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Abstract

Using the notlon of a compatible pair of mappings some generallzatlions
of common fixed point theorcms from [2] and [%] are proved.

1. Introduction

S. Sesse Introduced in [6] the notlon of a weakly comsuting pair of
mappings 1in the followling way.

DEFINITION 1 Let (X,d) be a metric space and £,g8: X + X. Then the pailr
(f,g) is sald to be weakiy commuting if and only if for every x € X
d{fgx,gfx) s d{fx, gx).

Every commuting pair 1 abviously weakly commuting but the converse is
false [61.
G. Jungck gencrulized the notlon of a weakly commuting palr in the

following way.
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DEFINITION 2 {[3] Let (X,d) be a metric space and f,g: X + X. Then the
pair (f,g) is said to be compatible if and only f for every sequence

{xn}ndl such that lim fxn- 1im gx = t, for some t € X:
nxe n-xe .

“

lim d(fgxn, gfxn) = 0,

R
If £ and g are such that lim d(fxn.gx ) =0 » lim d(fgxn,gfxn) = 0, then the
nae n n-x

pair (f.g) 1s obviously compatible. Hence, every weakly commuting pair is
compatible, but the converse is false (3].

We shall generalize the notion of a compatible palr to the case when g
is a multivalued mapping. By CB(X) the collection of all closed and bounded

subsets of X is denoted.
DEFINITION 3 Let (X,d) be a metric space, : X » X and g: X - CB(X). We
say that the pair (f,g) Is compatible If and only if for every two sequences

{xn}neN and {yn}neN from X such that lim fxn= limy =t for some t € X,

N-3o0 nN-e
where € gx , n € N:
yn &x,

1im d(fyn. g!‘xn) = Q,
ne

In [4] the notion of a weakly commuting pair (f,g), i8 introduced
where f: X X and g: X » CB(XJ. The pair (f,g) is weakly commuting if
and only if for each x € X, fgx € CB(X) and

H(gfx, fgx) s d(fx, gx),

where H is the Hausdorff metrlc deflined on CB(X).

Suppose that the pair (f,g) is weakly commutlng, f: X + X and
& X + CB(X) and prove that it is compatible. .

Let (xn}neN and {yn} nen P2 two sequences from X such that Y B,
n €N and

lim fxn= im Y= t € X

N N-o
Froa d(fxn.gxn) S.d(fx".yn) it follows that 1lim d(!‘xn.gxn) = (0, Hgnce

N+ :

1im Higfx ,fgx ) = 0 and [
ia erx .fgx since d(fyn,gfxn) s H(!‘gxn.gf‘xn) we obtain that
:;.‘.: d(fyn.gfxn) = 0 which means that the palr (f,g) !s compatible in the
sense of Definlticn 3.

In this paper we shaull prove some generallzatlons of common fixed point

Lheorems from {2], (4], [5].
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Coamon fixed point theorems

Let h: 10,0)%5 [0,0) be a not}decrcaslng and upper semicontlinuous
sapping 1in each variable. We say that h is from the cless ¥ if and only if

for every t > 0:
t > g(t) = max{h(t,0,0,t,t), h(t, t,t,2¢t,0), hit,t,t,0,2t)}.

THEOREM 1 Let (X,d) be a c'oﬁue,t‘e‘ letvr,lgxquce.S.T.f.a: X+ X, TX ¢ fX,
SK ¢ gX and for all x,y € X: )
(1) d(Sx,Ty) s h(d{fx,gy), d(fx,Sx); d(l_!’;l'y). d(rx,Ty), d(gy,Sx))

where h s from the class ¥. ) )

If one of the mapplngs S.T.f and g is conltinuous and the pairs (S.{)
and (T,g) are compatlble, then S,T,f and g have a common fixed polnt z and z
1s the unique common fixed point of S and f and T and g.

Proof: As in [2), for an arbitrary xoc‘—x»we can define a sequence

{x }neNu{O} such that SxZn BXZMI’ ‘l‘)tz“ﬂ h‘Znoa' n €N u {0} and prove
that the sequence {Sx 2T, S, T, .} convergea to a point z € X. Then

= o . e
z 'l‘_l’: stn' ::: 8Gna 'l‘:: szn—l I:: rx2n
Using the similar method as in (S] we shall prove that z = Sz = Tz =
= gz = fz. ’ . ' 7
a) Suppose that £ is continuous. )
From (1) we have B

(2) disrx, ,T hﬂ)smmﬁﬁnu%ﬂ)aﬁﬁnyﬁ) CTCSS S N

2
A, T, ) d(ngnﬂ' 1'2 ).
Further, since f is continuous we obtain that
lie « lla £k, =fz
now n ne “2n ,

From the compatibllity of the pair (S,f)-and the relations

Iin fon = lim stn =z we have that '-lll,d(Sf?tzh.i'SXZD) =0
noe noe _ ne

and so from (2) we obtalin that

d(fz,2) s hldlfz,2), dlfz,fz), dlz,z), difz,z) d(fz,2))
= h{difz,z), 0,0, difz,z), d(fz,z)) s ¢ld(fz,2)).
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This 1mplles that fz=z. From the inequality d(Sz,szhH) s h(d(fz.gle“l).

d(fz,Sz), d(8x2n01'Tx2n*1)' d(fz'TXZnﬂ)' d(gle“l.sz)) it follows that

Sz = z. Slince SX ¢ gX it follows that there exists w € X such that gw = z.

From (1) we have
d(z,Tw) = d(Sz,Tw) s h(d(fz,gw), d(t‘z.Sz).. d(gw,Tw), d(fz,Tw), dlgw,Sz)) =
= h(d(z,2), d(z,2), d(z,Tw), d(z,Tw), d(z.2)) 3 p(d(z,Tw)) and so Tu = z.
Since the palr (T,g) Is compatibie and Tw = gw = z, if we take In definition
| 2 that x =w, n € N then we obtaln that '

1im d(Tex ,gTx,) = d(Tz, g2) = 0.
n-xo h

From Tz = gz it follows that d(z,Tz) = d(Sz.Tz) = p(d(z,Tz)) and so
z2 =Tz = gz = fz = Sz, ’ :
" The proof Is similar If g is contlnuous.

b) Suppose that S 1s contlnuous.

The relation lim d(Sfxzn.t‘SxZn) = 0 and the continuity of S implies
n-xo .
that lim fo2n= Sz. From the inequelity -
) - .

a(sx, T, 1) 5 h(d(fSx, B ) atrsi, S, V.dlex,, Th, ),
TSty Ty Uty Fxg))

we obtain that d(Sz,2) s p(d(Sz z)) and so Sz-z

Let w'€ X so that gw'=z. Then from the lneqmuty
a(s?x, . Tw' )5 nld(rsy, ,gw), atrsx, %), dlge T,
d(foZn.Tu' ), d(gu'.szxén))

we obtain that Tw’'=z, whlch lmplies, as in a), that Tz = gz,

The lnequallty
d(SxZn.Tz) sh(d(rxan.gaf). d”"znfs’_‘zn)f d(p._‘rz).

d(fon.Tzi. d(gz,Sx,; )) -

2n
Implles that d(z,Tz) = O and hence z = Tz = gz = Sz,
Let we X so Lhat fw"= z. Then from

d(Sw”,2) = d(Sw”,Tz) s p(d(z.5v"))
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we obtain that Sw”= fw”= z. Uslng the conpat.ibllity of the pair (S,f), as
in a), it foilows that
d(Sz,fz) = d(Sfw”,fSu") = 0
and so Sz = fz = 2,
If T is continuous the proof 1s similar. It 1s easy to prove the z is
the unique common fixed point of S and f and T and g.

THEOREM 2 Let (X,d) be a complele metric space, S,T: X » CB(X)
H-contimious wmappings, f.g: X » X continuous mappings such that TX c fX,
SX ¢ gX and
(3) H(Sx,Ty) S r max{d(fx,gy), d(fx,Sx), d(gy.Ty),

é— ld(fx,Ty) * d(gy,Sx}1, for every x.y € X

where r € (0,1). If the pairs (f,S) and (g.T) are compatible then there
exists z € X such that fz € Sz and gchz'.rv ’

Proof: We shnll start with a ususal constructlon
Let X, be an arbitrary element from X.. Since Sxoc gX there exists xle X
1

0 <r <1 it follows that —— > 1 and so there
: r '

such that 8x € Sxo From
exists y € 'l‘xl such that
dlgx,.y) = —— H(Sxy,Tx,).
r
Since 'l‘x < £X there exists Xy€ X luch t.hat y - fxz and 8o we have that
d(gx, . f: )s-——H(Sx T, )
1 X2 /'?

Similarly, there exists xae X such that. gx:ll € Sx2 and

Continuing in this way we obtaln a. sequence {xn}ne" such = that
fXon € TRanoyt &gpey € S%pp 2
. v
d(gx, 1%y ) 3 E H(szn.'l')fzn_l). neN
d(gx )s—-—H(Sx ), neNuv{o}
' r

201" T¥2n42) - T%ane1

We shall prove, in a standard way, that the sequence {gxl,fxz.gxa;fx‘....f

is a Cauchy sequence.
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From (3) we have

d(f‘x be ),

d(gx 2n

) s VT max{d(fx

anl'fx2n42 2n'&2n ’1

d(gx Tx Id((‘x2n sz ) + digx

2n+1° 2041 " Sxyp )1t

2n+]’

€ Sx, and fx € Tx we obtalin that

and since 8%, 1 2n 2n+2 2n+]

d(gx ), difx ).

) 5 VT max {d(fx o 82041 20 8%on+1

2n+1’ 2n42

1 —
d(8%yn 41 TXppep) e Z18U0% 0 I )T} 3V T max{d(fx, 8%, ).

drxy 8%, B Xonsp)s LLCTES S IR TSSO P T}

5 VT madd(fx, 8%, ), dlex, . 0x, o)},

As In 4] we obtain that

digx ) s/rd(fx )

ane1’ T¥one2 n' 82n+1

and similarly that

d(gx ) sV r d(fx ), n€N.

2n+3’ f."ZMZ 2n+2' B%2ne+t

Hence {gx‘.fxz.gxa,f‘x4. ...} is a Cauchy sequence and let

z = lim g = 1lm fx
n- “2ne1 nse
We shall prove that fz € Sz 1.e. that d(fz,Sz) = 0. For every n € N

we have

2n’

d(fgxznﬂ.Sz) = d(fgle”l.Sfxzh) + H(Sl‘xZn,Sz)

and we shall prove that lim d(fgxzml.Sz) = 0.
ne

For this purpose we shall show that '1‘.1': d(fgx2n+l'5fx2n] = 0. The

relation lim H(Sl‘xZn,Sz) = 0 follows from the H-continuity of S. The pailr
N . .

(f,S) is compatible and since for 'xl'_‘- X0

it follows that

and yns 8x2ml we have that

lim fxn= 1im yn= z»u.nd yne Sx.

2n’
n-o n-w

lim d('fyn.Sfx;\) = lim d(fgx
n-xo N

2n+1’ sf"Zn) = 0.

Hence lin d(i‘gxznﬂ,Sz) = 0 and so from
N

d{fz,Sz) s d(fz,fgx } + dlfgx Sz)

2n+1 2n+1’

and the continuity of f we obtaln that d(fz,Sz) =0 uh'lch implies
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that fz¢ Sz. Similarly, we can prove that gz € Tz.
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Rezime -
TEOREME O ZAJEDNICKOJ NEPOKRETNOJ TACKI

ZA JEDNOZNACNA I VISEZNACNA PRESLIKAVANJA

Koris¢enjem pojma kompatibilnost! - para preslikavanja neka uopstenja
teorema o zajednitkoj nepokretnoj tacki iz (2] 1 (5] su dokazena.
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