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Abstract

C.lL) is a set of all the weak congruences on a given lattice L, l.e. a
set of all the congruences on all the sublattices of L.

It is proved here that: a) the lattice (C'(L).s) is modular if and only
if L 1s a two-element chain; and b) If L 1s a bounded lattice (wlth two
disjoint constants 0 and 1) then lC'(Ll.S) is complemented {f and only ir
its lattice of sublattices Is coaplemented. (For lattice L without

constants, (_C'(L).s) is never complemented).

0. Let A = (A, F} be an algebra, aml X £ A the set of its constants.
Then ((7] a weak congruence relation on A 1s ma symmetric, transitive and
compatible relation p on A, satisfying the weak reflexivity: if c € K, then
cpc. -

For an algebra A4, denote by

S(A) - the set of its subalgebras;

C(A) - the set of all the congruences on A;

c'(A)— the set of all the weak congruences on-A;

C(8) - Lhe set of all the congruences on B € S(Al;

It 1s obvious that C'(A) is the set of all the congruences on all the
subalgebras of A.

It vas proved In (7] that
(1) (C(AL.s ) 1s a sublatlice, and (S(A),3) a retract in (C (A),3).

{Therefore, we identify here the subalgebras of A with the corresponding
diagonal relations in C'(AH.
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A Is sald to have the congruence intersection property (CIP), (7)) If
for all p,0 € C"(A).
(PAO)‘=9‘A6‘ .
where

p, =n laeClA)p < a)

I dp 1s a diagonal of p € C (A), 1.e. a=p A A, vhere a={(x,x)|x & A},
then p = p v A, and the CIP thus expresses the distributivity ({4]) of & in
(c (A), ).

A is sald to have the congruence extension property (CEP), (I[S]), 1if
every congruence on any subalgebra of A is a restriction of a congruence
on A. _ .

It was proved In {7] that (II) A has a modular lattice of weak
congruences if and only If it has the modular lattices of subalgebras and
congruences, and it satisfles the CEP, and CIP.

Some algebras having a conplenént.ed lattice of weak congruences

including the case when thils lattice is Boolean were characterized in [(6].

1. Consider now the case when A 1s a lattice (L,A,v) denoted by L. The

following propositions are well known.

Proposition 1.1. (1] (S(L),s) Is a wmodular lattice If and only If L Is a

chain. a

‘Propisition 1.2. [a]. For évery lattice L, (C(L),s) {s a distributive
lattice. a

Proposition 1.3. (5). If L is a distributive lattice then it has the CEP. o

Thus, lo dlscuss the wmodularity of the lattice (C (L),s), we can
.

resiricl our attentjon to the cuse when L is a chaln.

Proposition 1.4. The chaln L salisfles the CIP if and only If It has two

elements.

Proof. Let L be a two-clement chain (a.b}.a.v), & < b. Its lutlice of weak
congruences 1s represented below. (|a.b| stands for a partition determlned

2
ty L” etc.) L obviously satisflics the CIP. (The same occurs in the case
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when at least one of those elements

1s constant in L l.e. when |K| = 1, la.b|
or |K| = 2. Now, fet L be a chain '
with more than two elements, and

let L = ({alw b), ), where ~ fany
a,bel, a2<b, {a] and [b) are .
the ideal and the filter generated

14} b}

by those two elements. Ll i1s obvio-
usly a subchain of L, and

p:{x|a<x<b}2uﬁ ¢
is a congruence on L.

Now,
pati=d_ , and (pAle)"A

On the other hand, P,= P zl.2 = Lz, and thus P, A Lf = p.

1
A

Hence, {p A Lf)‘ sp, A Lf , and the CIP is not fulfilled. @
A

Using the congruence {0.1}2 instead of Lf. one can prove that a bounded
lattice satisfles the CIP If and only if it 1s a two-clcment.

Whether an arbltrary lattice fails on CIP is still an open problen.

Theorem 1.5. A4An arbitrary lattice L has a modular lattice of weak

congruences If and only if It ls a two-element chain.
Proof. Stralghtforward, by (Il), and by Propositicn 1.1, 1.2, 1.3 and 1.4. O

2. In this part we shall characterize the lattices having a
complemented luttice of weak congruences.

It was proved in [6] that no algebra having less than two different
constants can have a complemented lattlice of weck congruences. Therefore, we
chall look for cur lattices In the class of bounded ones, denoted by
(L,a,v,0,1), 041,

Theorem 2.1. Let (L,A,v,0,1) be a bounded 1lattice. Then It has a
complemented lattice of weak congruences If and only If Its lattice of

sublattices Is compiemented.
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Proof. Let L be a bounded lattice with a coaplemented lattice of weak

congruences (C (L),s). Then, for p,p’e C (L),
’ a ’ 2
pve'=L, pap'=d (whered--{o.l}:\ﬂ).
we have that dp v dp, = A, and dp Ad, = d. . Since the dlagonal relation

represents a corresponding subalgebra ((I)), 1t follows that (S(L),s) 1s a

complemented lattice.

Now let (S(L).s) be a complemented lattice. Conslder p &« C(M), N &
S(L), such that p»¥°, and let ¥ « S(L) be a complement of M in S(L). Then,

T W eI paea.

If p-nz. its complement is p’& C(N), such that p'*Nz. o

Examples

leat)

(i) 1014 «

{)

Y joilalil

Aot~ (5LS)

(CuL),<)

(ii)

L.
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The lattices in ({) and (/i) wure bounded (k = {0,1}), and they both have
complemented lattices of weak congruences, as well as lattices of

sublattices.

Note that the lattice in (ff), considered as a Boolean algebra
(B,A.v,-,0,1), has the same (up to the Iisomorphisms) lattice of weak
congruences as L in {{).
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Rezime

Slabe kongruencije mreze

a) da je mre2a slabih kongruencija proizvol jne wmre2e modularna, ako { samo

ako Je mre2a dvoelementna i

b) mreza slabih kongruenclja ogranicene mreze Je komplementirana ako 1 samo

ako jJe mreza njenih - podmre2a komplementirana.
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