.

We shall say that a bisemilattice (Q,V,A) 1s a near-
fattice Iff for all x,yeQ
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(SM) xV(yAx) = (xVy)Ax.
(SM) is a self- dual law, and if (Q,V,A) is a near-lattice,
then {Q,A,V) is also a near-lattice. Thus, the duality Is satisfled

in any near-lattice.

Example 1.
Q = (a,b,cy ;

Vlabec Al abec The bisemilattice (Q,V,A4) is
alaba al bbb not a near-lattice, since

bl bbb bf bbb !

ciabc cl bbc aV(cAa) = b # a = (aVc)Aa

In a bisemllattice (Q,V,A) (SM) follows from the identity
xA(yVzUx) = (xAy)VixAz)V(xAx) (replacing z by x). It also follows
from the dual identity. Hence:

Proposition 1. 1112 Every (A,V)-weak-distributive bisemilattice

(as a (V,A)-weak-distributive bisemilattice) is a near-lattice. n
¢
Example 2.
Q = {a,b,c>

Vlabe Alabec The bisemilattice (Q,V,4) is

al a bec aj{aaa

bl b b b bl a b b a (A,V) -weak-distributive

cl cbec clabec bisemilattice, and so it is

a near-lattice, but since
cV(aAbAc)=c # b=(cVa)A(cVb)Ac, it is not a (V,A)-weak-distributive
bisemilattice.

If (Q,V,A) is a near-lattice, we define partial orders on
the set Q by:

=

iff aVb = b and

v b
b iff aAb = a.

a
aSA
We represent a near-lattice (Q,V,A) by Hasse dlagrams of

the semilattices (Q,V) and (Q,A). If a =g b, then in a Hasse dlagram

of (Q,V), we draw b above a, and if a sAb. then we do the same in a

Hasse dlagram of (Q,A). '

2This proposition gave the initial idea for this paper.
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Example 3.

Q = ¢a,b,c,d,e>
Since bA(cVavb) # (bAc)V(bAa)Vb, and

cV(eAdAc) # (cVe)A(cVd)Ac,the bisemilattice

d a
b (Q,V,A) is neither a (V,A),nor a (A, V)~-weak
a
-distributive bisemilattice, but it is a
¢ ¢ near-jattice.
b d
e e
v A
Fig.1
In a near-lattice (Q,V,A), aVb = b implies
aV(aAb) = aA(aVb) = aAb, and bV(aAb) = (bVa)Ab = b.
Thus, we have:
Lemma 2. Let (Q,V,A) be a near-lattice. If for a,beQ, a sv b,
then aV(aAb) = aAb and bV(aAb) = b. n
Dually, we have:
Lemma 2°. Let (Q,V,A) be a near-lattice. 1f for a,beQ, b s, 2,
then aA(aVb) = aVb and bA(aVb) = b. u
Corollary 3. If (Q,v,A) is a near-lattice and b SV a, then
b sv alAb sv a. =
Corollary 3’. I$ (Q,V,A) is a near-lattice and b SA a, then
b sA aVb SA a. =
Corollary 4. If (Q,Vv,A) is a near-lattice, then )
(a) a =, aA(aVb) =y aVb,
(b) b Sv bA(aVb) Sv aVb,
(c) aAb =\ aV(aAb) 5, a
(d) adb SA bV (aAb) SA b.
Propogition 5. Let (Q,V,A) be a near-lattice. If for a,beQ
(*) aA(bVa) = bA(alb), then
(**) aAb = aVb = aA(bVa) = bA(aVb) = (aAb)Va = (bAa)Vb .
Proof. Let a and b be comparable in any of two

semilattices, for instance let aVb = b. Then, wusing (*), aAb = b,

and hence we have (**).
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l.et a and b be lncomparable. By Corollarles 3 and
a and adb <Ab. '
adb 5, (aAb}Vb 5, b.
Since (aAb)Va = (aAb)Vb, we have
(aAb)Va = (aAb)Vb =aAb. Dually,
{(aVb)Aa = (aVb)Ab =aVb, hence, we have (**).

i
3', since adb <A

a
Lenma 6. If (Q,V,A) is a near-lattice, then
(a) For mll a,beQ, If aAb 5. a and bV(asb) = a¥b, then
adb =a.
(b} For all a,beQ, If (aAb)¥b = aVb and a 5, (aAb)Va =, aVb,

then (aldb)Va = alb.

(c) For all a,beQ if aVb = (adb)Va = (aAb)Vb, then
aVb = aAb.
Proof.

(a) If aAb 5, 8, then a = (aAb)Va = aA(bVa). Since
aVb = bV(aAb) = (bVa)Ab, we have tLhat

aAb = (aA(bVa))Ab = aad((bVa)ab) = aA(aVb) = a.

(b) From aVb = (aAb)Vb = bA(aVb), 1t follows that aVb SAb.
By Corollary A(c), slnce aAb SA aA(aVb) sA a, it follows that

aAb SA aA(aVb) S, aAb, hence (aAb)Va = aA(aVb) = alb.

(c) From a%b = (aAb)Va = aA(bVa), and aVb = (aldb)Vb =
= bA(aVb), 1t follows that aVb <, a, and aVb 5, b, hence aVb =, aAb.

[} A A
By Corollary 4(c) aAb SA aVb, hence aVb = aAb. n
Lemma 7. Let (Q,V,A) be a near-lattice, and a,beQ. If a and b

are lncomparable under sv ., then there are 6 up to the lIsomorphism
different subsem]lattices generated by a,b and aAb in the
semilattice (Q,V). (See the diagrams in Figures 2.1-2.6).

279b avb avb

(aab)odb aab

b a \\\\b'b 8

aA an
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avb avbh=pAb avh

a=alAb - b

! 2.4 2.5
Fig.2

N
-]

Proof.
By Corollaries 4(a) and 4(b), a s (aAb)Va 39 aVb, and

b g bV(aAb) g aVb. There are nine cases: aV(mAb) = a,

a <, aV(aAb) <, aVb'and aV(asb) = aVb, comblned with cases bV(aAb) =
=b, b v bV(aab) v avb and bV(aAb) = aVb. Also, we differ cases
when aV(eAb) = aAb, and aV(aAb) » aAb. Uslng Lemma 6 we have that
subsenllattices represented in Figures 2.1-2.6 are the only, up to
s.he isomorphism, subsemilattices generated by a,b and aAb in the

semilattice (Q,V). »

Lemmn B. Let (Q,V.,8) be a near-lattice and a,beQ. If a,b and
aAb generate subsemllattices of the semilattice (Q,V) represented in
Figures 2.1-2.6, respectively, then a,b and aVb generate

subsemilattices of the semilattice (Q,A) represented in Figures
3.1-3.6, respectively. ‘

avb

°b

abdd

ash

3.1 3.2 L 3.3
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b
Q
b avb
avb=anh 8.
3.4 3.5 3.6

Fig.3

Proof.

-The case in Fig.2.1-

From a = aV{(aAb) = aA(aVb) and b = bV(aAb) = ba(aVb), it
follows that a SA aVb and b SA aVb. Since a and b are Incomparable
under sA (otherwise we would have aAb = a or aAb = b, which is

not case), the only sultable subsemilattice is the one in Fig.3.1.
]

-The case in Fig.2.2

a = (aAb)Va = aA(bVa), and (aAb)Vb = (aVb)Ab, and the element
(aAb)Vb differs from aAb and from b, hence the only suitable
subsemilattice is the one in Fig.3.2.

-The case in Fig.2.3

From a#b = aV(adb) = aA(aVb) = aAbA(aVb) it follows that aAb
(A aVb, and from aVb = (aAb)Vb = bA(aVb), we have that aVb (A b,
hence the only suitable subsemilattice is the one in Fig. 3.3.

-The case in Fig.2.4

Elements (aAb)Va = aA(bVa) and (bAa)Vb = bA(aVb) differ from a,
b, aVb and aAb, hence the only sulitable subsemilattice is the one in
Fig.3.4.
-The case In Fig.2.5 follows from aAb=aVb, and the case iIn Fig.2.6

follows from Lemma 2. n

Theorem 9. Necessary and sufficient condition wunder which
a bisemilattice (Q,V,A) is a near-lattice is that each pair a,b of
elements of Q determines two related subsemilattices In the
semilattices (Q,V) and (Q,A), the pairs of related subsemilattices
being represenfed in figures 4.1-4.9.
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a
b
b b a a=avb b
anb
b
aab
a a a b v 4. 3 FaN
v 4 . l A 7 4 - 2 A a.Vb avb
avb b
avb b
a=aAb b v(aab)
v a
A aA
o
avb 4.4 avb=asb
a b
asb . a b
. - _
a b
a - b \/ v A
, 1.6 a A 4.7 aab=avb
ba(avb)
¢ h o e 2 .b
av(sa
v A v b
Y aA 7 ad
asb 4.8 2o Fig. 4 4.9
Proof. By Lemmas 2,6,7 and 8 we have that if (Q,V,A) is a
near-lattice, then all a,beQ generate a palr of related

subsemilattices frdm Figures 4.1-4.9.

Conversely, since ‘dentity (SM) has only two
variables and every palr of elements gererztes two related
subsemilattices, we have that every palir satisfies (SM), hence ‘
‘(Q,V,A) Is 2 near-lattice. -
Corollary 10. If semilattices (Q,V) and (Q,A) are chains, then
(Q,V,4A) is a near-lattice.

In Examples 4 and 5 we give all, up to the

isomorphism, different near-~lattices with 3 and 4 elements.



*

100 J. Usan and A. Tepavcevic

b a c c
b
" v 5.1 Pa b 5.2
v
b a
b
e c ¢’
v 5.3 o Fig.5

Including near-lattices consisting of two chalns,

there are 9 nonisomorphic near-lattices with 3 elements.

Exemple S. - All nonisomorphic near-lattices with four

elements, except these consisting of two chalns, are presented in
Fig.6.

a 3 E ¢ d a - c.
2 b c 4 a b c lb
A 4 1 A < 2 Ay
S b b
. v 3
a /\\ c ﬂ\/ :—1/\ & ‘\ ﬂ
\N, . a N
v Pa
3 A v 4

bﬁ_
/ . />a b e c
a c a .
\/ - X "
) c
v 5 & a 4 a
v
6 A

y C
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d ? c a . .3
g///l\i\M b b
a A
v € 19 da v 20 c
SR a d a
I b d
. b
c b
i
a v l Tay
a v o] 21 Jd 4 22 c
d a d a
. b a
b
b lq b
a v 23 c & ad ¥ 24 &
d b, o]
OC 4
a v 25 a A

Fig.6

Including near-lattices dual to the ones denoted by
2,6,7,8,9,10,11,15,16,17,18,21,22,23,24 and 25, and those conslisting
of two chalns, there are 65 nonisomorphic near-lattices with 4

elements.

Near-lattices and some other classes of biseml-

lattices are related as in Fig.7.
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S‘:::::Z> |
Fig.7
distributive lattices

lattices
distributive bisemilattices

[A RN I

4. bisemilattices which are both, (V,A)-weak-distributive,

and (A, V)-weak-distributive

{1}

(2]

3]

[4]

(V,A)-weak-distributive bisemilattices

6. (A,V)-weak-distributive bisemilattices
7. near-lattices
8. bisemilattices.
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0 JEDNOJ KLASI BIPOLUMREZA
REZINME

! U radovima [1] i1 ([2] Je uveden pojam skoro-mre2e, kao
bipolumreze (Q,V,A) u kojo) va2i zakon XA(yVzUx)=(xAy)V(xAz)V{(xdx).
Na ovom mestu takva struktura nazvana Je (A,V)-slabo-distributivna
bipolumreza, a struktura u kojoJ vazi dualni zakon (V,A)-slabo-
~distributivna bipolumreza. U ovom radu definlsan je pojam skoro-
mreze kao bipolumreze u kojoj vazl zakon xV(yAx) = (xVy)Ax, dokazana
su neka svojstva takvih skoro-mre2a 1 utvrden Jedan potreban 1

dovol jan uslov da bipolumreza bude skoro-mreza.
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