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Abstract

The notlon of the quasiasymptotic expansion of tempered distributions
on a real line is given and sﬁveral properties of this notion are presented.
Also, an applicatlon on the Stieltjes transform of tempered distributions is
given.

1. Introduction

In t.lﬂs paper we shall study the notion of the quasiasymptotic
expansion of tempered distributions. Thils nouon‘for tempered distributions
supported by {0,w) was lntroduced by Drozzinov and Zavi‘alov see [1,111,10].
Pilipovi¢ also studied this notion in (5]. : '

Dencte by ¥ the space of rapidly decreasing smooth functions defined on
the real 1line R, ‘uppned with the usual topology.- Its dual, the space of
tempered dlst.rlbuthns 1s ¥ and 9: is its subspace with elennts‘ supported
by [0,w). .

Recall (I68]), a contlnuous positlQe function L(x), x € (a,x), 2 > 0, s
called slowly varying in infinity if for A > O '

Uax) |
:: TOR 1.
For the propertlies of such functlions we refer to [6).

The quaslasymptotic at « of an f € .?: was studled by Viadimlirov,
Drozzinov and Zavi’alov [1]. Using this notion they obtained remarkable
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results. Pilipovi¢ [3] extended this notion to the space I’ of Schwartz
distributions on the real line:
It is said that an { € D’ has the quasiasymptotic at te« with respect to sowe
positive contlmnuous function k), k € {(a,+=), a > O, if for some g € ',
£%0,
(1-1) lim <§%’2. wWx)> = Lg(x), (x))>, p€D .

k0

q
In this case we write  ~ g at twm with respect to c(k).

Theorea 1 ({3]). Let f € 9’ have the quasiasymptotic at te with respect to

some positive contfrnuous fuctfon «(k), k > a. Then,

.

(i) re¥ ; _

(ii) There are v € R and a slowly varying function in Infinity L(A),
k > a such that c(k) = kuL(k). k > a. Moreover, g is a homogeneous distri-
butfon with the order of homogenity v;

(111) If v € RY-N), then (1-1) hoids in the sense of convergence in
¥ (for p € ¥).

Let us recall that the family of homogeneuos distributions {vn' v € R,
is defined by

H(x)x*

OO L .
lw‘(x) = (x €R)

t':.'.':"‘(x) ., v3S -1, ntv>-1, nelN,

where H is the Heaviside function.
We also use the notlon #(x)x’ = x:'. H(-x)}x|"- x:’. v>-1.

The followlng theorem is necessary for our investlgations.

Theores A ({4]).
i) Let F be a locally integrable function and v € R, v > -1, such
that ’

lim -——Tf(-—’l— = C, where (C ,C) * (0,0).
xwe (2’1 ]x])
x>~

Then F2 g at tw with respect to kKVI(k), wvhere g(x) = E'IW,(x) + E_ru"(-x).

x € R, (E’.E_) # (0,0).
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(ii) If £ L g at te with respect to k’L(k), then r'* L g'™ at te

with respect to & "L(k).

(1ii) let f €D and ( 8 g at te with respect to K’L{k), where
v € RN(-N). There are m € N N v {0} and a continuous function F such that

m+v> -1, «F* and 1la «7&’—-— = C, where (C,.C) * (0,0).
xwe x| x])

z)--

2. The quasiasymptotic expanaion of an f € ¥

We shall introduce the following family of distributions. ({5]). Let
v € Rand L be a slowly varying function defined on (a,«), a & 0. Ve put

H( x-a) x”L( x)
l{:;: = - v .
(x) = (x € R)

{n)
v s -1 + >-1 .
L...u.un(’) . , n+vyp , ne€N

f
L,a, Vel

vwhere n is the smallest integer such that ntv>-1.
This definition includes, for example, dlstribution &
(Hx-a)1nx)'*’, a z 0, k € N. If a=0 ve use the notation rl..vu'
We have

(ll(r_‘)' a>o,

. . 5
rL,-.v'l(x) rL.b,vol

respect to k”L( k).

(-0) 2f, () +f, (-, x&R atte uith

Let us denote by A the set N or the set of the form {1,2,....N}, N e N
In the second case we shall also use the symbol _A-. In the definition which
1s to follow we assume L 1 € A, are real numbers and L’l. 1 & A, are slowly
varying functions in infinity. Also, we assume that for i,) € A, I < | there
holds »* v and If b= v, then L (x)/L (x) — @, x — w. Siallarly as in
51: , . . )
We say that an f € ¥ has the quaslasy-ptbtlc expansion at ie with

v
respect to {(k |Ll),ml\). if there are complex numbers (A|.Bl)-(0,0).(al.b|).
1l € A, such thut for any = € A
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f(kx) - z‘ﬂ& ..‘.ulol(u) ¥ B,fl,l,b"u'.,(""‘)
1=3 .
m -0 In ¥.
k"L (K
-
In that case we write
- qe- .
(2-2) f Z A‘le..‘.u‘“ + BI[LVh v at tw with respect to

1€A

v
{(k ‘LI). 1€A }

One can prove easily If (2-2) holds, then

e Q.. » ,
F Y ZA‘ [t’L o ﬂ] + Bl [{L b v ] al teo with respect to
TeA [ | [ R PY

v
{(k ‘LI). feA }

Proposition 1. Let f e ¥. If A< A and

: v
q.e. 1
4 y ‘1f|. v + blfL v at tw with respect to {(k Ll). le I\}
- [ 1’ 1
and
q.e ;‘ o5
b A LR by B b‘rl-: b at o with respect to {(k Z‘). e A }
- F 1’ 1.1
1eh

thenv =v , a=a, b= 5‘ and L (0) ~ L‘(x). xTHe ‘l G-A.

Proof. . For {=1 € A we have

f(kl) - [‘lfi.l.v‘bl(k'x) + b!fl.‘.v|bl(-u)] X
> = —0 in ¥ a5 kDo,
s .
k, T.‘(k)
and
f(kx) - [Zlle.;‘”(kx) + E'r;l';‘ﬂ(-m]

— 0 in ¥ as k — o

;l
k Zl(k)
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Take ¢ € 2(0,=), 50 that <f,  (2).4(x)> » 0 and (f; ﬂ(x).«ﬂ) = 0.
1 1

With the assumption le\ 0, we have

" f(kx) - af (k0
< v yl : #Mx)) 20 as kH =
L
kL (k)
and
Yy
k L (k) -
—— < ff’kx) P WX) > o akf;  (x), Hx)>#0 as k —a.
1 1
lil(k) k L‘l(k)
Because of
1im ¢ !M__

» x> = alr,  (x)., XD,
k@ k Lx(k) 1

it follows that alv 0 and that the limit

Yy
k Ll(k)
lim -

Yy

k I’l(k)
must exist and be different from zero.
This 1.p]}es vyl- i;l m h(x) - I‘(x) as (X—)-. So VlI ;‘l. L‘(X) - Zl(x)
8s x —.« and thus a = 31; In the same way b;- 5‘-

If 2 € A, wo have

- - - - - f {=kx)
f( kx) glflii”lﬂ(k‘\') bl(L‘. joy (hx) -2, r "fua B et

2
‘ k Lz(k)
in ¥ as k —)-b
and
N

2|.V
2

f(kx)-a‘{L v (kx)-b‘fL
” ! — 0

" (-kx)-izfcz ~ (kx)-b fr &, (-kx)

v,
k L(k)

in ¥ as k — o.

Assume ;2: 0. Take ¢ € N0,=) so that <[, ﬂ.«x))ao and (f; ﬂ,«x));o_
2 2
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Since,
v
k 2Lz(k) f(kx) ~ al[l.l,vlol(kx) .
= < v . KX - "z“ﬁg.x(")' #x)> + 0
Kk 2Z2(k) k Lz(k) -
and
f(kx) - al[l..l,vlol(kx)
1im ¢ - m , Hx)) = az([v 'l(x). (x> .
] 2 2 -
k "L (k)
2
Y,
k Lz(k)
We have that the limit lim ———— must exist and be different from zero.
ks WV,
k Lz(k)

This implies v,= v, and Lz(x)-lz(x) as x — « and thus a= a,. In the

same wWay bz*- 52. (az,bz)t(0.0). The complete proof follows by induction.
As in [S] we have

Proposition 2. (i) Let f € L:“ and £x" € L' for some n e t .Then,

- -1)"a 5" (1)
i(x) °. .oa(x) - .16‘(1) 1-..-)* T at tw with
(2-3) . : e .
respect to {(k'"'), 1« A} where m= | tle(eyae, 1m0,1,....5
R 3

**"W‘JL‘;&“}@',Q'W b (¢ x-A)r!(rx)xn? H/( -x=A) £{ x) }xine L

-4 - «
for some n € N. If we derote by @ = I t'1()dt and == I t'r(t)at,
5 . L] A
i= @,...,n, then
]
Wx-A)£(x) + H(-x-A)f(x) Z ('}? [..|5“‘(x-a) +mst
(2-4) 1€A

1

n
(x+A)] at to with respect to {(k_'- ). I € An}
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-A | @
(1) Let £ e L} (RO and &= [ ("R0)dt < @, m= [ "r(D)at < =,
i A

neﬂo, A > 0. Then,

. Sy :
H(x-A)£(x) + B(-x-A)£(x) 9~ z ('i, [..§'(x—d) + EIG'(xM)]
I(A" '

at tm with respect to {(k""). 1 € N}

(iv) Let he Ll and W(x)~ C,/x", x @, Mx)-C/lx|", x = - neM,

ne 2

Then

(n 2)

[(h(x) 92" C [noa(x') - nla'(x)+...+(-1)"'2 (x) +

(_”;-: (u(x)mx)‘"'] N

+ C [as(x) -n&(x) 4...4( 1)

(2-5) <
n-2- (n 2)(x) -

,. .
~ « G -0

at tw with respect to {(k''L),1 € A }, where L =1, I=1,...,n-1, L (x)=Inx|

- . 0 . B
N0 PRI O NPT
and o J' & J' B ge, i-0,....n-2 .
o .

We omlt the proof.

He also need from (5]

n-2 R .
ey M2 AL [Z (-1)’(n-2-18" 1 (x-1) +
X

=0

+ (-1)""(1{(:—1)1“)“"]

Remark. The quaslusymptotic expansion Is not unique (see (S]).
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3. Applications

We shall glve the applications for the classical Stielt jes transform.
Namely, we shall give assertlons r:elated to the classical transform to
emphasize the fact that we obtaln new "classlical® results by usling the
abstract theory from the preceding section. ' )

We shall follow the definition of the distributional Stleltjes
transform given by Lavoine and Misra.

let f € ¥'. We say that f € J’(r), if there exist m € No and a locally
integrable function F such that

=}

al f = F'
o

B) [ |F0(x+2)" """ |dx < @ for Ia(2)e O .

(3-1)

The Stieltjes transform Sr of Index r, r € R\(—No) of a distribution
f € J'(r) with the properties given in (3-1) Is a coamplex valued function
given by

(3-2) (5,0(2)= (r+1) [FC0Cx+2) ™7 = (1) <R, ——m>, I(2) 90,

r+ms+l
w (x+z)

where (r).= r(r+1)...(r+k~1), k> 0 and (r)osl.

It is easy to see that (S'f)(z) i{s a holomorphic functlon of the
complex variable z in the domain C\(-w, +a). R

We need here the folloulng result which is a modification-of the
Abellan theorem from {3). o »
Abellan theorem. Let f € ¥ and f(kx)/k’L(k) — 0 In ¥, k > », v € R-N).
Let r € R{~-N) and r >v. Then, for any z € C\R

(s,1)(x2)
lig —— = 0.

The following formulas are needed

(3-3) () (S, N2 = (S L)), f € S(rop), z € EN(-m, +u)

(3-1) s (8™ (x- (r+1),
. xA))(2)=——;;_—;,—.r>-k—1,Azo.
(z+4)
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(r+1)
' (N 2) » —— r> k-1, Az 0.

A)rokol

(3-5)

According to Propositlon 2, {2-8), the Abellan theorem and (3-3), (3-4),
(3-5), we obtain

Proposition 3. (f) Let [ ¢ L:“ and fx"e L' for some n € N . Then, for r>-1,

I 1
tend

and z € €\R, with .‘j 17 cealy
oy - 1 r+l . on (ren)"
(5,002 = —mwrm G T e e
-~ 0, k — m,

-r=n-1
k

(11) Let f € L:“(R\{O}), A >0, Hx-A)£(x)x"+ H(-x-A)f(x)|x|"e L' for some

- -
n e N. If ve denote & = _[ t'e(n)at, m = f t'f(t)dt, 1=0....,n and If r >-1,
-| A

then

S (B(t-A)£(1))(kz) + S (H(-t-A)1(t))(kz)

k-n-r-x

Z G- (rﬂ) ! + " -
4 (kz#A)r.l’l (kz-ﬁ)r""

- 1= — 0

k—n°r-l

as k — e, 2 € C\{-w, +a}.

(111) Let h e L:u. h(x)-C‘/x', X -3 m, h(x)-Cz/Ix]". x - -o, ne 2, ne€N,
(c,vo. Czto).

Then, for r > -1, z € C\{~w,+m) ,
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(s m(kz) = —— (neC +2C) - —1_(ac +#C)s...+
r (kz)'” 0t 02 (kz)”z 11 12 -
{r+1)
2 (-2 P2 n Covm C) 4
(kz)rcn-l n-2 1 n-2 2
{3-6)
( r,” (2 gk LI P A 1
ron ron’(r’n)zrcn 2 kron k.ron (r*n)zron
+ OI(k-"-rlnk) a8 k -y @ ,
R ) o
{ [}
= | £n(t) = | th(t) _
where n| I. T dae, n‘ J’ i dt, 1i=0,...,n-2,
L] -
(-4 [
- In t - In t -n-r
Ao(z) J( “z)roml dt, A‘(Z) I(——_th_)—::n—'; dt, Oz(k In k) is a
o ) o
function which depends on z and
0 (K" "1n K) e
2 40, ke "

K" "in k i

(iv) For ne 2, r>-}, r¢ feyz/'t/'éq-m,fn). lz| > 1, k>0,

- —~ (r+1)
(3-7) [Sr ”(—‘—n‘)](xz) -1 Z( 1) (n-2-))1
t (1)1 Cha1)™ !
(-1)""'(Crs1)
n ; In &k
M T a— [‘z“‘-‘) * AR z—'.:']

' _ (a +p)
vhere A (k.z) = — Z [“][l - l—] renl ., & = r+n-le+n) and
(a‘ | A G pzrﬂup
ren p=1

(z+t)
1
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Note that for p € No' [Sry‘—ts-l—)] (kz) has a simpler forn.
t

Proof. We shall prove only (111} and (iv), because (i) and (11} directly
follow from Pr;:posltlon 2.
(111) For r > =1, z € C\(-»,+x),
1 - r+1 .
(s h)(kz) - a:;)_ro_l' (a,C, + 8,.C) + (kz)™*? (a,cC, 12
1im - - - ot
k-0 K™ " 1n(k)

(r+1)
212 (ac +acC) (-1)""(
(u)r'n-l n 1 n 2 =11

K" " 1ink) K" 1n(K)

«(-n"" r+1)

o o

Cc —Imt  .c _Inje] dt =0 .
1 (tokz)”'"x 2 (t*kz)r""l
o v -

Since

J Int g ul gz elnk__ 1

(t-sz)"n.‘ kr“‘ [} kron (r’n)zrn:

]

and

Q «

I In]t] dtsj Nt g el aqpy-lnk_ 1

(t’kz)lwn’l (_t’kz)ronol kron 1 kron (r’n)zl‘on .
- 0 :

we get for z € C\[-w, +u) {3-6).

(iv) For nz2, r»>1, re No. z € C\{~», +w) we have

n-2
(r+1) ,
H(t-1),. . 1 TS PR ) _yyn-t In ¢t .
(Sr v )(2) (“‘1)'{’2:0( 1) (n-2 J)!——-——*(zﬂ)"jﬂ (-1) (rﬂ)"L._——_dzﬂ)'"‘“ t]
- _ :

If n=1, z € C\{-», +w)
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(s, HELy (2) = (ren)

t

So, we have (n z 2)

_Int 4.
(z+t)r02

1

n-2 @
(s B0y hzye, ! Z( 1)3¢n~2- ),_111.1___._,,( 1)° Y (re1) I_M___dz
T (n-1)1 5 rojvl (t*kz)rnnl

Let us compute the last integral.

Assume that |z| > 1,

z € O\, +a).

We have
« o« (-]
Xz) = In t dt = 1 lnu du + 1nk du - =
(t+kz)r’n“ krﬁn (z+u)r'nﬂ (zﬂ‘)rono
1 1/% 1/%
1 «@
= 1 in u du + 1n u du + 1 1
L (zyten (™™ T gt
1/ 1

Since

1

z’u)rvn

I Inu . -lok ., J du
(zﬂ‘)rQnOl irfns (2*1/)()'.”‘ U(
17k 17k
we get
1 0
Xz) = 1 du + Inu du
kr'n u(z‘u)rOn (z¢u)r0n'|

17k 1

Let a = r+a-[r+nj}.

we have
1

J(2) = Z(l 17K°) ["‘] 1_,Ink
“ J'U(Z’u) P

17k

Because of (z+u) %= z

-¢[1 . ;]-a_ z

In k

So, by differentlating the last equality (r+nl- times, we gel
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Note that for p € No. [s.”._(ﬁ;'_ﬂ] (kz) has a simpler form,
t

Proof. We shall prove only (111) and (iv), because (1) and (11) directly
follow from Pl‘.oposlt.ion 2.
(111) For r > =1, z € C\(~m, +a),

1 - r+l | ~ .
(S, Mha) = o mr (26 2 B8+ o (6 v a0
1im - ..t
ko kK" Int k)
(r+1)
_yyn-2 n-2 - _qyn-1
’( 2 (kz)""" (nncl * nnc2) (_—)_(n}{ 1 (r*!)"
k'"'rln(k) k-n-rln(k)
® o
c I_lﬂ.ﬁ_._d:ocl___l_'lm___dg =0 .
1 (t’kz)ronol 2 (t+kz)r0n'l
0 N -
Since
[ ]
In t 1 In k 1
dt = A(z) + _
J'(tﬂrz)r""‘ kron ] kron (r"n)zron
0
and
] «©
J nlt] 4, . nt g g -lnk_ 1
(t+kz)r0nol (_“_kz)rQnol kron 1 krou (r*n)zr n
-0 o . A
we get for z € C\(-w, +a) (3-6).
(v} For nz2, r>-1, r ¢« No. z € C\(-w, +w) we have
. "(t_l) ’ . n-2 , (rﬂ), -1 l\-l( “ In ¢ ¢
( r—n—)(l)“(;;:ﬂ-,— (-1) (n'Z'J)’-——Hﬁ*( ) e+1) |t .
t =0 (2+1) (z+t)
1

If =1, z ¢ C\{-w, +a)
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-’i("“”(’) - ) (e e1). . (renn1) Ji‘"r_? .
uf z+u)
. 17k

This implies
1
I du _lnk _

n(z’u)l"l zl"n
17k -

' < o) (-1 5" a +p)...(renspr1)

- ( ] Z(l_llk’)[ ] p"" P’

-7 a (@ 2. (renm1) i k N e

-

1

L a(kz) + 1K,
u(z#u)"n 2 ern

17k

- 1 ~aY,q_1 Py (@tp)...(r+n+p-1)
where ‘2“"2) a (o +1)...(r+n-1) Z [p](l 17K7) LRI :

p=1
o
In ¢ o
If we denote by. A (2) = | ——————— dt. we obtain
3 . (z§t)l‘0ll01 / .

1 3
Xz) = - — (A (k.z) + lnk/z™*" + 4.(2)) and formula (3-7).
K 2 IR ‘ 3 I ) )
By using formulas {3-6) and {3-7), one can’get the classical ‘result for the

asimptotic expansion of the Stieltjes transform of a function which has the
classical ssymptotic expansion ) )

% .
o« -Zt—: t 9.
1=1

Napely, for any n € N we have

Mle we-1) €
() - :E: -2, toe
t t

i=1

and by using the quoted formulus we obtaln the asymptotlc expansion of
(Sr{)(kz) on the ray kz, k — @, z € £\{-», +),
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Reziwe

KVAZIASIMPTOTSKI RAZVOJ TEMPERIRANIH DISTRIBUCIJA
I STIELTJESOVA TRANSFORMACIJA

Definisan Je kvaziasimptotski razvoj temperiranih distribucija na

realnoj pravoj i dokazane su neke osobine ovog razvoja, Tvrdenja 1. 1 2.
Takode, data Jje primena kvazlasilptotskog razvoja na distribuclonu Stlelt-

Jesovu transformaciju, Tvrdenje 3.

Recelved &y the editana Yeptemben 3, 1988.



