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Abstract. Cyclic (2,m)-groupoids represent a generalization of semisym-
metric quasigroups. If S is a nopempty set, m a positive integer and F a mapping
of §* into ™ such that for all XXy €S Flx X)) = (x,..x_ ) implies
F(xz,xs) = (x‘.....xmu.x‘) then (S,F) is called a cyclic (2,m)-groupoid. Properties of
cyclic (2,m)-groupoids and their component operations are determined. It is shown
that a class of such (2,m}-groupoids represent an algebraic equivalent of Mendel-
sohn designs. Some properties of {2,m)-groupoids which are related to some classes
of Mendelsohn dcsigns are also given.

1. Int.rodsdlon

Vector valued groupoids represent a convemcnt generdlluuon of n-ary
groupoids. Various classes of vector valued groupoids were considered in {1], [2],
13), {71. Some of them are closely related to combinatorial structures and one such
class of vector valued groupoids will be considered here.

We shall use the following notation. The sequence XX
denote by x: . If pdq , then x: will be considered empty.

A groupoid (S.f) is called a left qﬁasig'roup if for every ab€s the
equation f(x,a) = b has a unique solution x, if flay) = b has a unique solution Y

(S,0) is called a right quasigroup.
A groupoid (S.f) is called idempotent if for all x€S f(x,x} = x.
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Two operations f and g defined on the same set § are said to be ortho-
gonal if for every a,b¢ S the system f(x,y) = a, g(x,y) = b has a unique solution.
That f and g are orthogonal we denote by fig . If fl.....f" are operations defined
on the same set S such that f‘ 1 fj for all i # j, then (f’.....fn) is called an ortho-
gonal system.

Let S be a nonempty set, m, n positive integers and F a mapping of S"
inta S™. Then (S,F) is said to be an (n,m)-groupoid (or vector valued groupoid
when it is not necessary to emphasize n and m). |8} is called the order of (S,F).

The n-ary operations ( n-operations ) f‘.....fm defined by

£ =y, @ (3 ™) B = ™, is,m
are called the components operations (or companents) of F.
“Although every (n,m)-groupoid (S,F) can be interpreted as an algebra
(Sf .....fm) with m n-operatious, it is often more convenicnt to conmsider
(n,m)-groupoids in the compact form as an algebra with one (n,m)-operation.

. An (n,m)-groupoid (S,F) is called idempotent if for all x€S F(x,..x) =
(x,....x). .
An (n,m}-groupoid (S,F) is called cyclic (lll]) if for every x" Mes

COF(x™ = (xX™™) 2 F™) = ™M™ x ).
3 nts 2 nt2 1 B

Cyclic (n,m)-groupoids represent a generalization of cyclic n-groupoids
and semisymmetric binary groupoids. For m=1a cyclic n-ary quasigroup is obtained
( every cyclic n-groupoid is necessarily an n-quasigrdup') and if n= 2, m=1 we get
a well known semisymmetric quasigroup (a quasigroup satisfying the ideatity
y(xy) = x is called semisymmetric). Cyclic n-quasigroups were cousidered in (8]
and some of their combinatorial applications in (9], (12). Some questions concerning
general theory of cyclic (n,m)- grouponds were consndered in lll] ‘and here we shall
consider cyclic (2,m)- prouponds '

2. Cychc (Z.m)_-gronpoidl
Theorem L. Let (S,J) be a cyclic (2,m)-groupoid with components f e §
If for somic i¢j f ll then f .l.l for all -integers k such_that 1-i < ks m i
andl-jsk <m- 1and f p”ﬁﬂz'p for all integers. p such that j-i-m < p < j.,kl
and 2 <« p < mil . e : )

Proof. if f, J.f ,"then for cvery (a,b)€ §* there exist a unique (x’)ESz

such that f(x )= a, l (x ) = b. llence there oxlst unique (x"' {"'3 ';:':)( S"' z

such that

FOc) = (x“‘ a, x"' h,x™*3)
J+a
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which by the cyclicity of F implies

m-k+3, _  miz 41 m-k+1 ‘
Bl in = bt k) (n
and :
Hpt2y o (i m+2 i+ :, up
l(x“‘m) (x”pﬂ b, "y; X Xirs ). 2)

It follows from (1) that £, 1f, . ~and from m thatf T

Theorem 2. let (S,F) be a cyclic (2 ml-groupold with components £, .fm
and i€ N .
l. If f‘ is a left quasigroup, then: -
a) for i{m, fkifk " It=_l....'.m-i, :
b) for i>2, f .Lf m' p=1...i-2,
o f dl’ld f -l are rlght quascgroups. f
where all indexes are taken modulo m.
2, lf fisa right quasigroup, then:
a) for i<m-1, fklf , k=l..m=i- l
b) for i1, fp.L fmﬁpdﬂ' R P
o f i is a right quasigroup.,fm and fm
where all indexes are taken modulo m.
Proof. 1.a) Let f, be a left quasigroup. If (a b€ 8% then there exists an

unique c€ S such that f (c, aJ b, hence there exist unique (y‘ '.y"' 1€S™" such that

mojeg 15 4 left quasigroup,
k+i+s

-jay Are left quasigroups,

Fica) = (y: ',b,yl:"). This . implies F(ym.c)-(a.y: '.b.ym) and for every
k=2,..mi '

3 m-hz = -1 m-k,
I(ym lm) (y lm.c.a. bym ).
So, for every {a,b)€S? the system
f (x.y) = a, fkﬂ(x,y) = b

has the unique solution x, y, that is, f lfk”
Similarly the other cases can be proved.

Corollary 1. Let (S,F) be a cyclic (2,m)- groupoud with (omponcnts f , .fm
and iEN f is‘a quasigroup ifand onfy if f |s ﬂght quasigroup ‘and f us a left
quasq,roup, whcrc all indexes are taken modulo mo

Theorem 3. let (S.1) be a cyclic (2,m)-groupoid with components f‘.....fm
and i¢ Nm. If l" is a quasiproup, then for every k¢ N... i

{f fuu k””l and Hk ,uu flum)
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are orthogonal systems, and for every p¢ N
{f .f f ! and If f . f }

p' mip-i1' mep-itz p'H mtp-it2
are orthogonal systems.
Proof. By Theorem 2 f lf L k= L...m= i, and flf

Jri+
Smce in every cyclic (n,m)- groupo:d every n consequtive components make an ortho-
gonal system ({11]), it follows fk.!.fkﬂ. k = 1...m-1, hence ”k'fkﬂ'fkﬂﬂ, is an
orthogonal system for all k = 1,...m-i-1. ‘

The proof is analogous in other cases.

Theorem 4. Let (S,F) be a cyclic (2,m)-groupoid with components f‘,...,fm.
If for some i¢j f‘l fj. then fj_‘ i a left quasigroup and fm—jﬂﬂ is a right quasigroup,
m-jeitz is a left quasigroup and fH_‘ is a right quasigroup.

The proof is similar to the proof of Theorem 2.

Theorems 2 and 4 imply the following corollary.

Corollary 2. Let (S,F) be a cycllc {2,m)-groupoid with oomponents f - .fm
All components f " .f are quasigroups if and only if If " .f } is an orthogonal
system. .

i = Leom-i-l,

moreover, if j-i>l, then f

Corollary 3. Let (S ,F) be a cyclic (2,m)-groupoid with components f .. -
If for some ij i7], i#j*, 1(m) f.l.f andf .l.f then fl-i aod fm-jﬂﬂ are quasi-
groups.

Corollary 4. Let (S F) be a cyclic 2,m)- groupond with components f . ,f
If f lf for every k€ {1 .[mﬂ]} then all components f .f are quasigroups

(where {a] is the greatest integer less or equal to a).

In [11] it was proved that every cyclic (n,m)- groupond can be defined by
an n-groupoid satisfying an identity.

If an infinite sequence of words is defined in the free groupoid (G,f) on
n generators X ... , by B

w‘(x:') = x‘.'... . wn(x:') =X
wm(x") =f(w-(x!')'.. W (x")). F1.2,..,

then the following theorem can be proved (lllll

Let (5,0 be an n-groupoid. (S0} is an n-groupoid. satisfying the identity
w x) = x if and only if the (nm)-groupoid (SF) defined by Hx:') =

n+m+i
(wn“(x:'),....wmm(x:'ﬂ is a cyclic (n,m)-groupoid.
Applying the preceding results to cyclic (2,m)- groupoids we get the
following.

If (S is a cyclic (2,m) groupoid with components f‘.....fm. then f‘
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satisfies the identity wm“(x:) =X {where wl(xlz) are words obtained as before using
a binary operation f;)‘ and all other components can be expressed by f;:
2 _ 2 .
. fl (x‘) = wm(x‘). i=1l..m.

This means that all previously obtained results on cyclic (2,m)-groupoids
imply the corresponding properties of groupoids satisfying the identity wk(x:) =X

Some questions concerning groupoids satisfying the identity wk!x:) =X
were considered in {41, (5], (6).

3. Mendelsoha designs and cyclic (2,m)-groupoids

let S be a finite set of v elements. A cyclic lt-tuple (a:‘>, where a:‘ are
distinct elements of S, k23, is the following set of ordered pairs:
@hH={aal@al . .@_a) aal
A k- Mendelsohu desngn (kMD) of order v is a palr (S.B) where B is a col-
lection of cyclic k-tuples of elements of S, such that every ordered pair of distinct -
elements of S belongs to exactly one cyclic k-tuple from B.
In a eyclic k-tuple (a‘:) the pair (aralﬂ) is said to be t-apart, where itt
is taken modulo k. ,
A kMD (§,B) is called r-fold perfect if each ordered pair of elements of S
appears t-apart in exactly one cyclic k- tuple from B for all t ='1....r. If r = k-1, the

design is called perfect.
We note that there is an equivalence between kMDs of order v and

decompositions of the complete symmetric directed graph with v vertices l(

arc-disjoint elementary directed circuits of length k.

We shall now prove that kMDs are equivalent to a class cyélic (2,m)-grou-
Definition 1. An idempotent cyclic (2 m)-groupoid (8,F) such that x‘,szS

X 7 X, F(x ) = (x"'") implies that the elements x are distinct is called an

M 2, m) groupond
Theorem 5. Every kMD (S,B) of order v defines and is defined by an

M-(2k-2}-groupoid of ordrer v.
Proof. Let (S.B) be a kMD of order v. If on S we define a (2,k-2)-operation

F such that for every a (S Fla,a) = (a,...,a), and for all u:E S, a#a,
a® ) = @) ¢ <areB,
| 3 [}

then (S.F) is an M-{2k-2)-groupoid of order v.
Conversely, if an M-(2,k- 2)-groupoid (S,]) of order v is given and we define
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a collection B of cyclic k-tuples by
: @ €B & F@d) = @),

then it is easy to prove that (S Bl is a kMD of order v.

We have proved that kMDs are/equivalent to finite M-(2,k-2)-groupoids.
But M-(2,k-2)-groupoids ar¢ defined also on infinite sets, hence it follows that
M-(2,k-2)-groupoids extend the notion of kMDs to the infinite case.

“Theorem 6. If (S,F) is an idempotent cyclic (2,m)-groupoid and F(x:) =
0%, where x™'? are zot all equal, then x, 7 x . 1 = Lo.mtt, X # X .

Proof. If Flaa = (xX™), since Flaa) = (a,...a) it follows x, = a,

i = 3,..m+2. From F(xl.al = (a.x:“*?), it; follows Flaa) = (x:"",x') and x, = a,

i = 14,...m#2, and similarly in other cases.
Theorem 7. If (S,F) is an idempotent cyclic {2,m)-groupoid such that all
its components are quasigroups, then (§,F is-an M-(2,m)-groupoid.
Proof. If we assume that
Fa,b) ='(x:“). arb,

and for some i, X, = a, then f (a,b) = a. But f must be an idempotent quasigroup,

hence we get a contradiction a = b If two elements among x are equal then using
the cyclicity of F we get the prevnous case. So, in the sequence ab, x'“ all elements
are distinct,that is, (S.F) is an M-(2,m)- groupoid.

The natural question whether the inverse of the preceding theorem is true,
that is, are the components of an ‘M-(2,m)-groupoid always quasigroups has a
negative answer which follows from.an example given in [10).

Definition 2. A cyclic (2,m)-groupoid (§8,P) is called r-fold perfect if for
every a,b€ §%, and every t = 2,...,r there exist unique x:".x:""fs such that

Flax) = 67b, 7).

Every cyclic (2.ml groupoid is 1-fold perfect. If r = m+1 (5,F) is called perfect.

It is clear that r- fold perfect kMDs are equlvalent to r-fold perfect
M-(2,k-2)-groupoids.. .

Theorem B. If a cyctlic (2,m)- groupond (SR w:tb components f - .fm.'is
r-fold perfect, then

al for every i = 1,...,m-r and every t = 1,....r f‘lfm.

b) f‘.....fr_‘,fm_"z.....fm are quasigroups, fr is a left quasigroup and f m
is a right quasigroup.

Proof. a) Let ab €8. Since (S,F) is r-fold perfect, for every t = 1.1,

-ris
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there exist unique x:“E S such that

I L2 ] Kt
F(x ) = (x AX .b xmﬂ).
which means that f‘lf‘ N 1.....m r.

+L

b} Follows from a) by Theorem 4.
From Theorem 8 and Definition 2 we get the following theorem.

Theorem 9. Let (S,F) be a cyclic (Z.m)-groupmd (S.F)is perfect if and only
if all its components are quasngroups

We note that by Corollary 2 the condition in the preceding theorem - that
all components of (S,F) are quasigroups, can be replaced by the condition that
components of (S,F) make an orthogonal system. .

Theorem 9 and Corollary 2 imply that every perfect cyclic (2,m)- groupond
is a vector valued quasigroup as defined in [11. .

if lS‘.F,) and lSz.F’) are two. {o,m)-groupoids, then their direct product
can be defined in a natural way. If

Filtx y)dx y D =z n),..z2_u )& F,(x:') = (z:')/\Fz(y :') = (u:’).
then (S,sz.F) is called the direct product of (S,.F,) and (Sz.Fz).

It is not difficult to sec that the direct product of two M-(2,m)-groupoids
is also an M-(2,m}-groupoid. Hence this direct product can be used to coustruct
new kMDs from the given ones.
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REZIME . : ‘
Ciklitki (2,m)-grupoidi predstavljaju uopitenje polusimetritnih kvazigrupa.
Ako je S neprazan skup , m prirodan broj a F peeslikavanje S* u §™ takvo da za
svako X ek €8 iz Flx x ) = (xa.....xmﬂ) sledi F(x x ) = {x,.x__.x), onda se
(S,F) naziva ciklitki (2,m)-grupoid. Odredene su neke osobine ciklitkih (2,m)-grupoida
i njihovih komponentnih operacija. Pokazano je da jedna klasa takvih (2,m)-grupoida
predstavlja algebarski ekvivalent Mendelsonovih sistema . Navedena su i neka svojstva
{2,m)-grupoida koji su povezani sa nekim klasama Mendelsonovih sistema .
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