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Abstract

u

If C(n, i) denotes a simple n—cycle v.— Voo e DV DV, with an

1

additional arc v v/, . for sowe fe {t.2,....n} and 3 s { s n-1 it 1is
proved that every strong n-tournament T'I contalns coples of

C{n, [(n + 2)/2]) and C(n,n-2) for each n (n 2z 4). -

The terminology and notatlon Is that of [1] except as noted.

Tn denotes an arbitrary n-tournament. C(n,1) denotes a slmple cycle
ViV, v v with an additional arc vjvju_l for some
Je{1,2,...,n} and 3 s I s n-i. Tn— v denotes the subtournament of Tn
obtained by deleting the vertex v and all incident arcs. For vertices u
and v,u — v will be used to denote the phrase "u dominates v" and an
arc from u to v in Tn. For two disjoint subsets A and B of V(Tn), A -8B
denotes that every vertex of A dominates every vertex of B.

The following theorem will be of use.

Theorem 1. ({2]) Every strong n-tournament Tll contalns a copy of C(n,!)
for each n(n=4) and I, 3 s [ s (n+2)/2.

This paper will present some results on digraphs C(n, I) for those I's

not covered by Theorem 1.
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Theorem 2. Every strong n-tournament Tn contains a copy C(n, [n+2)/2]1) for

each n (n 2z 4).

" Proof. For n even or n s 5 the statement follows immediately by Theorem 1.
So, we may assume that n =2k + 1 (k 2 3) and look for C(2k+1, k+2) in
strong (2k+1)-tournaments. We shall suppose that there is a strong (2k+1)-
tournament Tz‘“1 contalining no copy of C(2k+1, k+2) and show that it leads
to a contradiction.

Let Tn. n=2k+1 (k =z 3) be a strong tournament which contains no copy
of C(2k+1, k+2). Let v be a vertex of T“ such that the tournament Tn-v 1s
strong. (For the existence of such a vertex see [1] p.6.) By Theorem 1 the

tournament Tn—v contains a copy of C(2k,k+1).Label vertices of Tn-v so that

VoV — ...V 5V - ... D V_—V
1 2 k k+1 2k 1

iIs a copy of C(2k, k+1). (The underlined pair of vertices denotes that the

first one dominates the second.) The proof falls In to three cases.

Case 1. v,V This implies

(1) {vz,va,..., yo v

v

k+1
Otherwise, if v — v’ for some j € {2,3,‘..,k+1}. v can be inserted In the
path L e R A obtaining a copy of C(2k+1, k+2) glven by

Vl—) RS B 2 JRUN

Tn—v is strong there is at least one vertex vl.l € -{k+2,k+3,...,2k} such

vV SV ... 3V oV, So, (1) holds and as
k+1 k+2 k 1

that v—)v‘. Let 1'0 be Lhe minimal of these 1’s 1i.e. vl a2V and
' o

v — vl . Then,

o
v - v - ... >V -V oV —v - ... >
1 k-1 i -k 1 -1 - ' 1+
4 0 o o o
- v Vo
1 ~k-2 1 -k-1
o c
is a copy of, C(2k+1, k+2) as 1 = Io—k—l < k-1 and by (1) Vi. v
o

Case 1 is settled.

Case 2. VoIV Before discussing this case observe the following
property of digraphs C(n, I). Reversing all the arcs of C(n, 1) results in a
digraph isomorphlc to C(n,i). Thus, after reversing ali the arcs of T.1 we
get the tournament T.1 which satysfies conditions of case 1 and contains a
copy of C(2k+1, k+2). Reversing now all the arcs of Tn we get the former

tournament T_ and C(2k+1,k+2) in it. In fact, case 2 is the dual of case 1.
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Case 3. v— v, and v,

a2V We clalm that now there exists {O,k+2 = i052k

such that
(2) v 5 {vl ' Yy ez Y ‘k}
] [+ o
(3) {vl +k+1’ vl +ke2’ 777 vl }~+ v
4} [ 1]

(All incides are reduced modulo 2k.)

First notice 1If v — VJ for some j e {1,2.....k}, then v —
- {vl,vz,...,vj}. Indeed, if v_— v for some m € {2,3,...,J-1} then v can
be inserted in the path vl—a v,— .- v‘l producing a copy of C(2k+1,k+2)

givenby v ... v .. 939v o5V ..V SV —.. V. SV .
1 3 je1 K+l k2 2k 1

It follows that there exists jo' 2 < jos k such that
v o {vl,vz,...,v‘l }

v v Y - v.
{ Jooi' 1002' ' k*l}

Further, denote by Io the maxlmum of k+1, k+2,...,2k , so that

v v,y o
k+1' ke2 1
0 -
We shall show that Io—joz k. (All computations will be done modulo 2k.)

Indeed, if i -j <k, then v v —...D V — VvV —...m VvV SV
[+ B ] - !Dol l°4k01 l°4k+2 lo

is a copy of C(2k+1, k+2). (Notice that v— v1°+k01 as 1 =< 1°+k+l < jo.)

Thus, 1 -j =z k
(]

Using the same argument we derive that there exists 10, k+2 = Ios 2k

such that j-I+=k and v —{v,v  ,...,v } Since |[V(T -v}|= 2k,
o

l°+l
it follows that

ig=Jy= J,~1*1 =k (mod 2k)

i.e. 10= io+1. Obviously, this 1mplies (2) and (3).

1 +1
o

labelled w, v is labelled w ,...,v is labelled w and v |is
1 1,42 2 N 2k
labelled LA According to this labelling and having in mind (2) and

(3), we flnd that

Relabel now the vertex set of Tn as follows. The vertex v :is

(4) W W = ... DWWV — W
1 2 2k 2k+1 1

!s a Hamiltonlan cycle of Tn where
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(5) _ Yaker {wl.wz, e wu}

w U v —
ko1 Va2 ' Zk}

This implies that

(8)‘ ) W WL

holds for each [ € {1.2....,2k+1}. (All computations which follow will be
done modulo 2k+1.) For Ii=k+1 and i=2k+1 (6) follows by (5). Suppose that

Vi ¥, for some I €{1,2,... kk+2,k+3,...,2k}. Then, - w

w —. ..
l+k L+k lek+i

DWW .. W - W i1s a copy of C(2k+1, k+2) in T .
1 b+ b+k-1 14k n

This contradiction proves (6).

Consider now a copy of C(2k, k+1) in Tn—w2k given by LA A

(

=W .. OOV - ... OV -

2 K ke 1 2k-1"" Yaxe1 — w by (4).) A&s,

w
2k+1 k

by (4) and (6), w_— w VoW, W W we conclude, using the

& 2k 2k+1" Tk 2k 2k k-1
same arguments as for (5), that
w — {w WL W W } i
2k 2k+1’ 172 k-1
{wk.kaI...\.VZK_l} -,
Continuing this procedure we obtaln that
v, {wlol'wloz""'w:ou}

(7)

.,wl_i} - w

w v .
{ feke1l’ feke2’ \

holds for each i € {1,2,...,2k+1}. So, Tn is the regular tournament with
an arc set glven by (7). But such a tournament contains a copy of
C(2k+1,k+2) gliven by

W wWw 3w .., S
1 3 8

w SOW OO W ) ... W W
2k+l 2 4 2k 1

This contradlction settles case 3 and completes the proof of the theorem.

Theorem 3. Every strong n-tournament Tn contains a copy of C(n,n-2) for

each n(n z 4).

Proof. By induction on n. For n s 7 the statement follows by Theorem 1.

So, assume that n = 8. Let TMl (nz7) be an arbitrary strong
(n+1)~tournament and let v be a vertex of Tn'l such that Tn01~v is strong

v

tco. By the Induction hypothesls, TnOl—v contains a copy of C(n,n-2)
glven by
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v v v - v
(8) v A A v, v,

: Now we suppose that Tn does not contain a copy of CG(n+1,n-1)} and show that
it leads to a contradiction.

We shall consider three characteristic cases.

Case 1. v,— V. Applying the same argument as ln case 1 of Theorem 2 we
obtaln that

(9) {vz.va,....vn_z} — v

Also, since T"” is strong, some of the vertices v"_l and vn domlnate v.
Let I be the maximum of n-1 and n so that v, v Combining this with (7)
and (8), we get a copy of C(n+1,n-1) given by

Vv — vV —V - ... DV —> VvV >V —V
121} 1+2 1-2 - 1-1 i

(Observe that 1 < (-2 s n2 and v — Vl-a) This contradlction settles

case 1.

Case 2. v — Voa This case is the dual of case 1. Compare this wlth case

2 of Theorem 2.

Case 3. v — v, and vV As for the arcs connecting the vertex v

-2
with vetrices v“_l and v". there are the four posslble cases:

al v —o {vn_l.vn}

b) v—ov ,v—v
n-1 n

c) {vn_l.vn} - v

d) v —v, v-ov
n=1 n

It is easy to see that (a) and (c) and also (b) and (d) are dual. So, we
shall examine (a) and (b} only. !
L)

a) v — {v WV } First notice that v -—» v. (1f on the contrary,
n-1 n n-4

v — vn_., then there is a copy of C{m*1,n-1) given by v — v“_l_; v."—»
VIV, s DY DV Y Y ) This implies
(10} . v v

n-3

Otherwise, we obtaln a copy of C(n*1,n-1) given by VTV,

-V 9V —9Vv _—Vv _—v — v . Furthermore,
n-3 n-2 n-1 n 1

(21

(11) v Y,
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in view of a copy of C(n+l,n-1) given by vz-» e vn_ -V —
—S Vv oV ov.ov. -
n-1 n 1 2

Finally, using (10} and (11) we still obtain a copy of C(n+l,n-1)
given by ) ’

v D>V I3V ... V —)V-—)V—)Vl—ivn
n

— Vv
n-1 2 3 n-3 -2 n-1

This contradiction settles (a).

! (b) v o Voo VOV By the same argument as in (a) (10) and (11)

holds. Furthermore,

(12) v — v
n
because of the eventual copy of C(n+l1,n-1) given by v, Vv, DY o
DV oV o But, now, using (11) and (12) we obtain a copy of
C(n+l,n-1) given by ’
V9V DV ... 93V V=3V IV —V -~V
n 2 3 n-3 1 n-2 n-1 n

contradicting the assumption.
The proof of the theorem is completed.
This paper and {2] partially confirm following, may be true,

Conjecture. Every strong n-tournament T contains a copy of C(n,i) for each
A n
n{n=4) and (3 s [ < n-1).
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Rezime

NEIZBEZN!{ FPODGRAFOVI JAKO POVEZANIH TURNIRA

U radu se pokazuje da svaki jJako povezan turnir sa n ¢vorova sadrzi
kao podgraf C(n,i), gde Je C(n,1) orJentisana kontura v — v, e o
— v — v sa Jednom dodatnim lukom ViV Jjed1,2,...,n}
I=Ttm2)/2], i =n2 rnz4
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