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Abstract B}

Two theorems of the Abellan type are proved using the S-asymptotic
behaviour of distributions. First, a definitlon 1is pgiven of the
Stielt jes-Hilbert transform which generalizes the classlcal Stieltjes and
Hilbert t.rans[‘ox_‘m. Then, a structural theorem for distributions having

S-asyvmptotic is broved.
1. Introduction

In the last thirty years many definltions of the asymptotic behaviour
of distributions have been presented. We can roughly divide ther into two
sets. Representatives of the flirst set are definiticns given by M.J.
Lighthill (7]} and by J. Lavoine and O.P. Kisra (6]. Representatives of the
second set are the quasiasymptotic [141. and S-asymptotic [S]. The
S-asymptotic Is also called the shift or L. Schwartz asymptotic.

Alredy in his book (11, 1I,p.56} L. Schwartz used the notion we call
the S-asymptotic. Yu.A. Brichkov and Yu.M.Shirckov (3] studied the
S-asymptoilc expansion of a distribution as a ﬁew approach to the duantun
fieid theory. ]

It is also possible to define the Stieltjes and Hiibert tranzform of
distributions in various ways. One of them is the so~called direct aspproach
in widch we consiruct a basic space 4 > D of functlons to whick the set
{€ett)™" " 1m 2 ¢ 0. r & O} belongs. Then we deflnc u transfors for lhe
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generalized function T belonging to the dual space A° by the expression
<T(1), (s+t)"""">. If the constructed space 4’ is such that T c A° has the
support belonging to [0,=), we have the generalized Stielt jes transform (see
(6}, 8], (10}, 16)). If supp T ¢ (-=,=) and r=0, this is a Hilbert
transform and for r »= 0, the generalized Hllbert transform (see [1], (2],
(s1). ' :

We shall define and use the Stielt jes-Hilbert transform which s &
generalization of the classical StléltJes and Hilbert transform, as well.
This deflnition contains all of those, deflned in the dlréct method, for
which 'nu(s+t)_' converges to (sﬂ.»)'l in A {(for 7, see page 3). In such a
way, our Abelian type theorems are valued for all thoge transforms.

2. Notations and definitions

N is the set of natural numbers; R the set of real numbers and C the
set of complex numbers. We shall denote by I one of the intervals [0,«),
(-%,0], (-=,@), and by P the set of all the real and positive functions
defined on R._ For different spaces of distributions, we shall use the usual
notation (see for example [111]).

The following relations and properties will be used:

1) (T(x+h), (x)> = (T*g), h € R ox) = (-1),
x € R, where T € D', ¢ € 0 and the asterlsk denotes the sign for the
convolution (11, I1,p.22].

1 1
1) lfT‘D;P.OGDLq._1=P.q$¢and;#a-lt0
111 )
'vhel'l(T‘v)EDLr.;-5+a-landT¢€DL-,s:l.

{111, I1,p.59. The space..D"_- is denoted by B°.

ni-

s’-l-ﬁ
P

Q-

111) If p ¢ DLp, 15 p<w then o(x) + 0 when |x| + w [11, II,p.55].

Definition 1. A distribution T € D' has the S-asymplotlc In | relative tp
the function c € P and with the limlit U € D’, if the foliowing limit exists
(1) la {T(x+h)7c(h), ®x)> = (U, >, v € D .

nel, b |4 : k o

Then we write T(x+h) = c(h)-ufj'),'_ h e I and we say that T has the
S-asyaptotic In D’ [9].

We shall use the same definition for a T € B’ and ¢ € DLI stressing
that T has the S-asymptotic In B°.
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Suppose that T € D' and has the S-asymptotic with the 1imit U = 0,
then, there exists a p € D such that (U,g) » 0 and {x+t), &x)) » 0O for ¢
belonging to a nelghbourhood V( ho) of hoc R. For this ¢, from relation:

c(h+t) , T(xe(h+t))
C(h) < C(h*t) . “x)> -

lim
ner, [njae

T((x+t)+h) N
= Jim <7_T—‘l“x)>q!‘v(h)-
nel, |hjow h °
it follows that
Ua c(het)/c(h) = d(t), t € V(h)
hel, b
exists and that U satlisfles the equatlion:

(2) a(t)CU, ¢> = U{x+t), (X)), t € V(ho)

U, as a distribution, has all the derivatives. From relation (2) it
follows that ’
(3) d(t) = exp(at) and U(t) = C exp{at), t € R,

where a is an element from K and C is a constant (8].

3. Stieltjes-lilbert trensforms of distributions

In the - following we shall usc the well known. function nue C", w>0

(15]:
2w
nu(x) = I qu(x-!)d!. x € R,
-2
where
: b lexp ( - 2), jx] < w
q(x) = - xT
0 le tw

and of q,(t)dt = 1.

R
The function n, has the propertles: 0 s n(x) s 1, x € R; 'nu(x) =1,
¥ € (-v,0); nu(x) =0, |x| ® 3 ID'nu(x)[ s cu”- . ¥ € R. The constants C
do not decpend on w. i
Definition 2. The Stieltjes-Hilbert lransform of a distrlbution T € D’
(Sp-!rasforn) Is defined by the llmit:
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O} 1a <T(x), (00 P> = 5 (M), 5 € OR
&-po

if it exlsts for a p € R.

Remarks. a) s can belong to a larger set, as well. This depends on the
support of T. So Sp(a)(S) = 5P cep, '

b) If T is defined by the function f, suppf c [0,#), Definition 2
gives the classical Stieltjes transform, if it exists. let 5 € O\-»,0],

then
3w

unj' !(t)nu(t)(sﬂ)-‘p'“dt =
4]

SUNC) = Lin

(A
Umf f)(s+t) P N ae +
W °

SW
+ u-.f f(t)nu(t)(sot)"p'”dt )
Wn :
w
We have only to prove that:
b<§ 8]
-(ps1)
(5) Umj' ()0 (£)(s+t) dt =0, 5 € O\(-®»,0]

W ©

when the classical StieltJes transform exists.

Since for w s x s 3w

20 )}
n, (x) =f qu(x-t)dt = I ql(y)dy ,
-2W (x-2W) /70

the function nu(x) {s positive and monotone decreasing in this interval. By

the mean value theorem, there exists a £, 0 < £ < 2 such that

3w w+Ew .
]‘ -(pr1) -(p+1) .

n, () Re-[(‘(t)(s#t) ]dt = 3,0 J' R:{(‘( t)(s+1) dt. .
L ]

The last Intecgral tends to zero when @ 9 o, because we supposcd that the
Stielt jes transform cof the funclion f exists., He have Lhe same situatlon
with the imaginary part cf the integral from reiation (5).

¢} J. Lavoine and O.P. Misra [6] defined the StielllJes transforam of
distributions belonging to a subset J' of D' which is used in muny papers. A
distribution T belongs to J° If and only if supp T ¢ 0,w), T = DG,
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where G is a function having a support in [0,w) and (}(x)(hb)""-'e L'(R').
b > 0. The Stielt jes transform of T € J* is:

6) S (T) = (r+1)...(r+n) I AO(s+1) """ dt, s € O\(-=,0].

0
Using properties of the function a,. it 18 easy to see that (4) glves

preclisely (6). A similar situation holds with the definitlons of the
Stielt jes transfora in (8], (16] and for the Hilbert transfaors in [1], {2].

4. Distribution having the S-esieptatic

We shall prove, first, a structural theoream for the distributions
having the S-asymptotic.

Theorem 1. Suppose Toe D.If To(xﬂl) % «(h)+0, h ¢ R for any c € P such
that c(h) » =, |h| > @ and T (xeh) = 1:C, h & I, then:

a) Toe b ;

2 : e
b) T = z D“‘F . uherc,F are con“mous functlors belonging to L“;

|-o
c) For every 0 s | s 2, F (x+h) corwerges unltornly to a com.tant when

x belongs’ to any lnterval [-r,r} and h € I, | 5 =
d) T -has the S-asimptotic In B’, as well, related to oh) = 1 and
w!th thc unit Ues, inthe Intcrva.l i, ’

Proof. =) By relatlen 1) in 2 (T (x+h).¢(%)) = (To'&)(h) for every ¢ € D
and h € R. First, we shall  prove that (To-i)‘(ﬂh) € L™ for every ¢ € D.
Suppose, on the contrary, that (To'i)(h) 18 not o bounded function. Then,
there ‘exi.st. two sequences {h.}"c R, |h.| z m and {cJ < ,R-' € ®, vhen m @

such that (ro-‘c‘»)(n.) = c_ . Now, for the c (h), c (h) f)’lc.]lhe limit
Ha (T (x’t)/c(h) v(x))
]
does not exlst. Dut, by our supposition, this limit has to exlst and to be

Zero.
From (T *f) € L” 1t follows that T e B’ (see Theorcm XXV fora [11, II,

p.57) and the sct of distributions o = {T = T (x+h). h € R} 15 weakly
bounded and bounded In D’. ‘
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b} In addition to Q we shall construct an other bounded set of
distributions. We denote by S = {¢ & D, '*lt.' $ 1}. We have seen that for a
fixed ¢ € D, (To-a) € L™. Now, for every ¢ & S:

IKTgobod] = KT ob.>| = | [ (T e)(DK D)at) AT U
R .
“Hence, the set of regular distributions, defined by the set of

continuous functions H = {u*- 10-6, ¥ € S} 18 weakly bounded and bounded in
D, ' o

Aset We D 1s bounded If and only if for'every o € D the set of
functions {T*a , T € W} is bounded on every compact set M belonging to R
{11, 11, p.50]. Hence, {Tea , T € ¥} defines a bounded set of regular
distributions. In such a way {Th-q). The ¢} and {U‘w. Uf H} glve two
bounded sets of regular distributions. Now, for these two sets we can repeat
twice a part of the proof of Theorem XXII from [11, II, p.5tl.

We denote by N2 an open neighbourhood of zero in R which Is relatively
compact in R, clfi = K, K u compact set. Then, by the meptioned part of the
proof in [11] there exists -, x 0 and m, = 0, such that the mapping (a« ,B) »
Uyo(asB) or (a .B) 5 T *(a*g) are equicontinuous and map Dax xD"ll or D"lz x
D*z into L:; E is the interval [-r,r], r a positive number. Hence, for every

Q
x€ £ and h € R the function (7, *a *B)(x) = (Tea *B){x+h) 15 continuous.

Let 2(0,p) be a ball in LT, then there  exists a nelighbourhood
vV (m.€.K) in D'x. such that u*-(aop) €Z0,p) fora,.BeV (a.c.K),
U¢e H and a nelghbourhood Va(nz.cz.xz) c Dnz. such that T '(a 'B) € Z(O.p)

for a,B € l/z(llz.t:2 Kz) 1' € Q. Let K l(l n Kz' €, = aln (c'.cz) and @ =

au(-. .z) We shall now use relatlon (Vl. 8; 23) from {11, I1]
2K ., '
T o A" o(yEeyEeT) - 28T*(yE*E°T) + (£°€°T),

where E is a solution of the iterated Laplace equation: A“E = 3 7.6 €D,
suppy and supp £ belonging to K = K n K ‘We have only to choose the number
k lerge enough so-that 3£ ¢ DIl Nou we can take: F = yESYEeT ; F = yE'E°T,
and F - £-£-T "~ A1l of these !‘uction.. are of the forn F - 1' -a 'B : al.B‘
€ '("co‘xo)‘ €, 2 0.

We have t.o prove that FI have the properiles given ln Theorem 1. For
a‘.ﬂ‘ < v("CB'Ko) and Yy € S

[<Tove, *B).0>] = [UT +#)e(& *B )1 (0)] 3 p(e;/c)® a
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Now, let u=Q be any element from L". then u / Iy'Lz €S and
l((Tov(a"-vﬁl)).y)l = HIp'Ll which proves that To'(“l.Bn) belong to L®.

Since FI- To'(azl 'Bl), a .Ble V(n.ca.l(o), F' are contlnuous and belong to

L.
c) We shall contlnue investigating the properties of l-'l. By the

propertles of the convolution we have that P.’('xﬁh)- F:'t;ﬁ' TO.(aI.BI).t-h-

, 1B € Da i where v_ is the translation operator.

-Th'(ul%!‘) for a
We have proved that the mappings (a ,B8) = Tn'a 8, Th- € Q, are
equicontinuous and map D:I x D(-‘l into L:. D 1is a dense subset of D, o2 0.
We can construct a subset of D . cl0=K, which is dense Iin Dp. Since
1'h-(9~¢)—scvrv' for ¢*y € D‘7 x Dﬂ' lheri'Th-al°B. converges to C-a_. -B‘. as
well (see {11}, II p.83).
d} There remains to prove the last part of Theorem 1.
For u e DLt and Toe 8', noting that F|€ L“, we have:

2
KT (xom), w(0)> s | I |7 Coriy*? (3 ax
1=0 1 .

slz‘)H' l |u“'(x)dx .
where Hl- sup ]F'(x)[. x € R, Hence, thg set { T(xth), h € R} is wenkly
bounded in B'. Since D I8 dense Tn D by the Bnnach-_Stelnhaus theorea the
Iimit ’
la  <T(xet) (x)>, p @ D1

nel, o] e
exlsts, as well, and equals C.

Theorem 2. For a T ¢ D' we suppose:

1) T(x+h) = c(h)-{x), hel, Us0; _

1) T(xsn) 2 c,(h)c(h):0, h € R, where c(h) Is any function from P,
mchth.}tci(b)-bn, [h} 2= .

111) For a so'e O\K, c(h)/(soi»xfh)' 1s bounded for h € R and converges to
cl:o wvhen h'€ I, |h| + » and x belongs to a compact set.

Then, T € S' and 1‘(4\')/(.':“4”)r is a distributlon telonging to B'.
r(xm)/(soum)' 3_1'06‘1. helinD and In B, as weil.
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Proof. From supposition 111) of Theorem 2 it follows that the limit

distribution U=C. Nemely, for an hoe R and when r belongs to a compact set,
S, € C\R:
r O, r
o(heh®) | o(her”) (s +x+h)” (S vxeheh’)
a(h) (s°+x+h+h°)" o(h) (sonnh)' :

Hence, lim c(mh°)/c(h) = 1. Relatlon (3) gives UsC.
h€l, |n |
By Theorem X from {111, I, p.72 (see also [3]), for a ¢ € D, it follows

the existence of the limit:

1im (T(x+h)/(s°+x+h)r. o)) =
hEL, |h |30

&) »
= lim ¢ TOh) oh) o>

n€l, |n|=  cf(h) (soum)'
Similarly, we show that

lim (T(x+h) /[c (h) (s +x0h)r], ox)> =0, pebD.
)
By Theorer XXV from (11], II 'P- 57 it follows that T(x)/(s +x)° € B’ (see also

1121) a.nd by Theorem V1 from fron (111, I1,p.95 it follows that T e §’.

In such a uay we provc that the distribution T(x)/(s +x)°, 5,€ C\R, has
the same properties as the dlstrlbuuon T from Theorem 1 and we can use the
assertlon of this theorem which says that T(x)((sofx)‘ .5, € ‘C\Rhas the
S-asymptotic in B’ related to o(h} and with the limit UtCCl.

S. Abelian theorems for the Stielt jes-Hilbert transfora

Theorem 3. Suppose T € D' and

D T(xeh) 2 () -Ux). be 1, U0 ; o .
£1) T(x+h) = ¢ (h)—(h) 0..h € R, 'where <, is any functfon {xjo"d P,

such that c(h) 3o, |h| 3@ ;

111) For a s € O\ and rz 0 c(h)/(sonﬂh)' is bounded for h € R
and converges to C,?0 when he l, jh} » w and x belongs to any compact set
in R,

Then T € S’ has the S,-transform for all p >r, sp(r)(s)=<r(x)/(sou)'.
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(sofx)'/ (s*x)p'l) and
iim S (T)(s-h)/c(h) =0, p>r.
net, |h]o d
Proof. Since ]Dkn ()| s Cuw™, k>0, where €, do not depend on v, the
set of functions n, () (s+0)" i converges to (sox)r p", p>r, in Dl.t'. when
‘w9 -, Horeover. (s,+x) */(s+x)", for 5,05 € O\R, belongs to D= :

consequent ly

S (T)(s) = Im CT(x), 0 (0)(sex) 7"

T(x) (sc‘ox)r ot
lim——— —2—, (1) (s+x)" ) =
W (soox)r (svx)' hd

T A5 40", (so*X)'(S*x)'P"%

Now, by Theorem 2 our distributlon T(x)/(sofx)' fulfils the conditions

for To in Theciem 1 and:

—L s nes-m = ¢ Tah) (s exem)"(s0) ™)
o(h) o) (s raen)” :
(8)
2 1k (s +x+h)’
= et )) F(xen)0* 2 4x .
IZO ahs .[ ‘(X* ) (s*x)ptl N

The expression D} (s°4x+h)r(s+x)-p'l]ls given by the sum of elemenls

which have the following form:

'u, R P(souoh)"""(su)""“', )2 pz0, J<0,k 2k

We shall analyse ll, ‘p/c(h) vwhen x € Rand he /

: (s u*h) [ 5F] -p-1
th/c(h) - c 7—)—— (s +x+¢h)" (s+x)
([s +h]+1)" ([xfe1)"
s |c ansl""l°l | :
e 0 o h) ,s*x,p"'"

This incquality shows that II /c(h) 18 bounded by a function which

belongs to l.l vhen h € [. Since F (x+h) are bounded as well, when x € R,

end h € I, we can use the Lebesguc theorem for integrul (8) to obtain that
S (T)(s-h)/c(h) tends to zero when h e I, || » .



98 Bogol jub Stankovic

If we compare the results of -Theorem J with the known results on
Abelian type theorems at Infinity by other authors (see for instance [10] in
which these results are listed), we can establish that knowing the
S-asymptotic of a distribution T on [ hnvlng the Sp-t.ransforn. we know how
S (T)(s-h) behaves when [h|+ @ h €I for s-h belonging to a set- {|Ims|z 3,
§ >0, h € R} With the qmlnsynpt.otlc we know the behaviour of the
Stlelths transform Sp(T)(s) at most vln the closed domain -w+c 3 args s x-c,
c > 0. :

The next theorem presents hpr'e precisely how Sp(.T)(s—h) tgnds to zero
when |h] > », h e I.

TheoEe. 4. let T € P’ and 5,€ C\R. We suppose:

1) (s +x+h) T(x+h) 2 1-C, hel;

i) (sonnh) T(x+h) = c’(h)-o, h e R for any c, € P, such that
C‘(h) 2o, |h] = .
Then, (s +0)T(x) € B and S(T)(s-h) = o(h’'), hel, |n| +a p>0.

Proof. First, we shall show that T € DI’_v, v >1. By Theores 1, (s°+x)T(x)¢B'.
Since (sonr)"e D a , for every q > 1, 1t follows from property 1i) in 2
Cthat (s +x) T(x) (s +x) '€ Biv, v > 1.
The second step is to prove that

(9) T(x+) (5+0)7P> 50, hel, |b] 3w
Foru\yp>1/pand‘1’+é-110 o -
(10) TCxrp) (43070 = (To(s-07™0 ) (W) € D, -‘G- 1 +% -1

Now, ‘we have to prove thnt we can find p and v, such that u < . Then,
from 111) in 2 follows (8). For this we shall analyse two cases.
Case p z 1. In relation (10) we can take p > 1, such that 1 s u < .

Case0<p<1 Slncel+-1—-lz0 wehave1>-1-=1-1>1-p.or
. v »p P

-1
1 < v < (1-p) ". For such an v the number : l is strictlty pesitive, hence
1 2u<a

Now, we can write:
Sp((so*x) T(x)) (s-h) = ((so*x-rh) T(x+h) . (s+x)"?" 1>

= CTCah) (542) ™% ¢ (s -semCT(xem), (s40) 071>
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Hence,
SAT(s-R) = (5,=5+M™" (S ((s,40) T(x) (5-h) = <TCx+h) (5+2) F)).

There remalns only to prove that _SP((soﬁx)T(x))(s-h) + 0, uh.en” hel,
{h] + @, By Theorem 1 d}

lm S ((s,+0T())(s-h) = la (s +x+h)T(x+), (s+x) P!y =
net, [nfse P 0 U LYE

= (C,(s+x)" P!> = 0.

The next example shows that Theoream 4 cannot be proved for p =0

f — 9 . (a-s)"]n;— , a,8> 0.
o (¥ra)(s+x)
There arlses an other question: If we know that (soﬂr)'T(x) € B’ for a

r>1, 1s It true that SP(T)(s-h) = olh’’), hel, |h| » = ? The answer is
negatlve. Thls shows the followlng integral:

(-]
f -t dt -ps2 -y

e ——e—g exi s/} ¥ sy ~s , 20, 59 a,
!; (s+e)’ D Yy e, 1m0 120 ®

where Uv " is the Whittaker functlorn.
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Rezize

(Sp—t:rn.nsfornac!.ja) definise se granicom

(1)

ABELOVE TEOREME ZA STIELTJES-HILBERTOVU TRANSFORMACIJU DISTRIBUCIJA

Definise se Stleltjes~Hllbertova transforsaci ja distribuci ja:
Definicija 1. Stieltjes-Hilbertova transformaci ja distribucije T

Ha <T(x), nu(x)(su)"””)- S (T)(s}, s € C\R
-0 P

ako postojl za p € R. n, Je poznata funkeija (viay [15]).

U ovoj definicl})l s moze pripadati sirea skubu. sve zavis! od nosata

distribucije T. Ako Je pak T regularna distribucia definisanu f'unkclJon ri
£ lma klasicnu Stlelt jesovu transformact ju, postoji { S (f) H Jedmka Je sa

klasicnom Stlelt jes-ovom transCorgac! jom.



Abelian theorems for the Stielt jes-Hilbert transfora... 101

Cil1}) rada Je da se dokazu Abelove teoreme za oveko definisanu Sp-
transformaci ju koristeci se S-asimptctikoa distribucija (vidi {a1}.
Prethodno Je pokazana strukturna teorema za distribucije koje imaju

S-asimptot iku.
Glavna teorema Abelovog tlpa koja Je dokazana Je sledeca:

Teorema 1. Neka su zadovol Jene sledece pretpostavke o distribuciyi T:

1) T(x+h) S o(h)-Ux), hel, UsO ;

11) T(x+h) = c (R)c(h)-0, h € R, gde Je c, pozitivna funkclja tekva da
c,(h) » =, LIEXE

1i11) 2a soe(C\R) treo0 c(h)/(so¢x0h) Je ogranié¢eno nad R 1 konvergira
ka C #0, kada h e I 1 || 4=, & x pripada kompaktnom skupu u R.

Tada T € &' ime S -transforsaci ju za sve p > r, Sp(T)(s)-<T(x)/(sntx)',

(so+x)"/(s4x)p”> 1

1im S(T)(s-h)/c{h)= 0, p >r.
her, lh I-m
I Je Jedan od intervala (-w,@), (-w, a), (b,w), T(x+h) - c(h) -U(x) czna-~
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¢ava da cdistribucija T ima S-asimptotiku u cdnosu ne c(h) 1 sa grenicom U.

Recelued by the editona Cctosen 1, 1988.



