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ABSTRACT

In this paper the Nikodym theorem on uniform boundedness for
xo-exhausﬁve metric space valued set functions is proved.

4

The well-known Nikodym theorem on uniform boundedmes:
of measures [8] has been generalized by many authors in dif<
ferent directions (see references). We can see all these ap-
roachhes in the following simplified way. They consider a
family F of set functions which are defined on a class of pub-
sets of a given set (o-ring, rings with some additional pro-
perties, etc.) with values in some topological algebraic struc-
ture (real numbers, Banach space, topological group, unifcirm
semigroup, etc.) and this algebraic structure enables us to
introduce some properties of sekt functions (additivity, subad-
ditivity, k-triangularity, etc.) or combined with topology
(countability, exhaustivity, ete.).
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In this paper we shall consider set functions with values
in a metric space M without supposing any algebraic structure
on M. This implies that we have not any usual properties for
set functions which would be implied with such an algebraic
structure. We shall introduce the class of xo-exhaustive set
functions which are in connection with a fixed point Xq from M.
Using the main idea of I. Dobrakov [4], we have proved the
uniform boundedness theorem for such a class of set functions

Let M be a metric space with the metric d.

We shall repeat the well-known

Definition 1. A subset A of a metric space (M,d) is d-boun-
ded, or simply bounded, iff there exists M > 0 such that

sup d(x,y) < M.
x,y€A

We have the obvious

Proposition 1. The following statements are equivalent for
a subset A of M:

a) There exists an element x, from M and a constant My, >
> 0 such that

sup d(x,,y) < M_ ;
yeA 0 Xq

b) For each element x from M there exists Mx > 0. such
that holds

sup d(x,y) < Mx;
yEA

¢) A is d-bounded.

Proof. a) = b). Let for some x, € M,

0

sup d(x,,y) < M_ .
yeA 0 Xq

Then for an arbitrary fixed x € M it holds that
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d(x,y) = d(x,xo) + d(xo,y), (y € A). Hence,

sup d(x,y) < M} ,
yeEA 0

where M; = d(x,xo) + MXO‘ b) = c) and ¢) => a) are obvious.

Remark 1. In a topological vector space X a subset A is
bounded (topological) if it is contained in all the sufficient-
ly large multiples kV of any neigbourhood V of 0. If X is
pseudometrizable, then a bounded set, in the previous sense, is
also d-bounded. But the opposite is not true. For example, the
whole vector space Z of all the sequences of complex numbers

endowed with pointwise operations and metric

L Yl
d({zn}'{wn}) = on 1+ |zn - wnl

n=1
is d-bounded, but not topologically bounded.

We shall need the following definition from [2].

Definition 2. A ring of sets I is called a quasi-o-ring
if any disjoint sequence in I possesses a subsequence which
belongs to the family of disjoint sequences {An} in £ for which

{ U An | M c N} c k.
‘neM

Let & be a quasi-o-ring of sets and let M be a metric space.

Definition 3. A set function p : ¥ » M is said to be Xq”
-exhaustive, for X, € M, if

lim d(u(E _),x,) =0
- n 0

for each infinite sequence {En} of pairwise disjoint sets trom
.

Remark 2. If a set functionu: £» M is xo-exhaustive
for Xy € M, then it cannot also be yo-exhaustive for some
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Yo €M, ¥, # x5

Teking a special sequence of sets ¢,¢,... in the preced-
ing 'Defihition 3, we obtain that for an xo—exhaustive set func-
tion u hplds u(e) = Xqy- This is the reason why in the case of
the additive set functions with values in spaces with some
algebraip structure, for example the topological group, we can
condider only the 0O-exhaustive set functions.

Pfopositita'2. Let M be a family of set functions p: I -
+ M. Theh the set

{w(B) ju e, E € L}

is d-bounded iff the following conditions hold:
(1) FfFor each m & W theré éxists s(m) € W such that
d{u(A),u(B)) > s(m) implies
either sup{a(u(c).xo) | Ce L, CcA\B} >m
orx sup{d(u(C),xo) |C e, CcB \A} > m,
(i€ M; X, B e ), and
(1i) the set )
{u(d)|ueM, ne N} is d-bounded for every sequence
{Dn} of pairwise disjoint sets from E.

Proof. The necessity of the!conditions (i) and (i) is
bbvions.

The conditions (i) and (ii) are sufficient. Namely,
suppbse that the set

{w(E) |E€ T,u € M}

is nbt d-bounded. Then for X € M there exists a sequence {un}
from M and a sequence {En} of sets from I such that

{1) d(un(Eh)’xo) >n, (ne WN).

Condition (ii) implies d(un(El),xo) <M for some M > 0,
so (1) implies

d(nn(Ei,),nn(Bn)) + ® agsn -+ ®,
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Hence, by (ii) either

a) sup{d(H{C),xo) |cez, Cc E,}E} +> @
or
b)  sup{d(i(C),x5) | C €L, Cc Ej\ Ef~> =.

Now, we shall choose a subsequencev{ung of {un} and a sequence
of sets {Dn} from I in the following way. Let Unq = ¥y and

D, = E
where 12.13,... is a seguence of ?atural numbers and Eiz-Ei3¢£
sets from {En} and sets Ej c Eij, Ej €z, (j =2,3,...) such
that

1° In the case a) we choose ny such that Uny = Ui,

1 ; s =
d(}lij(Ej \ El).xo) >3, j=2,3,...
We choose D2 = E% \ El’ Now, we repeat the procedure for se-
quences {uij} and {E} \ El}:'

In the case b), we choose n, such that up, = uj, where
we take that iz,i3,... is a sequence of natural numbers ang
Eiy.Eis,... sets from {E_) and sets E} c Eyy, E} €I (j=2,3,..
such that

d(p

1 . i =
i.(El \ Ej)oxo) > Js J = 2'31n--

J
1 = Ej and A, = E; \ E,.
Now,we shall repeat the procedure for the sequences
. . 1 1
HigsMigs-o- and El\ EZ' El,\E3""

Let A

Repeating these procedures we either construct a sequence
{unk} of set functions from M and a sequence {Dk} of pairwise
disjoint sets from I such that

d(uny (D) ,%y) > k, (k € IN), (contradiction with (ii)!),

or we construct a sequence {unk} of set functions from M and a
non-increasing sequence {Ak} of sets from I such that

iy (M) ,xg) > k, (e € I).

Then condition (i) implies the existence of subsequences {unki}
and {Aki} such that



dluny, (e, \ A )ixg) > 1, (1 € W)

for ko = 1, which is in contradiction with (ii).
We have the obvious

Proposition 3. Let uy : £ + M be an xo-exhaustive set func-
tion, and let {An} be a =equence of pairwise disjoint elements
from £. Then for each £ > 0. there exists a subsequence {Ani}
of (An} such that

sup{d(u(C),x,) | C€ L. Cc U Ap;} < ¢,
iel

for any I < IN.
Now, we have the main result

Theorem. Let M be a family of xo—exhaustive set func-
tions 4 : £ » M, where M is a metric space.

Then the set {u(E); ne M, E € £} is d-bounded iff the
following conditions hold

(i) for each m € IN there exists s(m) € IN such that

d(u(A),u(B)) > s(m), implies

either d(ula B).xn)> m,

or d(u(B\A),x,) > m
and

.(ii) the set

{ lim sup{d(u(AUB),x4) | B € I .

n-+w
supu(C),xy) | C eI, CeB) <1}y EM}

is bounded for each A € §.

Proof. Conditions (i) and (ii) are obvious and necessary.
Suppose now that conditions (i) and (ii) hold but the set

{u(E); w e M, E= 3}

is not d-bounded. Then by Proposition 'l and Proposition 2 there
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exist a sequence {un} from M and a sequence {Dn} of pairwise
disjoint sets from I such that

d(un(Dn),xo) >n, (n € N).

We take that

(2) my = [sgp{i:: sup{d(u(D; U B),x, )y 1Bez,

supd(u(C) b 4 )<5}}] + 1 e I, by (ii).
CcB
Cel
Then, there exists k(ff‘l) € IN, by (i). We take that
ny > s(m ) + 1. By Proposition 3 and (2) there exists a sub-

sequence {D } of the sequence Dn +1'Dn2+2"" such that

(up (Dy U U o) <m,

i€l

for arbitrary I ¢ IN. Now, we shall take that

—[sup{llm sup{d(uéD u Dn U B)}xo) | B ez,
Srw 1 i

supd(u(C) x0)<{}}] + 1€ N,

('C
by (ii) and repeating the preceding procedure. Continuing this
procedure we can construct two sequences of natural numbers.
{mk} and {nk}:, n, = 1, such that

k-1
m = [sup{lim sup{d(ué U D u B),xo) | Be g,
n s»e ny
supd(y(C,x,) <= }}]+1E]N
CcB H{ 0
Ceg
(3) d(unk(an),xo) >n > 8(m) +k
and
(4) d(u_ ( U D, \D ).Xg) < ®, ke IN).
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by (8) that

du_ (U

If we take that k > suyp d(u,g U Dpn;).xy), then we obtain
J i=0

Dy s Bn (Pp )) 2 dlug (B )yxg) - dluy (U Dy )uxg) >

By i=0 P4 Dy Ty k Tk k 1=0

> S(mk)'
By (i), this implies

o

du_ (U D \ND ),x,) >W , (ke IN),
Nog=0 N4 n 0 k

a contradiction with (4).
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REZIME

NIKODYMOVA TEOREMA ZA xo-EKSHAUSTIVNE.SKUPOVNE FUNKCIJE
SA VREDNOSTIMA U METRICKOM PROSTORU

Za kvazi-c-prsten I i metri€ki prostor M u radu se uvodi pojam
xo-ekshaustivne skupovne funkcije p: £ > M, za x, € M, - Definicija 3.

Za ovakve skupovne funkcije se dokazuje teorema tipa Nikodyma o
uniformnoj ogranifenosti. Na taj naZin se karakteriSu, u smislu ogranifenosti,
i familije skupovnih funkcija sa vrednostima u metritkom prostoru M, bez
pretpostavke o postojanju algebarske operacije u M, a time i uobiZajenih oso-
bina skupovnih funkcija.
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