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Abatract

The paper solves (1-color-) achlevement and avoldance (2-person-) games
for bases, circults and hyperplanes of partitional matroids. The solution
of achlevement game for bases is partlal. Some solutions do hold for general

matroids as well.

1. Preliminaries

An n-set is a set of cardinality n.

The reader is refered to, e.g., [9) for non-defined notlons froa
matroid theory. ’ :

We shall consider the following achievement and avoldance games on
hypergraphs: ’

Given a finite set S and a family F of Iits subsets, two players
alternately choose elementa from S and “all these -chosen elements
accusulate. -Tr)é gase is over after the first move, which makes the chosen
set contaln a subset from F. The player who ‘makes this last move 1s the

winner in the achievement game, while he i1s the loser in the avoidance game.

Remarks:

If the family F contalns some comparable séts. then the gaies should be
played on the mlnimal antichain included in F. ;

If the family F contains a 1-set, then the first player trivially wins
in Achieve F. Therefore we shall assume that singletons do not exist with
famllles F on whlch the achievemeni games are played.

Simllar games were considered, for example, in papers (1] - (7].
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2. Exact achievement glloﬁ

Let (S,F) denote a general hypergraph. Assusming that its ground-set S
is fixed, we introduce the following two families as the functions of F:

Alfa(F) = the family of maximal subsets of S which do not contain a set
froa F. : ‘ .
Beta(F) = the family of subsets X of S which satisfy:
X does not contain-a get from F, but there exists an element z in S and a
set ¥ in F, such iiat Xu{z} contains Y,

We say that a set from F 1s exactly achieved If the iast move of the
game pakes a set from F, but not a superset of a set from F. We can define

an exact achlevement ga-e in a natural vay.

Theorem. The followling palirs of games are equivalent:

{(a). Avold F and Achleve exactly Alfa(F)_
{(b) Achleve F and Achleve exactly Alfa{Beta(F))

Proof. (a) It is obvious that a player is forced to achieve a set from F if
and only if his opponent has produced a set from Alfa(F) in the previous
move. ’

{b) If a player makes a set from Beta(f), then his opponent is able to
achleve a set from F in the next move. The converse stételent.,ls also true.
We conclude that the games Achleve F and Avoid (Beta(F)) are equivalent.
There remains to apply (a). &

The snalysis of achievement and avoidance games can be made easier by
thelir reduction to exact achlevenent games. For emple. if all the sets in
Alfa(F) have the same cardlnallty. then the out.cou of Avold F can be
iamedlately deterained. :

Problem. Give a good algorlt.h. for solving Achleve exactly F.

3. Games on general matroids

¥e shall mostly restrict our atténtxon to the case when the fa-uy' F
stands for either circuits or beses 61-' hyperplanes of a matrold on S. Our
short denotations for the corresponding achievewent and avoldance games will
be:

ACH CIRC, ACH BASE, ACH HYP, AV CIRC, AV BASE, AV HYP.

Any of these games s drawn only If the fumlly F is empty of F = {o}.
There are four such sltuations: F = circults and matrold is free; F = bases
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and rank = O; F = hyperplanes and rank= 0; F = hyperplanes = {o} and ranke 1.
Glven a matrold and a game, the outcome depends solely on the parity
of the Integer L (length of the game), whereA
L = Lhe minimal number of moves In which one of the players (who wants

to) can force the game to an end.

Theorem. The game AV CIRC has a trivial general solutlon:
L = (rank of matroid) +-1

Proof. Each non-final move must make a rank Increase (by 1) of the chosen
set. Base achlevement wins. # ‘

.

Remark. The length of ACH CIRC is obvicusly bcunded from above by the same L.
It 1s obvijous that Alfa{circuits) = bases and Alfa(bases) = hyperplanes.
It follows that the games AV CIRC and ACH EXACT BASE, respectively AV BASE

and ACH EXACT HYP, are equivalent.
If F is not a covering famlly for S, then each element from S-F can be

used for “prolonging” the geme. For example, If we add x loops in the cases
of base or hyperplane games, or x coloops in the lcase_ of ACH CIRC, then the
length of the same game on thus generated matrolds will become equal to
L+ x, ' _

We shall glve another example of the "pzfolonglng. simtegy": k

Let (n,r,c) denote the rank r matroid on n elements obtnlned from a
uniform matrold by addition of ¢ coloops (we assume that. n>r>c) If ACH
BASE 1s played on {n,r,c), then L = r or L& n, dcpendlng on which one o!‘
the following two subgoals Is achleved ﬂrst cholce of- c—l coloops or
cholice of r-c remalning elements. In the second case n-r ooloops can be used
as the elements for pmlonglng' the game. The outcone depends exmctly on
whether ¢ < (r+1)72 or "¢ > (r+1)/2. (The first player decides in the case
of equality.) :

In our opinlon, nice characterlzatlons of - "winning matroids" for a
player can hardly be expected unless F 1is described by so}cly nuner_'lcal

paraacters.

4. Geames on partitional matrolds

Let M denote a partitional matroid (see, e.g.. [8]), 1.e., & palr
(S.4), where S (|S|=n) 15 a union of disjoint finite setls si1l,...Slpl,while
A is a p-tuple (aill,...,alpl) of integers, s.t. 0 s ali) = nlil=|Sli]|, for
1 s i s p. In other words, M {5 & direct sum of uniform matrolds U"(ll alil’

for 1 s | s p.
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Bases of N are (all] + ...alpl)-sets, which have a(l] elements in Sli],
for 1 s { s p. Hyperplanes of N are (n<(n({) - all] + 1))-subsets of S, such
that their complements belong to S[il. Clrcuits of ¥ sre (a[ll+l)-'éubséts of
S[1] for some I between 1 and p.

ACH CIRC: L =2 + f (alf] - 1) + number of free matroids
t=1 .

whlich are direct summands of M.

Proof. The player who chooses the (al(f])-th element from a set S[I] is the
loser unless nll) = all). The naxlml‘ nusber of moves which avoid such a
situation is equal to the above L-2. %

We say that a set S(i] is reaclfed. subreached, complcted, subcompleted
if the number of already chosen elements from It is not.4 smaller than alil,
alll-1, nli]), nlil-1, respectively.

ACH BASE: L 1s equal to some of the values:
blt]l = n - (nli) - alll)
_ cli, ) = n-(nli) - all)) - (nlf) - aly}),
where 1 < } < J < p {(if p=t, then b[1] = .m) |

Proof. Consider the situation just after reaching the (p-1)-th set S[J]. If
the only unreached S{i] is not subreached, then L=b{{}, since the player who
chooses the (alfl-1)-th element element from S[i] loses. In the opposite
case, the player who makes the (p-1)-th reaching 1s the loser, which means
that his last move was forced. This happens only if the sets S(j] and S{1]
are subreached, while the other p-2 sets are completed (an llnedlnt.e.
consequence is L = cl{, J]). '

Partial solution: Let Al = {i|bl1] is odd},
A2 = {i|bl1] 1s even}.

Since n + cli,jl = blil + blj], it follows that, depending on the
parity of n, one of the players - denote him by P (“purlst*) - ulns"'_l:o'r
L= cli,Jl, where | and J belong Lo the same one of the sets A1, A2,
while the other one - denote him by ¥ ("mixer") - wins 1n the case when |
and J belong to Lhe different of the two sets. Further. let H[Pl-{j]l’ wins
for L=b(f1}, and similarly define W{H].

Theorea. If ali) > alil ,

b b
leW[P) lel [M)

then the player P wins In ACH BASE (if P Is the first, then the equality Is
also allowed).
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Proof. The condition given in the theorem enables P Lo reach all the sets
S{i] with ieW(N]l. This implles that Le{blil, c{1,j]1} with some i, eV{Pl,

which proves the theorem. %
Remark. If the condition of this theorem 1s not satisfled, then the solution

geens to be very difficult. The player ¥ has not always a winning strat:egy.
For example, if a{il=! for all | and |W(M)]|>|W(P)|+1, then the player P can
surely win by making two last unreached sets be with | In W(M).

AV BASE: L is equz: {o some of the values bli).

Proof. None of the players wants to produce the p~th reaching. This lmpiies
that the maximal number of “waltlng” moves If blki-1, where S[k] denotes the

last unreached set.
Solution:

The first player wins {ff

L o alil = ali)

z
_ feA2 feAr
(otherwige the second player wins}).

Proof. The first player should try to reach all the sets S([{] with I e 41,
before the second player reaches the opposite goal: Such strategles lead to

the above numerical solution.

AV HYP: - L Is equal to n-1 or to some of the values bli]-1.

Proof. Conslder the situation Just efter the (p-1)-th completion. If the
last uncompleted set SIk) 1s not yet subreached, then obviously L = dblk}l-1.
Otherwise, the (p-1)-th completion loses, which implies that ii was forced.
The only such possibillity is that p-2 sets S(i] are completed, while the
last two are subcompleted only {thus L=n-1).

ACH UYP: The possible values of L are the same as with AV HYP.

Proof. The flfst branch Is the same as with l.he previous proof. However, the
{p-1)-th completion now wins ln Lhe second cage. Suppose that the nusber of
chosen elements in the last’ uncompleted set Slk] belongs to lalkl.nlk]}-21.
This l.nplles that the loser did not pluy rationally in his previous move. lie
could elther win by muking the (p-1)-Lh completion, or “keep Lhe position®

by choosing an eclement from Sik|.
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Cansequence. The games ACH HYP and AV HYP can be solved by using the same
strategles, but played by opposite players.

Common solution for ACH HYP and AV HYP:

Let A denote the player who wins (in the considered one of the two
gemes) for L = n~1 and let B denote his opponent. Further, let W{Al = {1 [ A
wins for L = b{il-1} end simtlarly. define ¥i8]. '

Theorem. If B is the second player, then B wins iff (3le W(B]) (alil-1 >
> n-nli]l). Almost the same statement holds when B is the flrst, but then the
inequallty should be weakened (the case of equality is also “winning" for B).
Proof. The winning strategy of B ls obvious under the conditlon above: during
the game he should ghooéé the elements outside S[{] only. In this way the
(p-1)-th completion will happen before S(i] 18 subreached (thus L = b[J]-1
with jeV(Bl).

On the other hand, the player A wins if he makes the fcllowing goal
before the (p-1)-th completion:

Subreach all the sets S|j] with jeW[B]. 5

Namely, after achleving this goal, the only uncompleted set may be
subreached -1n the moment of the (p-1)-th completion, causing L=n-1, or not,
causing L = b{Jj]-1 with jeW{Al.

There remalns to show that A can reach his goal provided that the
condition given in the theorem is not satisfied.

Let ql(J] = nl(J] - (aljl-1) and let t{Jj] denote the temporary numper of
remalning elements necessary for subreaching S[Jj]. Each element chosen from
S(j) decreases t{j] by 1. The strategy of A may be the following:

Choose an element from some S{k], such that keW(B] and

ikl = max  t1J]
JeviB]

Speclally, if .the onl‘y two non-zero t-values are equal to 2, whlle the
corresponding g-values are 1 and val (val > 1) respectively, then 4 should
choose an elé-ent from the set correspondling to val. '

Thus 4 will try to “prevent negleclLing® any of the sets S{J] with
J€W1B], In order to make the last of them subreached as soon as possible.

Suppose that the flrst clement chosen by A belongs to a set Sii). While
(1f at all) t(i] 1s the unlque maximum, A will keep chooslng elements from
S{1]. If the condition given in the theorem is not satisfled, then this
process will stop without muklng 4 to be the loser. Let tiul and tlv]
(tlu) 0 = tivl; u,v e ¥lB)) be the two largest remsining (-values at that
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mopent. It is easy to observe that ¢t[u] s t{v]+1 and that, according to 4's
strategy, the difference between the two largest t-values can never be
greater than 2 (If it is 2, then it Is made by B).

In the final stage of the game, tfu] and t(v]l becowe the last two
nonzero t-values. A's strategy does not allow some of the sets S{ul, S{v] to
be subreached before max{t(u], t{v]} becomes < 2.

The final situation t{u)=2 ; tlvi=0 s extremely convenient for B&.
However, a necessary condition for his winning ls that qlv] > 1, otherwise A
makes his goal in the next two. moves. It follows that in the compulsory
previous position tfule t(vis2, 4 should behave as in the described above
special part of hls strategy. At last, If qlul=qiv]=1, then there exists a
possibliity for B to make the {p-1)-th completion on the set S{v]. However,
this would lead to L = n-1, which means that 4 ls the winner agaln.

Acknowledgenent. 1 an grateful to Professor Frank Harary who suggested the
problem to me.

References -

1. Cairmaz, L.: On a combinatorial game with an application to go-moku,
Discrete Math., 28 (1980), 19-23.

2. Harary, F.: Achievement and avoldance games for graphs, CGraph Theory
{Cambridge 1981.1. §1-80, North-Holland Kath. Stud., 62, North~Holland,
Amsterdam-New York, 1982.

3. Harary, F.: Achievement and avoldance games designed from theorems, Rend.
Sem. Mat. Fis. Milano 51 (1981), 1€3-172, 1983. '

4. Herary, F.:An Achlevement game dn a toroldai board, Graph Theory (Lagow,
1981), 55-59, Lecture Notes In Math., 1018, Springer, Berlln-New York

8. Harary, F.: Achlevement and avoldance games on finlte conflgurations,
J. Recreational Math 18 (1983/84), no.3d., 182-187.

6. Harary, P.:Ach‘levelent and avoldance games on finlte configurations with
one color, J. Recrestfonal Math 17 (1884/85), no.4., 253-260.

7. Harary, !‘;: Marlow, A.: Achievement and avoldance games for generating
Abellan groups, to appear.

8. Recski, A.: On partitional matrolds with appllcations, Coll. Math. Soc.
Janos Bolyal, 10. Infinite and Finite Sets, Kn:_szthely. 1973.

9. Velsh, D.J.A.: Matroid Theory, London Math. Soc. Monographs, No.8,

Academic Press, 1976.



88 Dragan M. Acketa

Rezime
NEKE IGRE POSTIZANJA I JZBEGAVANJA NA PARTIC!JSKIH MATROIDIMA

U radu su resavane igre postizanja i izbegavanja ciklova, baza |

hiperravni na particijskim matroidisa. Igra postizanja baze Jo resena

delimicno, dok Je za \igru lzbegavanJ’a cikla dato 1 refenje na opstim
matroidima. Kod ovih igara dva igrac¢a naizmeni¢no biraju elemente nosaca
matroida, koJi se akumuliraju u neki izabrani skup. lgra Jje zavrsena nakon
poteza kojim se postlze da izabrani skup uklju¢i u sebe neki cikl (bazu,
hiperravan) matroida. U igrt postizanja je tgra¢ koji povuce poslednji potez
- pobednik, dok u igrl lzbegavanja on gubl. Resenja n= parllcle'kln
matroidima se mogu odrediti prvensiveno zahvaljuju¢i ¢injenici da se ti

matroldl mogu kompletno opisati pomocu numerickih parametara.

Receloed &y the editans, Octoden 18, 1988.



