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ABSTRACT

In this paper a generalization of a fixed point
theorem from [7]:is proved for a class of Takahashi convex
metric spaces.

1. INTRODUCTION

In 1970 Takahashi [6] introduced the definition
of convexity in a metric space and generalized some impor-
tant fixed point theorems previously proved for Banach
spaces. Subsequently, Machado [4], Talman [7], Gauy and
Singh [1] , Had#ié and Gajié (2], Gajié [3], among others
have obtained additional results in this setting.This pa-
per is a continuation of these investigations.
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2. PRELIMINARIES

Definition 1. Let X be a metric space and I be
the closed unit interval. A mapping  WsXxXxzI+X 18 said
to be a convex structure on X iff for all x,Y€EX, A€I,

d(u,W(x,y,A))<sAd(u,x)+(1-A1)d(u,y), for all u€X.

X together with a convex structure is called a
Takahashi convex metric space.
Any convex subset of a Banach space is a Takahashi convex

space with W(x,y,A)=Ax+(1-A)y.

Definition 2. Let X be a convex metric space.
A nonempty subset K of X 18 convex iff W(x,y?) €K whenever,

x,y€K and A€I,

Takahashi has shown that open and closed balls are
convex and that the arbitrary intersection of convex sets is
convex ([5]).

For arbitrary CcX let:

W(C) :={w(x,y,A) :x,yeC,rel0,11}. (1)

It i8 easy to see that W:P(X)+P(X) is a mapping
with properties

1. CcW(C), for CEP(X) ;

2. CcB implies W(C) SW(B), for B,CEP(X) ;

3. W(CN B)SW(C)NW(B), for any B,CEP(X).

Using this notation we can say that KEX 18 con-
vex iff W(K) K.

A few additional definitions and propositions
will be needed subsequently.
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Definition 3. A convex metric space X is said

to have Property (C) iff every decreasing net of nonempty,
closed convex subsets of X has a nonempty intersection.

Remark. Every weakly compact convex subset of

a Banach space has Property (C).

Definition 4. Let X be a convex metric space

and A a nonempty closed convex hounded set in X. For x€X
we set:

r_(A)= sup d(x,Y),
x YEA

ry(R)= inf x (A),

A= {XEA:rx(A)=r(A) }, (centre of A);
§(A)= sup {d(x,y):x,y€A}; (diametar of A).

Definition 5. A point x€A Zs a diametral point

of AZIff sup d(x,y)=6(A).
yEA

Definition 6. A convex metric space is said to

have a normal structure iff for each closed bounded convex
subset A of X, which contains at least two points, there

exists XEA which is not a diametral point for A.

Remark. Any compact convex metric space has a
normal structure ([1]).
For sets K,HcX by aFK we shall denote the boun-

dary of K relative to H. If K is closed then:



132 Lj. Gaji¢

BHK={z€K|B(z,r)ﬂ (HNK)# @ for each r>0}

(B(z,r)={x€Xx|d(x,z)<r}).

Lemma 1. [1] Let H and K be two closed subset
of the Takahashi convex metric space X such that HNK# @

If W:XxXx I+ X 28 continuous in AE€I and H is8
convex, then aHK=¢<=>HgK.

Lemma 2. The continuous image of the convex

subset K of a Takahashi convex metric space with a conti-

nuous convex structure W is a connected set.

Proof. Since K is convex and W is continuous, K is
rathwise connected, and since a eontinuous imace of a path-
wise connected set is pathwise connected, it is connecteéd toco.

Now, let us recall that the convex hull of a set
A, AcX is the intersection of all the convex sets in X con=
taining A, and it is denoted by conv A.

It is obvious that if A is a convex subset of a
convex metric space X, then

W' (A)=W(W(...W(A))..)S A, for any n€ N,

For nEN we set
A =W"(A).

The sequence {An}neN is increasing so lim inf

and IZm sup exist and

lim sup A= lim inf A = lim B
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Proposition 1, [31 Let X be a Takahasii convex

metric space.
Then,

conv A= lim A = ngN A, (AcX). (2)

In the remaindexr of the paper, (X,d) will denote

a complete metric space with a convex structure W,

Proposition 2. [3] For any subset A of (X,d)

8 (conv A)=6(A).

Lemma 3. Let KcH be two nonempty closed subsets

in (X,d),let H be convex and let W be continuous in A. If
x€K and yEHNK then there exists AOG(O,I], such that

W(x,y,AO)GBHK.

Proof. Let L={Ae[0,1]|wW(x,y,A)€K}since L is
bounded and nonempty (1€L), there exists <nf L. Let A°=
= <nf L, If Ao€(0,1], then for every nEN there exist An’

A°<An<1,kn+xo and so that W(x,y,kn)ex. Since W is con-

tinuous W(x,y,Ao)eK, too. On the another hand, there exist

{in}0<An<Ao,Xn+A° so that w(x,y,kn)GH\K and, then,
W(x,y,kn)+W(x,y,Xo) so we prove that w(x,y,Ao)eaHK.

For A =0, since d(y,W(x,y,A))=Ad(x,Y), one can

prove that y€K=K, Contradiction!
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3. ReSULTS

Theorem 1, Let(X,d) be with a continuous con-

vex structure and let H,K(K cH) be nonempty closed convex
subsets of (X,d). Furthey, let H be a normal subset and K
a bounded set with Property (C).

If A:K+H,A{3K)c K, and A is a mapping which,

for all x,Y€K satisftes the Tnequality:

d(ax,Ay)<ad(x,y)+b[d(x,Ax)+d(y,Ay) J+c[d(x,Ay) +

+ d(y,Ax) ], (3)

where a,b,c are nonnegative constants such that a+2b+2c<
<1,a+b>0, then A has a fixed point.

Poof. We shall assume that a+2b+2c=1. For fix-
ed ioex and arbitrary €K we have from (3):

d(Ax,Aio)<ad(x,§o)+b[d(x,Ax)+d(§o,A§°)] +
+c[d(x,A§o)+d(§°,Ax)]<ad(x,§°)+bd(x,§o) +
+bd(§o,A§o)+bd(A§o,Ax)+bd(io,Aio)+cd(x,§o) +

+cd(A§°,§o)+ca(§°,Axo)+cd(Axo,Ax)

and further,

b 2(b

% +b+c 3 +c) ol &
d(AR,AX°)< g d(x,xo) + T_-Fc—— d(Xo,AXO) .

This and the boundness of K means that A is bounden on K,

Let, as in [7],F be the family of all the clo-
sed convex subsets of H so that for FEF, FN K# @ and
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A:FN K+F, Since HEF,F# ¢, Let{Rd} be a decreasing chain
of sets of F and let Fg=n Fa' Note that Fon K is nonempty
since {Fan K} is a decreasing chain of a nonempty closed
convex subset of a set with Property (C). Also, since
A:Fan K+Fa, for each a, clearly A:Fon K+Fo. Since Fg is a

closed convex, FoeF so it follows by Zorn“s Lemma that
F has a minimal element.

Let F be a minimal element and suppose aFK# [']

def

We shall prove that M FO K has only one element. Sup-

pose that M has more than one element. Then, center MC is

a nonempty closed convex set so that:
S(Mc)<r(M)<6(M).

Furthermore, if econv N denote the clused convex
hull of set N, then we have

(convA (M)) N K2 A(M) N K2 A(BFK)n K=A(3FK)# [}

and

A(convA (M) N K)= A{FN K)=A(M)c convA(M).

From this two facts and from the minimality of
the set F we get

convA (M) =F.

This and the boundedness of A give §(F) <+w,

Let YeM,. If AyeM set x_=y. If Ay¢M, then y ¢
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QaFK and by Lemma 3 there exists 0<A°<l such that W(y,Ay,Ao)
eBFK. In this case put x°=W(y,Ay,Ao). In any case we have
X, 1AX EM (since A:BFK+K) and that

ge
To

lirh

sup {d(xo,z)|z€M}< S(F) .
Further, for all x€M we have:

d(Ax,Ax°)<ad(x,x°)+bd(x°,Ax°)+bd(x,Ax) -+

so, since we prove that F = convA(M),

def

r sup {d(Axo,z)lzeF}<‘&F). (4)

Now, we shall define a transfinite sequence of
the set {Ma} setting

M, ={Axo}

M= conv(M _,nNM) UAM, _,nM) if o-1 exists,

Ma= (V] MB if o-1 does not exists.
B<a

Obviously, the sets M, are nonempty convex (W
is continuous) and closed subsets of the set F for which
M N K# §. For a<a” it is MaC:Ma" Taking an ordinal num
ber a* greater than the cardinal number of the power set
of F, we see that in the sequence {Ma|0<a<a*} there must
be repetitions. If %5 is an ordinal number for which

Mu, +1

=M_ (0<a_<a*), then we have
0 Olo °
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AM_n M) cconv((M, N M) UA(M_ n M))=
Go oco (Xo

=M =M_ . (5)
o}
We shall prove for all (0<o.<ozo) that

S(M ) <r. (6)

For a=0, (6) is true. Let O<<x<a0 and suppose

that for all B, 0<B<ac
S(MB)<r 7)

and

d(x,ay)sr for x,yeM, NM. (8)

B

Suppose that a-1 exists. Taking a sequence

{en},en>0,en+0 we can find :'(n,jneMa, so that
G(Ma)-sn<d(5(n,§n), n=1,2,... . (9)

Further, we may assume that one of the following is true:

) %

n'yneMa—ln Mi-0=1,2;,:04

ii) xn=A'xn ’ynszn P Xp ’yneMa— 10 M,

n=1,2,... ;

1ii) XneMa_ln M’yn=AYn'YneMa-1n M,

n=1,2,...
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If i) or iii) is true, then from (7), (8), (9)
it follows immediately that G(Ma)<r. If ii) is true then

(3), (7), (8) and (9) give G(Ma)<r, so inequality (7) is

proved for o=8.
Let xeuan M. Then for a xSMan M and a given

€>0 we may take x“€ conv {(Ma—ln M)UAM _, A M) } for which
.d(x,Ax) <e+d(x~,AX) .

Using Proposition 1 we have that there exists
~k
” o .
kOEN, so that x“ew ((Ma_ln M) U A(Ma_ln M)). By (3), (7),
(8) we get as in [7] that:

d(x,Ax)<e+ § wyd(uy ,Ax) +(a+b+c) (1-w) r+
ie1,

+b(1l-w)d(x,Ax) + ¢ ) wid(ui,Ax) (10)
ieIz
ko
I, UIZ=I, card I1€2 ~,w,”»0, ieI, = mi=1
ier
w=ii w; and u;€M, ;N M, for all i € I.
€I1

This means that the set S of all B, 0<B<a for

which

d(x,Ax)<e+ I y;d(v,,Ax)+y(atb+c)r +
ier

+ybd (x,AXx) (11)

for some viEMBn M and some real numbers y,yi>0_(1—finit
set)for which
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Now, in a similar way, usinog (12) one can prove that (8)
is true for B=a.

In the case that o<l does not exist, from (7)
for B<o it follows immediately that (7) holds for B=a.
Inequality (8), for B=a, may be proved in a similar way
as in the case when a-1 exists, so we have that (7) and
(8) are valid for all «a, 0<a<ao.

Finally, we have that Ma is a nonempty closed

o
convex subset of the set F with properties that

a) §(M_ )<r<6(F)
%o

b) M. N K=M_ N M# ¢
aO 0.0

¢) A(M_ N K)e M
0.0 (!o

But this is a contradiction to the winimality of
the set F, therefore M=F NK has only one point.

Let {x*} =F NK. From 3 _K #¢. We have {x*} =3_K.
Then, Ax*€F NK=x* and x* is the fixed point of A.
If an=a then, by Lemma 1, FcK and A:F NK-»F

would imply A:F+F. If F has more than one point, from the
fact that H has a normal structure, one can see that there
exist koep, for which

sup {d(xo,y)lyeF}< &F) .

We can now construct the sequence {Ma}' with
M0={x0} and repeating the above procedure, with some sim-

plifications, we again get a contradiction. Hence, F has
only one element. This and A:F»F imply that A has a fixed
point.
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Theorem 2. Let (X,d) be witﬁ\a eontinuous con-—
vex structure, H and K, KcH, nonempty closed convex sub~
set of X. Further, let H be a bounded normal subset and

K with Property (c¢). If A:K+H,A(BHK)<:K and i©f A satis-
fies (3), where a,b,c20 and a+2b+20<%j then B has a fixzed
point.

Proof. Let F, F, M have the same meaning as in

the proof of Theorem 1.
Suppose that M=F NK has more than one element

and aFK¢ @ . Since FcH and H has a normal structure, there

exists Xg'€EF for which
ry "= supld(xg, y) :yE€F}<E (F) .

Define x,€M in the following way

0
1) if x; €M put X=X
2) if x4 € M take xo“eM\BFM , chose A€(0,1)

such that W(xo",xo‘,l)eaFM=3FK and xo=w(x6,x6,x)

(Note that in the case x0‘¢M we have that M\BFM# @ because
in the opposite case BFM=M and therefore A:M*M. From the
ninimality of the set F, we now have M=F so x,” €M).

It is easy to see that in any case we have

sup{d(xo,y)|x€F}< 8IF) .

Now, we can construct the seguence {Ma}' starting with

M0={xo} and so on.
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REZIME

TEOREME O NEPOKRETNOJ TACKI U TAKAHASIJEVIM
KONVEKSNIM METRICKIM PROSTORIMA

U ovom radu dokazane su teoreme o nepokretnoj

ta¢ki u klasi TakahaSijevih konveksnih metri¢kih prosto-

ra koje uopStavaju rezultate za normirane prostore iz ra-
da [7].
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