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ABSTRACT

In the paper the necessary and sufficient, sometimes
only sufficient, conditions are given for some operations on
digraphs to be a normal digraph., Some related results are obtai-
ned.

Throughout this paper (except Definition 2), we shall
consider digraphs without multiple arcs and loops i.e., digraphs
in the sense [1] or [3]. The terminology and notation are as in
[1) or [3]. If D is a given digraph, then A(D), V(D) and E(D)
denote the adjacency matrix, the set of vertices and the set of
arcs of digraph D, respectively. In [5] the following defini-
tion is introduced.

Definition 1. A digraph is called normal if its adja-

cency matrix i8 a normal one.

A vertex w of a digraph D is called a common prede-
cessor of any two vertices u and v of D, if (w,u)€E(d) and
(w,V)EE(D). A common successor of vertices u and v is defined
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analogously. It can be easily shown [5] that a digraph D is a
normal one if and only if for each two vertices of D, the num-
ber of common predecessors is equal to the number of common
successors. This means that for each vertex u of a normal di-
graph D, the indegree idD(u) of u is equal to the outdegree
odD(u) of u.

Let D and G be two digraphs on the same set of ver-
tices and let u and v be any two of their vertices. We denote
by prcD(u,v) (more precisely prcE(D)(u,v)) the number of common
predecessors w of vertices u and v in D such that (w,u)€E(D)
éhd (w,v)GE(D) and by prcD'G(u,v) the number of common predeces-
sors w of vertices u and v such that (w,u)€E(D) and (w,v)€EE(G).
Similarly, by sucD(u,v) and sucD’G(u,v), we denote the corres-
ponding number of successors. When there is no danger of con-

fusion, we shall omit D in prcD(u,v) as in sucD(u,v).

If D is a given digraph, then we call a complement of
D a digraph D which has V(D) as its vertex set, but vertex u is
adjacent to vertex v in D if and only if u is not adjacent to v

in D.

Theorem 1. The complement D of a normal digraph D is

a normal digraph.

Proof. If A(D) = A then a(D) = J~A-I, where J is a
square matrix all of whose elements are equal to 1 and I is the
unit matrix. It is easy to check that A(D) is a normal matrix
if A is a normal one,

Theorem 2. Let D, and D,, E(D,)AE(D,) = § be two nor-
mal digraphs. The union D of digraphe D1 and D, 28 a normal di-
graph if for each two vertices u and v of D the relation

prc {u,v) +prc (u,v) = suc (u,v) tsuc (u,v) holds.
D1,D2 ’ DZ'D1 D1,D2 DZ'DT

Proof. Let D1 = (V1,E1) and D, = (V2,E2) and let

= = [ -
D; = (VTUVZ’E1) and Dé = (V1UV2,E2) and let A(D1) A1 and
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L = = + - : i Fy =
A(D2) = A2. Then A(D) A1 +A2 and AA A"A if 32A1 +A1A2
T

= A2A1+ATA2 which proves the theorem.
Corollary 1. The union of a finite number of digraphs
which have disjoint vertex sets ie a normal digraph if and only

if all of its components are normal digraphs.
Proof is obvious.

Example. A cycle is a normal digraph [5]1, and using
Corollary 1 and Theorem 1, we get that digraph D obtained from
a complete symmetric digraph KP by deleting all the arcs of a
cycle or union of vertex-disjoint cycles is a normal digraph.

Let D1 and D2 be two vertex-~disjoint digraphs. The
join of the digraphs D1 and D2 is a digraph obtained from the
union D1uD2 by adding all the arcs (u,v) whenever u€V(D1) and
v€V(D2) or u€V(D2) and vEV(D1).

Theorem 3. The join of digraphs D, and D, i8 a normal
digraph if and only if digraphs D, and D, are normal ones.

Proof. Let D be the join of the digraphs D1 and D,
and let |V(D,)| =p and |V(D,)]| = q.

Suppose D is a normal digraph. For each vertex u from
V(D1) the 1dD1(u) = id,(u)-q and odD1(u) = od (u)-q and so

idD (u) = odD (u) holds. Similarly, it holds if u is from V(DZL
1 1

Furthermore, for any two vertices u and v both from the same

set of vertices V(D1) or V(Dz) we can say, without losa of ge-

nerality, from V1, the prcD(u,v) = prcp

{u,v) +q, and, consequently prc

(u,v) +g holds since
1

sucD(u,v) = ‘su¢ (u,v)

D D

t 1

sucD.(u.v) holds. Since, Dt (as D,) is a normal digraph.
1
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To see the sufficiency, let D1 and D2 be normal di-
graphs. Let u and v be any two vertices of D. If u and v are
both from V(D1) or from V(D2) similarly, as above, we see that
id(u) =od(u) and prc(u,v)=suc(u,v). But if one vertex, say u,
is from V(D1) and other, say v, is from V(D2), then obviously
id(u)=od(u) and id(v)=ocd(v) holds and the number of common pre-
decessors of u and v which belong to V(D1) is equal to the
idD1(u) and the number of common predecessors of u and v which
belong to V(D2) is equal to the idDz(v) since the number of
common predecessors of u and v on the whole is equal to the
idD1(u) + idD

of u and v is equal to the odD (u) + odD (v). Then prc(u,v) =
’ 1 2

(v) . Analogously, the number of common successors
2

= suc(u,v) holds.
This completes the proof of the theorem.

Let us call a dijoin of digraphs D, and D, a digraph
D obtained from D1UD2 if each of the vertices of D1 is joined
by exactly one arc arbitrarily directed with each of the verti-

ces of D2.

Theorem 4. The dijoin D of normal digraphs D, and D,

i8 a normal digraph if the following eonditions are satisfied:

(1) |V(D1)| = 2r, iV(Dz)I = 2s (r,s are natural numbers) and
each of the vertices of D1 18 adjacent to exactly s verti-
ces of D, and each of the vertices of D, 18 adjacent to
exactly r vertices of D1.

(i1) For each two vertices u and v of D the following holds

E,D2(u,V),

where E is the set of new arecs added to the union D,UD,
to be the dijoin of D1 and D,.

prcy 'E(u,v) + prcE'DZ(u,v) = suc (u,v) + suc
1

D1,E

Proof. Let u and v be any two vertices belonging to

V(D1) both. Then, prcD(u,v) = prc. (u,v) + prcE(u,v) holds and

D,
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sucD(u,v) = suc. (u,v) + sucE(u,v) also. There is for each pair

D
u,v a partition ;f the set of vertices of D2 in four classes:
v, {w| (w,u)€E and (w,v)€E}, V, = {w|(u,w)€E and (v,w)€E},
Vs {w| (u,w)€E and (w,v)€E} and V, = {w|(w,u)€E and (v,w)€E}.
I1f idE(w) (similarly odE(w)) denote the number of arcs in E

incident to vertex w, then odj(u) = |V2|+[V3|, idg(a) = |V1|+
+|V4|, odp (v) = |V2|+|V4| and idp(v) = |V1|+|V3[ holds and by
odp(u) = id;(u) = odp(v) = idp(v), it follows that lV1| = |V2|

i.e. prcE(u,v) = sucE(u,v) and finally accounting prcg (u,v)
1

suc (u,v) it follows that prc(u,v) = suc(u,v). In a similar
1

way, we get the same conclusion if u,v€V(D2).

But, if u€V(D1) and v€V(D2), then they can have a
common predecessor and a common successor in V(D1) and in V(Dz)
and these vertices satisfy condition (ii) of the theorem.

This completes the proof of the theorem.

Corollary 2. The bipartite tournament with biparti-
tion (V,,V,) is a normal digraph if and only if |V11 = 2r,
|V2| = 2s (r,s are natural numbers) and each of the vertices
from V1
vy, (V).

(from VZ) t8 adjacent to exactly s (r) vertices from

Proof. Follows by Theorem 4 if we notice that condi-
tion (ii) is trivially satisfied.

The subdivision of digraph D is a digraph S(D) obtai-
ned from D by inserting a new vertex into every arc of D and
introducing the induced orientation in the new arcs. The line
digraph L(D) of a digraph D has the arcs of the given digraph
D as its vertices, and x is adjacent to y in L(D) whenever
arcs X,y induce a walk in D.

Theorem 5. The subdivision S(D) of a digraph D, which
do mot have isolate vertices, 18 a normal digraph if and only
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i{f D €8 a cycle or union of vertex-disjoint cycles.

Proof. If D is a cycle Cp, then S(D) = C is a normal

2p
digraph.

Let S(D) be a normal digraph with v(S(D)) = VuS, whe-
re V is the set of vertices of D and S is the set of new verti-
ceg added to D making the subdivision of D. No vertices u,vev
@r u€V and v€S can have a common predecessor or successor which
can be easily shown. Let u,ve€S. If w is their common predeces-
sor (there can be at most one) and v their common successor (at
most one), then from w to v(w,v€V) two arcs lead in D which is
impossible. On other hand, if from any vertex of D there lead
at least two arcs to any different veftices, then in S(D) there
exist two vertices which have a common predecessor and do not
have a common successor. Analogously, if to any vertex of D
there lead at least two arcs, then in S(G) there exist two ver-
tices which have a common successor and do not have a common
predecessor. Therefore, for each vertex w of D od(w) = id(w) =1
holds, which completes the proof of the theorem.

Theorem 6. The line digraph L(D) of a digraph D,
which containe in each of its connected c&mponents at least:two
arcs which induce a walk in D, is a normal digraph if and only
if D i8 a cycle_or the union of vertex—-disjoint cycles.

Proof. If D is a cycle Cpr then L(D)=CP is a normal
digraph.

Let L(D) be a normal digraph. Any two vertices x and
y of L(D) can not have a common predecessor and a common Suces-—
sor simultaneously, because then x and y are multiple arcs in
D. Therefore, in D there cannot exist a vertex u such that id(u)>1
and od{(u)>2 or id(u)>2 and od(u)>1, because then in L(D) there
exist a pair of vertices which have a common predecessor and do
not have a common successor or vice versa.
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So, if for any vertex u of D id(u)>1 and od(u)>1, then
id(u) = od(u)=1 holds.

Furthermore, if, for example, for any vertex u of D
id(u) =0 and od(u}>1, then each are x of D which leads from u
terminates in a vertex of D which has an outdegree equal to zero
(id(x) = od(x) since L(D) is a normal digraph) and, consequently,
digraph D contains a component which has no two arcs which indu-

ce a walk in D.
This completes a proof of the theorem.

Let B be a set of n-tuples B = (81, Byro--sB ) of sym-
bols *%,0 and -1 which does not contain n-tuple (0,0,...,0). If
D is a (pseudo) -digraph with at most p parallel arcs between any
two vertices or loops of a vertex in D, then D is a digraph
which have the same set of vertices as D and for any two verti-
ces u,v of D (if loops are not allowed, then u#v) fram u to v
leads p-d arcs, where 4 is the number of arcs leading from u to
v in D.

The following definition is an extension of the defi-
nition from [4] of the generalized direct product of graphs to
(pseudo) -digraphs.

Definition 2. The generalized direet product with a
basis B of digraphs D;/Dy,---,D, 18 the digraph D=GDP(B,D1,D2,.“
...,Dn) whose set of vertices i8 the Cartesian produet of the

sets of vertices of digraphs D1,D2,...,Dn.

) For the two vertices u= (ul,uz,...,un) and v= (VisVyree.
.""Vn) of D constructs all the possible arc selection of the fol-

lowing type. For each B €B agnd for any i (1 =1,2,.>.,n) select an
arc from u, tovvi in Di if Bi =1, an arc from u, to vy in Di if
8y =-1 and suppose u =v; if By =0. The number of arcs going from
u to v 78 equal to the number of such selections.
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If B consists of the n-tuples of symbols 1 and 0, the
operation is called a non-complete extended p-sum (NEPS) and is
defined in [2]. This operation contains the well known operati-
ong such as sum, product, strong product, p-sum, and so on.
Further, if for example, in the previous definition n=2 and
B={0,1, (1,0), (1,-1), (0,1)} the resulting operation is
called the lexicographic product (or composition).

A digraph is called a regular of degree r, if each
indegree and each outdegree equals r,.

Lemma 1. If D 78 a regular normal digraph and D 79 ite
complement, then sucy Blu,v) = precg D(u,v) holds, for any two
’ I
vertices u and v of D.

Proof. Since for a regular normal digraph D,

A(D) -A(D)T & A(D)T-A(D) holds, the statement of this Lemma
follows immediately.

Theorem 7. The generalized directed product D with a
basie B of normal digraphs D1,Dz,...,Dn i8 a normal digraph if
one of the following conditions 18 satisfied:

(z) Dy i=1,2,...,n are the regular normal digraphs.

(i) B does not contain an n-tuple whose any term is -1.

(121) There are no two n-tuplegs in B which have, for at least
one i,1<i<n, i-th term 1 in one of the n-tuple and =1

in another one.

Proof (i) Let for any pair of n-tuples B = (81,82,...

...,Bn) and B' = (8%,8',...,8&) from B the sets I1.({1,2,...,n},
j=1,2,...,9 be defined as follows: I, = {rler =1 and 87 = 1},
I, = {rlsr =1 and 8} = 0}, I = {rlsr.= 1 and gy = -1}, I, =

= {rler =0 and 8! = 1}, I = {rlBr = 0 and 8 = -1},
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Lal
[=))
[}

{r|Br
{rIBr

- ]
1 and Br
- ]
1 and Br

1}, 1, = {rlBr = -1 and B} = 0},
- = = [ -
1} and I, {rIBr 0 and 8} 0}.

.
o]
)

Let u = (u1,u2,...,un) and v = (v1,v2,...,vn) be any
two vertices of D and let w = (w1,w2,...,wn) be their common
predecessor. This means that there exist a pair of n-tuples
B = (B1,Bz,...,sn) and g' = (B;,Bé,...,sﬁ) in B such that Wy is
adjacent to uy and to vy in Di if 1611,vi is adjacent to uy; in
; in D, if
i€I3,1iis adjacent to vy in Di if i€I4, uy is adjacent to vy in

Di if 1€Iz,wi is adjacent to uy in Di and to v

’Di if ieIs,wi is adjfcent to ui in Di and to v; in Di if ieIG,vi
is adjacent to uy in Di if ieI7,wi is adjacent to uy and to vy

in Bi if i€I8 and u;=vy if ielg. The number of such predeces-
sors (if any) for any pair of n-tuples g,g'eB is equal to

(1 M prey (u;,v.)x [ pre. = (u,,v,
ter” Pi 1 1 ger,” DysB 10d

x [l prcz (u,,v.)x [ pres (u,,v,).
ierg  PirPy PN gerg Pyt

If there exists a common predecessor of u and v for
any pair of n-tuples, then, by Lemma 1, for the same pair of
n-tuples there exists a common successor of u and v (now g'
defines the successor of u and B defines the successor of v)
and vice versa.

Let w' = (wi,wé,...,w&) be a such successor corres-
ponding to the predecessor w. Then uy and v; are adjacent to wl
in Di if 1€}1’“i is adjacent to v; in Di if i€I4,ui is adja-

y . . . s ce s .
cent to wi in Di and vy is adjacent to wi in Di if 1€I§,vi is
adjacent to uy in Di if iEIZ. vi.is adjacent to ui -in Di if
. Iy . 13 -~ » . x
1€I7,ui is adjacent to yi in Di_and vy is adjacent to w; in Di
if i€I5,u; is Edjacent to v; in D, if i€Ig,uy and vy are adja-

cent to w; in D, if i€Ig and u,;=v, if i€Iy. The number of

such successors (if any) is equal to

i
|
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(2) [. sucy (u;,v,)x [] suc

= (u pV)x
1€1, 1 i€I, Dy,Dy 71774

x [] sucs (u,,v,)x [] sucs (u,,v,).
ier, DaPy T yer, Pyt

If any one of the sets I, is empty, then the corres-
ponding products in (1) and (2) should be omitted.

Since, D, and 51, i=1,2,...,n are the normal digraphs
using Lemma 1, we get that (1) is equal to (2). Adding up quan-
tities (1), respectively (2) for each pair g,g'€B, we get the
statement (1i).

(ii) Follows similarly as in (i), if we take into account that
the sets I3,IS,IG,I7 and 18 are empty.

(11i) Follows similarly as in (i), if we take into account that
the sets I3 and I6 are empty.

This completes the proof of the theorem.

This theorem holds also if the digraphs Dy i=1,2,...
...,n have multiple arcs and/or loops.

Theorem 8. The lexicographic product D,[D,] of di-
graphs D, and Db, i8 a normal digraph, if D, i8 a normal digraph
and D, i8 a regular normal digraph.

Proof. The adjacency matrix A of lexicographic pro-
duct D1[D2] is A = (A(D,)®J) +(I@A(D,)), where X8Y denote the
Kronecker product of matrices X and Y and J and I have the
same meaning as in Theorem 1. It is easily to check that A-AT=

=AT-A,which proves the Theorem.

Finally I wish to thank Aleksandar TorgaSev for ma-
king his unpublished manuscript [5] available to me.
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0 NEKIM OPERACIJAMA NA NORMALNIM DIGRAFOVIMA

U radu su dati potrebni i doveljni, neki put samo do-

voljni, uslovi za n2ke operacije na digrafovima da bi rezultuju-
¢i digraf bio normalan digraf.
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