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CYCLIC VECTOR VALIED GROUPOIDS.
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Abstract. Cyclic (n,m)-groupoids which represent a generalization of
cyclic n-ary quasigroups and semisymmetric quasigroups are defined and considered.
If § is a nonempty set, m, n positive integers and F a mapping of S™ into S™ such
that for all X Xpam€ S FGenxp) = (xnﬂ,...,xmm) implies F(xz....,xn“) =
(X X

ez mm,xl), then (S,F) is called a cyclic (n,m)-groupoid. Some properties of

such (n,m)-groupoids are determined and it is proved that every cyclic (n,m)-groupoid
can be generated by an n-ary groupoid satisfying an identity.

1. Introduction

Vector valued groupoids represent a convenient generalization of n-ary
groupoids. Various classes of vector valued groupoids which genmeralize n-ary
quasigroups, semigroups and some other structures were considered in [1], [2], [3],
{71. Here we shall consider a class of vector valued groupoids which represents a
generalization of cyclic n-ary quasigroups and semisymmetric quasigroups and
which is closely related to some combinatorial structures.

We shall use the following notation. The sequence x_,x __,...Xx we den-

) , P PH q
ote by x3 . If p>q then x-will be considered empty.

pAn n-ary groupoid (n-groupoid) (S,f) is called. an n-quasigroup iff the
equation f(a:", X, a:‘ﬂ) = b has a unique solution x for every a'l‘,bES and every
i€{l,..n}= N,
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Let (S,f) be an n-groupoid and ¢ Snﬂ. where Sn“ is the symmetric group
of degree n+l. If the n-operation f is aniquely solvable at the place ¢(n+l) = k
(k-solvable), that is, for every a':ES the equaation

fa¥, x, i = a_
has a unigue solution, then by
] ) .
f (xo(t) ""'xd(n)) " Xg () A ﬂx: )= X

an n-groupoid (S,£°) is defined. The operation f° is called a ¢ -parastrophe of f or
simply parastrophe. 0 is ¢ }(n+1)-solvable.

" The set ((S.fl ),...,(S,fn)'} of n-groupoids is said to be orthogonal iff for
every (a':)E S™ there exists a unique (b:‘)e S™ such that

fi(b:') =a, i=l..n

Let S be a nonempty set, m, n positive integers and F a mapping of S"
into S™ .Then ($,P) is said to be an (n,m)-groupoid (or vector valued groupoid
when it is not necessary to emphasize n and m}. ISI is called the order of (S,F).
The n-ary operations f:""’fm defined by

(%) =y & Gy yP, ) FEE) = (™), isLm,

are called the component operations (or components) of F.

Although every (n,m)-groupoid (S,F) can be interpreted as an algebra
(Sf ,...f ) with m n-ary operations, it is often more convenient to consider
(n,m)-groupoids in the compact form as an algebra with one (n,m)-operation,

2. Cydlic (n,m)-groupoids
Definition 1. An (n,m)-groupoid (S,F) is called cyclic iff for every
x:'"" €S
+
FT) = 0 > FOG™) = (x770x)
Cyclic (n,m)-groupoids represent a generalization of cyclic n-groupoids
and semisymmetric binary groupoids. For m = 1 a cyclic (n,m)-groupoid is a cyclic
n-quasigroup (every cyclic n-groupoid is necessarily an n-quasigroup). Cyclic
n-quasigroups were considered in [8] and their combinatorial applications in [9],
[11). For n = 2, m = 1 a cyclic (n,m)-groupoid becomes a well known semisymmetric
binary quasigroup (a quasigroup satisfying the identity y(xy) = x is called semi-
symmetric).
Cyclic (2,m)- groupoids are closely related to some combinatorial structures
(1101). A class of idempotent cyclic (2,m)-groupoids is equivalent to Mendelsohn
designs and to decompositions of the complet directed graph K: into arc disjoint
elementary circuits of length m+2.
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Definition 1 implies the following.
An (n,m)-groupoid (S,F) is cyclic iff for all x:'*'“e S and every i€ N,
PO = (2 @ ) = 6, o)
where all indexes are taken modulo ntm.

Now we shall determine some properties of cyclic (n,m)-groupoids. We
note first that if (SF) is a cyclic (n,m)-groapoid, then for n=m F is a bijection
and F = F', that is, F* is the identity mapping (by F~! we denote the inverse map-
ping of F). If S is a set and F the identity mapping of S" , then (S,F) is a cyclic
(n,n)-groupoid. Hence there exist cyclic (n,n)-groupoids of every order and every n.

Theorem 1. Let (S,F) be a cyclic (n,m)-groapoid and f‘,...,fm its components.

Then
a) f‘ is 1-solvable and fm is n-solvable,

b) f_is a (12 ... n+))-parastrophe of f .

Proof. a) Let (a])€ S”. Then there exist unique (y]') € ™ such that

F(a n) (y'“) Hence
Fiy_a]™) = (a_y]"™.
So, for every (a;')é S" the equation
n-4 _
f’(ym,a’ ) = a, {1)

has a solution Yo' If we assume that equation (1) has another golution z . then
f(z a"" =a_ implies that there exist z™ ' such that F(z_,a"™") = (a_,z™)
i m 1 n 1 m 1 n 1
and by the cyclicity of F F(a") = (zm) hence z =y .

The proof is analogous for f

b) Let (x)€S™ If f (x[)= y, then F(x) = (y}") for some (y“')es“‘ !

. n
Since F(xz.y’) (yz ,x’) it fqllows fm(xz .y’)- y hence f’(x’) =y, implies
: fm(x:',y’)=x’. Analogously we get the inverse implication, f’ is 1-solvable, which

means that f % ™Vzf
1 m

Theorem 2. Let (S,F) be a cyclic (n,m)-groupoid, nsm, with components
£...f . Then {f ,..f 1} is orthogonal for every keN '

m-n+1’
“Proof. For every (a])€S, there exist unique (y:“)e §* such that F(a})=
(y:") which implies F(y:::_ll “)=(a:','y:”'"). So, for every (a:')és“ the system

fGy™ )= a, ., f (y

17m-n+ - )= ay

m-n+i
has the unique solution (y:_nﬂ)é S", hence {€,...f } is an orthogonal system and

analogously for any other n consequtive component operations f ....,fhn_’,
k=1,..m-n+l.



166 Z. Stojakovi¢

Let (G,f) be the free n-groupoid on n generators L. We shall generate

an infinite sequence of words in (G.f) in the following way:
= m_
wl(x:’)-xl. e W XD Ex
m. n n i
WX W), w, o (xD), =12,

The identity of the form wk(x:')=x‘, k> n, is called k-cyclic identity and an
n-groupoid satisfying this identity is called k-cyclic n-groupoid. k-cyclic binary
quasigroups were considered in [4], [S), [6). For k=n+l, n>2, k-cyclic n-quasi-
groaps are cyclic n-quasigroups from [8].

The definition of v implies the following identity;

wj(wm_l(x:'). ,whn_’(x:')) =w(w(x), .. w (x), 1sjsi. (2
Now we shall show that every (n,m)-groupoid can be defined by a single

(n+m-1-cyclic groupoid.

Let (S,F) be a cyclic (n,m)-groupoid and f the first component of (S,F). If

F(x) = (x:::"). then xnﬂ=wnﬂ(x:‘) and by the cyclicity of F
F™M ™= 60, il mm, &)

(x:+’)=wn+z(x:'), and similarly for other

Hence for i=2 using (2) we get X 2 Wi
=w i(x:'), i=1,..,m. Hence

values of i we obtain x
n+ n+

n, _ ) 13 ) (8
F(xl) = (wm_l(xl),....wmm(xl ), (4)

Now from (3) for i=2 and (4) it follows

w &"w. (x™ =x
ntm 2 n+ 1 1

which by (2) gives w

m
ﬂnﬂ(x‘) X

Theorem 3. Let (S.f) be an n-groupoid. (S,f) is an n-groupoid satisfying the
identity
m .
wmmﬂ(x‘) =X,
iff the (n,m)-groupoid (S,F) defined by
my _ n
F(xl) = (wnﬁ(xl),...,w
is a cyclic (n,m)-groupoid .
Proof. Let (S,f) be an (n+m+l)-cyclic n-groupoid. If xI‘GS, then (5) is
valid and using (2) we get

(x™) (8)
m 1

n+

Fix:,wn ﬁ(x:')) = (wnﬂ(x:'.wnﬂ(x:'))....,wmm(x:.wnﬂ(x:'))) =

w  (x"),..w

_ n
ae2' s n+m“(x:')) = (wmz(x:')....,w L00x)

n+
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hence (S.F) is a cyclic (n,m)-groupoid.
The converse part of the theorem has been already proved.

Using cyclic (n,m)-groupoids by Theorem 3 some results on k-cyclic
n-groupoids can be obtained and vice versa. :

Theorem 4. Let (S,f) be an n-groupoid, k-1>n. Then for all x:‘€S
m n n-1y _
wihkl=x @w (W )x)=x.
Proof. Let (5,0 satisfy wk(x:')= x,. By the preceding theorem if F is
defined by
F(x™ = tw_ (x"),...,w__ (x™)
1 n+ 1 k-1 "1

then (S,F) is a cyclic (n,k-n-1)-groupoid. Hence

Flw_ ™" MN=x_w  (xM,.ow, (x™)
-1 1 1 n n+t 1 k-2 "1
and consequently w__ (w, _(x)x'™") = x .

The inverse implication is proved analogously.

Similarly all previously obtained results and results from {101 on cyclic
{2 ,m)-groupoids give the corresponding properties of n-groupoids satisfying the
identity w, (x7) = X,
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REZIME

Definisani su i razmatrani cikli¢ni (n,m)-grupoidi koji predstavljaju uopitenije
ciklickih n-arnih kvazigrupa i polusimetritnih kvazigrupa. Ako je S neprazan skup,
m'i n prirodni brojevi a F preslikavanje S* u S™ takvo da za svako XX €S
iz F(x,,...,xn)=(xlm,....xn +m) sledi F(xz,...,xnﬂ)=(xnﬂ,...,xmm.x’), onda se (S,F) na-
ziva ciklitki (n,m)-grupoid. Odredena su neka svojstva takvih (n,m)-grupoida i poka-
zano da se svaki ciklitki (n,m)-grupoid moZe generisati n-arnim grupoidom koji za-
dovoljava jedan identitet.
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